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Preface

In the Leibniz—Newton calculus, one learns the differentiation and integration
of deterministic functions. A basic theorem in differentiation is the chain rule,
which gives the derivative of a composite of two differentiable functions. The
chain rule, when written in an indefinite integral form, yields the method of
substitution. In advanced calculus, the Riemann—Stieltjes integral is defined
through the same procedure of “partition-evaluation-summation-limit” as in
the Riemann integral.

In dealing with random functions such as functions of a Brownian motion,
the chain rule for the Leibniz—Newton calculus breaks down. A Brownian
motion moves so rapidly and irregularly that almost all of its sample paths are
nowhere differentiable. Thus we cannot differentiate functions of a Brownian
motion in the same way as in the Leibniz—Newton calculus.

In 1944 Kiyosi It6 published the celebrated paper “Stochastic Integral” in
the Proceedings of the Imperial Academy (Tokyo). It was the beginning of
the It6 calculus, the counterpart of the Leibniz—Newton calculus for random
functions. In this six-page paper, [t0 introduced the stochastic integral and a
formula, known since then as It6’s formula.

The It6 formula is the chain rule for the It6 calculus. But it cannot be
expressed as in the Leibniz—Newton calculus in terms of derivatives, since
a Brownian motion path is nowhere differentiable. The Itd formula can be
interpreted only in the integral form. Moreover, there is an additional term
in the formula, called the It6 correction term, resulting from the nonzero
quadratic variation of a Brownian motion.

Before It6 introduced the stochastic integral in 1944, informal integrals
involving white noise (the nonexistent derivative of a Brownian motion) had
already been used by applied scientists. It was an innovative idea of It6 to
consider the product of white noise and the time differential as a Brownian
motion differential, a quantity that can serve as an integrator. The method
1t6 used to define a stochastic integral is a combination of the techniques in
the Riemann—Stieltjes integral (referring to the integrator) and the Lebesgue
integral (referring to the integrand).
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The Itd calculus was originally motivated by the construction of Markov
diffusion processes from infinitesimal generators. The previous construction
of such processes had to go through three steps via the Hille-Yosida theory,
the Riesz representation theorem, and the Kolmogorov extension theorem.
However, It6 constructed these diffusion processes directly in a single step as
the solutions of stochastic integral equations associated with the infinitesimal
generators. Moreover, the properties of these diffusion processes can be derived
from the stochastic integral equations and the It6 formula.

During the last six decades the 1t6 theory of stochastic integration has been
extensively studied and applied in a wide range of scientific fields. Perhaps
the most notable application is to the Black—Scholes theory in finance, for
which Robert C. Merton and Myron S. Scholes won the 1997 Nobel Prize in
Economics. Since the Itd theory is the essential tool for the Black—Scholes
theory, many people feel that Itd6 should have shared the Nobel Prize with
Merton and Scholes.

The It6 calculus has a large spectrum of applications in virtually every
scientific area involving random functions. But it seems to be a very difficult
subject for people without much mathematical background. I have written this
introductory book on stochastic integration for anyone who needs or wants
to learn the It6 calculus in a short period of time. I assume that the reader
has the background of advanced calculus and elementary probability theory.
Basic knowledge of measure theory and Hilbert spaces will be helpful. On the
other hand, I have written several sections (for example, §2.4 on conditional
expectation and §3.2 on the Borel-Cantelli lemma and Chebyshev inequality)
to provide background for the sections that follow. I hope the reader will find
them helpful. In addition, I have also provided many exercises at the end of
each chapter for the reader to further understand the material.

This book is based on the lecture notes of a course I taught at Cheng Kung
University in 1998 arranged by Y. J. Lee under an NSC Chair Professorship.
I have revised and implemented this set of lecture notes through the courses
I have taught at Meijo University arranged by K. Saito, University of Rome
“Tor Vergata” arranged by L. Accardi under a Fulbright Lecturing grant, and
Louisiana State University over the past years. The preparation of this book
has also benefited greatly from my visits to Hiroshima University, Academic
Frontier in Science of Meijo University, University of Madeira, Vito Volterra
Center at the University of Rome “Tor Vergata,” and the University of Tunis
El Manar since 1999.

I am very grateful for financial support to the above-mentioned universities
and the following offices: the National Science Council (Taiwan), the Ministry
of Education and Science (Japan), the Luso-American Foundation (Portugal),
and the Italian Fulbright Commission (Italy). I would like to give my best
thanks to Dr. R. W. Pettit, Senior Program Officer of the CIES Fulbright
Scholar Program, and Ms. L. Miele, Executive Director of the Italian Fulbright
Commission, and the personnel in her office for giving me assistance for my
visit to the University of Rome “Tor Vergata.”
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Many people have helped me to read the manuscript for corrections and
improvements. I am especially thankful for comments and suggestions from
the following students and colleagues: W. Ayed, J. J. Becnel, J. Esunge, Y.
Hara-Mimachi, M. Hitsuda, T. R. Johansen, S. K. Lee, C. Macaro, V. Nigro,
H. Ouerdiane, K. Sait6, A. N. Sengupta, H. H. Shih, A. Stan, P. Sundar, H.
F. Yang, T. H. Yang, and H. Yin. I would like to give my best thanks to
my colleague C. N. Delzell, an amazing TgXpert, for helping me to resolve
many tedious and difficult TgXnical problems. I am in debt to M. Regoli for
drawing the flow chart to outline the chapters on the next page. I thank W.
Ayed for her suggestion to include this flow chart. I am grateful to M. Spencer
of Springer for his assistance in bringing out this book.

I would like to give my deepest appreciation to L. Accardi, L. Gross, T.
Hida, I. Kubo, T. F. Lin, and L. Streit for their encouragement during the
preparation of the manuscript. Especially, my Ph. D. advisor, Professor Gross,
has been giving me continuous support and encouragement since the first day
I met him at Cornell in 1966. I owe him a great deal in my career.

The writing style of this book is very much influenced by Professor K. It6. I
have learned from him that an important mathematical concept always starts
with a simple example, followed by the abstract formulation as a definition,
then properties as theorems with elaborated examples, and finally extension
and concrete applications. He has given me countless lectures in his houses in
Ithaca and Kyoto while his wife prepared the most delicious dinners for us.
One time, while we were enjoying extremely tasty shrimp-asparagus rolls, he
said to me with a proud smile “If one day I am out of a job, my wife can open
a restaurant and sell only one item, the shrimp-asparagus rolls.” Even today,
whenever I am hungry, I think of the shrimp-asparagus rolls invented by Mrs.
K. It6. Another time about 1:30 a.m. in 1991, Professor It6 was still giving
me a lecture. His wife came upstairs to urge him to sleep and then said to me,
“Kuo san (Japanese for Mr.), don’t listen to him.” Around 1976, Professor
1t6 was ranked number 2 table tennis player among the Japanese probabilists.
He was so strong that I just could not get any point in a game with him. His
wife then said to me, “Kuo san, I will get some points for you.” When she
succeeded occasionally to win a point, she would joyfully shake hands with
me, and Professor It6 would smile very happily.

When I visited Professor It6 in January 2005, my heart was very much
touched by the great interest he showed in this book. He read the table of
contents and many pages together with his daughter Keiko Kojima and me.
It was like the old days when Professor It6 gave me lectures, while I was also
thinking about the shrimp-asparagus rolls.

Finally, I must thank my wife, Fukuko, for her patience and understanding
through the long hours while I was writing this book.

Hui-Hsiung Kuo
Baton Rouge
September 2005
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Introduction

1.1 Integrals

First we review the definitions of the Riemann integral in calculus and the
Riemann-Stieltjes integral in advanced calculus [74].

(a) Riemann Integral

A bounded function f defined on a finite closed interval [a, b] is called Riemann
integrable if the following limit exists:

b n
[ rod= w3 e,

where A,, = {to,t1,...,tn—1,tn} is a partition of [a,b] with the convention
a=1tg <t < - <tlp1 <ty = b, HAWH = maxlgign(ti — ti—l), and 7; is
an evaluation point in the interval [t;_1,¢;]. If f is a continuous function on
[a, b], then it is Riemann integrable. Moreover, it is well known that a bounded
function on [a, b] is Riemann integrable if and only if it is continuous almost
everywhere with respect to the Lebesgue measure.

(b) Riemann—Stieltjes Integral

Let g be a monotonically increasing function on a finite closed interval [a, b]. A
bounded function f defined on [a, b] is said to be Riemann—Stieltjes integrable
with respect to g if the following limit exists:

n

b
[ rods = tm S p(ae) - ati). (L)

Ay
| 4nll—0

where the partition 4, and the evaluation points 7; are given as above. It
is a well-known fact that continuous functions on [a, b] are Riemann—Stieltjes
integrable with respect to any monotonically increasing function on [a, b].
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Suppose f is monotonically increasing and continuous and g is continuous.
Then we can use the integration by parts formula to define

b

b b
| rwase) = sgo)] - [ aare. (112)

a

where the integral in the right-hand side is defined as in Equation (1.1.1) with
f and g interchanged. This leads to the following question.

Question 1.1.1. For any continuous functions f and g on [a, b], can we define

the integral ff f(t)dg(t) by Equation (1.1.1)?

Consider the special case f = g, namely, the integral

b
/ F() df(2).

Let A, = {to,t1,...,tn} be a partition of [a,d]. Let L,, and R,, denote the
corresponding Riemann sums with the evaluation points 7, = ¢;,_1 and 7; = ¢;,
respectively, namely,

L, = Z f(tl—l)(f(tl) - f(ti—l))a (113)

Ry= Y f(t:)(f(t:) = f(tie1)). (1.1.4)
i=1
Is it true that lim L,, = lim R, as ||A,|| — 0?7 Observe that

R, — L, = Z (f(t:) = f(ti1))?, (1.1.5)

Ry + L, = Z (f(tz)2 - f(ti—l)Q) = f(b)2 - f(a)z' (1'1'6)

R = 5 (£07° - s+ > () - ),
L= 5 (F07 = 12 - X (0 - ).

i=1

The limit of the right-hand side of Equation (1.1.5) as ||A,] — 0, if it
exists, is called the quadratic variation of the function f on [a,b]. Obviously,
hmHAn”*}O R, # hmHAnHHO L, if and only if the quadratic variation of the
function f is nonzero.

Let us consider two simple examples.
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Ezample 1.1.2. Let f be a C'-function, i.e., f/(t) is a continuous function.
Then by the mean value theorem,

n

|Rn = La| = > (F/(t)(ti — ti1))” < Z 112t = tim1)?

i=1

<12 AR (= ti) = 112 1Al (b = a)
i=1

— 0, as ||An| — 0,
where t;_1 < tf <t; and || - || is the supremum norm. Thus lim L,, = lim R,
as ||An|| — 0. Then by Equation (1.1.6) we have
1
lim L,= lim R,=-(f(0)?- f(a)?). 1.1.7
[[An||—0 [[An]|—0 Q(f( ) f@) ) ( )

On the other hand, for such a C''-function f, we may simply define the integral

J2 f(t)df () by
/ F(t) df (t) / 0

Then by the fundamental theorem of calculus,

/ F(t) df (1) / PP @) e = 5 (F0) ~ (@),

which gives the same value as in Equation (1.1.7).

Example 1.1.3. Suppose f is a continuous function satisfying the condition

(1) = f(s)] ~ [t = s|'/2.
In this case, we have
OSRn_Ln%Z(tz_tzfl) =b—a.
i=1
Hence lim R,, # lim L,, as ||A,| — 0 when a # b. Consequently, the integral

fab f(@)df(t) cannot be defined by Equation (1.1.1) with f = ¢ for such a
function f. Observe that the quadratic variation of this function is b — a.

We see from the above examples that defining the integral f; ft)dg(t),
even when f = g, is a nontrivial problem. In fact, there is no simple definite
answer to Question 1.1.1. But then, in view of Example 1.1.3, we can ask
another question.

Question 1.1.4. Are there continuous functions f satisfying the condition
£(8) = f(s)| = |t — s['/27

In order to answer this question we consider random walks and take a
suitable limit in the next section.
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1.2 Random Walks

Consider a random walk starting at 0 with jumps h and —h equally likely
at times 9,26,..., where h and § are positive numbers. More precisely, let
{X,,}22; be a sequence of independent and identically distributed random
variables with

P{X; = h} = P{X, = —h} = %
Let Y5,(0) = 0 and put
Ysn(nd) =X1 + Xo+---+ X,
For t > 0, define Y5 ;,(t) by linearization, i.e., for nd < ¢t < (n 4 1)d, define

(n+1)0 —t
0

We can think of Y5, (t) as the position of the random walk at time ¢. In
particular, X7 + X5 +-- -4+ X, is the position of this random walk at time nd.

Ysn(t) = Ysn(nd) + — n5Y57h((n +1)6).

Question 1.2.1. What is the limit of the random walk Y5 as §,h — 07

In order to find out the answer, let us compute the following limit of the
characteristic function of Y5 j(%):

i e ]

where A € R is fixed. For the heuristic derivation, let t = nd and so n = t/9.
Then we have

Fexp {MY(; h } H Ee?Xi

j=1
(EeZ/\Xl)
= (M1 4 oA 1)"
= (cos(\h))"
= (cos(Ah)) oe, (1.2.1)

Obviously, for fixed A and ¢, the limit of exp [iAY;;(f)] does not exist
when § and h tend to zero independently. Thus in order for the limit to exist
we must impose a certain relationship between 0 and h. However, depending
on this relationship, we may obtain different limits, as shown in the exercise
problems at the end of this chapter.

Let u = (COS()\h))l/é. Then Inu = # Incos(Ah). Note that

1
cos(\h) ~ 1 — 5)\2h2, for small h.
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But In(1 + «) =~ « for small z. Hence
1 1
In cos(Ah) ~ In (1 - 5AQh?) ~ = AT,
Therefore, for small § and h, we have Inu ~ —3=A\*h? and so
U R exp [ — i)\2h2].
20
Then by Equation (1.2.1),
Eexp [im h(t)} ~ exp [ - itﬁh?}. (1.2.2)
’ 26
In particular, if § and h are related by h? = 6, then

lim E exp [iAY(;,h(t)} =e ¥ AeR
5—0

Thus we have derived the following theorem about the limit of the random
walk Y55 as 0, h — 0 in such a way that h% =3.

Theorem 1.2.2. Let Y5 ;,(t) be the random walk starting at 0 with jumps h
and —h equally likely at times §,28,30,.... Assume that h®> = §. Then for
each t > 0, the limit
B(t) = lim Y;(t)
6—0

exists in distribution. Moreover, we have
Ee?B® = =33 N c R, (1.2.3)

Remark 1.2.3. On the basis of the above discussion, we would expect the
stochastic process B(t) to have the following properties:

(1) The absolute value of the slope of Y5, in each step is h/6 = 1/v/§ — oo
as 6 — 0. Thus it is plausible that every Brownian path B(t) is nowhere
differentiable. In fact, if we let § = |¢ — s], then

|B(t) — B(s)] = |t — s|¥/2. (1.2.4)

i
~—t—s
7
Thus almost all sample paths of B(t) have the property in Question 1.1.4.
(2) Almost all sample paths of B(t) are continuous.
(3) For each ¢, B(t) is a Gaussian random variable with mean 0 and variance
t. This is a straightforward consequence of Equation (1.2.3).
(4) The stochastic process B(t) has independent increments, namely, for any
0<t; <ty <---<ty,, the random variables

B(t1), B(t2) — B(t1), ... ,B(tn) — B(tn-1),
are independent.

The above properties (2), (3), and (4) specify a fundamental stochastic
process called Brownian motion, which we will study in the next chapter.
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Exercises

1. Let g be a monotone function on a finite closed interval [a, b]. Show that a

bounded function f defined on [a, b] is Riemann—Stieltjes integrable with
respect to g if and only if f is continuous almost everywhere with respect
to the measure induced by g.

. Let Y5 ,(t) be the random walk described in Section 1.2. Assume that

h? = o(4), i.e., h?/§ — 0 as § — 0. Show that X (¢) = lims_,0 Y5 () exists
and that X(t) = 0.

. Let Y5,,(t) be the random walk described in Section 1.2. Show that for

small § and h we have

tA2h? t)\4h4]

Eexp [i)\Y&h(t)] ~ exp [_ 26 120

Assume that § — 0,h — 0, but h?/§ — oo. Then lims_,o Y5, (t) does not
exist. However, consider the following renormalization:

_ tAZh?
exp [iAY5u(t) + > ] (1.2.5)
Then we have
' t 21,2 t)\4h4
Bexp [iNVGa(t) + 55| ~exp | - <o

Thus, if §,h — 0 in such a way that h?/§ — oo and h*/§ — 0, then

tA2h?
20

lim F exp {i)\Y&h(t) + } =1, forall A eR.

6—0

Hence for this choice of § and h, the limit lims_,o Y55 (t) does not exist.
However, the existence of the limit of the renormalization in Equation
(1.2.5) indicates that the limit lims_o Y55 (t) exists in some generalized
sense. This limit is called a white noise. It is informally regarded as the
derivative B(t) of the Brownian motion B(t). Note that h = § satisfies
the conditions 7%/§ — co and h*/§ — 0 if and only if + < o < 3.
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Brownian Motion

2.1 Definition of Brownian Motion

Let (£2,F,P) be a probability space. A stochastic process is a measurable
function X (¢,w) defined on the product space [0,00) x §2. In particular,

(a) for each t, X (¢,-) is a random variable,
(b) for each w, X (-,w) is a measurable function (called a sample path).

For convenience, the random variable X (¢, -) will be written as X (¢) or X;.
Thus a stochastic process X (¢,w) can also be expressed as X (t)(w) or simply
as X (t) or X;.

Definition 2.1.1. A stochastic process B(t,w) is called a Brownian motion
if it satisfies the following conditions:

(1) P{w; B(0,w) =0} = 1.

(2) For any 0 < s < t, the random variable B(t)— B(s) is normally distributed

with mean 0 and variance t — s, i.e., for any a < b,

1 b
P{a < B(t)— B(s) <b} = = o= /2(t=5) o
- a

(3) B(t,w) has independent increments, i.e., for any 0 < t1 < tg < -+ < &y,
the random wvariables

B(t1), B(t2) — B(t1), ... ,B(tn) — B(tn-1),

are independent.

(4) Almost all sample paths of B(t,w) are continuous functions, i.e.,

P{w; B(-,w) is continuous} = 1.
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In Remark 1.2.3 we mentioned that the limit

B(t) = lim Y 5(0)

is a Brownian motion. However, this fact comes only as a consequence of an
intuitive observation. In the next chapter we will give several constructions of
Brownian motion. But before these constructions we shall give some simple
properties of a Brownian motion and define the Wiener integral.

A Brownian motion is sometimes defined as a stochastic process B(t,w)
satisfying conditions (1), (2), (3) in Definition 2.1.1. Such a stochastic process
always has a continuous realization, i.e., there exists {2y such that P({2) =1
and for any w € (2, B(t,w) is a continuous function of ¢. This fact can be
easily checked by applying the Kolmogorov continuity theorem in Section 3.3.
Thus condition (4) is automatically satisfied.

The Brownian motion B(¢) in the above definition starts at 0. Sometimes
we will need a Brownian motion starting at z. Such a process is given by
x + B(t). If the starting point is not 0, we will explicitly mention the starting
point x.

2.2 Simple Properties of Brownian Motion

Let B(t) be a fixed Brownian motion. We give below some simple properties
that follow directly from the definition of Brownian motion.

Proposition 2.2.1. For any t > 0, B(t) is normally distributed with mean 0
and variance t. For any s,t > 0, we have E[B(s)B(t)] = min{s,t}.

Remark 2.2.2. Regarding Definition 2.1.1, it can be proved that condition (2)
and E[B(s)B(t)] = min{s, ¢} imply condition (3).

Proof. By condition (1), we have B(t) = B(t) — B(0) and so the first assertion
follows from condition (2). To show that EB(s)B(t) = min{s,t} we may
assume that s < ¢. Then by conditions (2) and (3),

E[B(s)B(t)] = E[B(s)(B(t) — B(s)) + B(s)’] =0+ s = s,
which is equal to min{s,¢}. O

Proposition 2.2.3. (Translation invariance) For fized to > 0, the stochastic
process B(t) = B(t + tg) — B(to) is also a Brownian motion.

Proof. The stochastic process B(t) obviously satisfies conditions (1) and (4)
of a Brownian motion. For any s < t,

B(t) — B(s) = B(t + to) — B(s + to). (2.2.1)
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By condition (2) of B(t), we see that B(t) — B(s) is normally distributed with
mean 0 and variance (¢ 4 to) — (s +to) = t — s. Thus B(t) satisfies condition
(2). To check condition (3) for B(t), we may assume that t, > 0. Then for
any 0 <t <ty < -+ < ty, wehave 0 < tgp < t1 +1tg < -+ < t, + to.
Hence by condition (3) of B(t), B(tx + to) — B(tk—1 + to), k = 1,2,...,n,
are independent random variables. Thus by Equation (2.2.1), the random
variables B(t;)—B(tx—1), k = 1,2,...,n, are independent and so B(t) satisfies
condition (3) of a Brownian motion. O

The above translation invariance property says that a Brownian motion
starts afresh at any moment as a new Brownian motion.

Proposition 2.2.4. (Scaling invariance) For any real number X > 0, the
stochastic process B(t) = B(\t)/v/A is also a Brownian motion.

Proof. Conditions (1), (3), and (4) of a Brownian motion can be readily
checked for the stochastic process B(t). To check condition (2), note that

for any s < t, )
B(t) ~ B(s) = = (BOW — BOw),

which shows that B(t)—B(s) is normally distributed with mean 0 and variance
1(At — As) =t — s. Hence B(t) satisfies condition (2). O

It follows from the scaling invariance property that for any A > 0 and
0<t <ty <---<t, the random vectors

(B(\t1), B(\t2),..., B(\tn)), (VAB(t1),VAB(ts),...,VAB(t,))

have the same distribution.

2.3 Wiener Integral

In Section 1.1 we raised the question of defining the integral f; f(t)dg(t). We
see from Example 1.1.3 that in general this integral cannot be defined as a
Riemann—Stieltjes integral.

Now let us consider the following integral:

b
| wabit.)
where f is a deterministic function (i.e., it does not depend on w) and B(t,w)

is a Brownian motion. Suppose for each w € {2 we want to use Equation
(1.1.2) to define this integral in the Riemann—Stieltjes sense by

b b b
(RS)/ f(t)dB(t,w):f(t)B(t,w)]a—(RS)/ Bt,w)df(t).  (23.1)
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Then the class of functions f(¢) for which the integral (RS) fab f(t)dB(t,w)
is defined for each w € (2 is rather limited, i.e., f(¢) needs to be a continuous
function of bounded variation. Hence for a continuous function of unbounded
variation such as f(t) = tsin%, 0 <t <1, and f(0) = 0, we cannot use

Equation (2.3.1) to define the integral fol f(t)dB(t,w) for each w € 2.

We need a different idea in order to define the integral f; f(t)dB(t,w) for
a wider class of functions f(¢). This new integral, called the Wiener integral
of f, is defined for all functions f € L?[a,b]. Here L?[a,b] denotes the Hilbert
space of all real-valued square integrable functions on [a,b]. For example,
fol tsin 1 dB(t) is a Wiener integral.

Now we define the Wiener integral in two steps:

Step 1. Suppose f is a step function given by f = Z?:l a; 1jt,_, t,), where
to = a and t,, = b. In this case, define

I(f) = _a; (B(t;) — B(ti-1)). (2.3.2)
i=1
Obviously, I(af 4+ bg) = alI(f) + bI(g) for any a,b € R and step functions

f and g. Moreover, we have the following lemma.

Lemma 2.3.1. For a step function f, the random variable 1(f) is Gaussian
with mean 0 and variance

b
E(I(f)?) = / F(0)2 dt. (2.3.3)

Proof. 1t is well known that a linear combination of independent Gaussian
random variables is also a Gaussian random variable. Hence by conditions (2)
and (3) of Brownian motion, the random variable I(f) defined by Equation
(2.3.2) is Gaussian with mean 0. To check Equation (2.3.3), note that

E(I(f7) = B Y aia;(B(t) = B(tin)) (B(t;) = B(t;1)-

By conditions (2) and (3) of Brownian motion,
E(B(t:) = B(ti1))? = t: — t; 1,
and for i # j,
E(B(t;) — B(ti—1)) (B(t;) — B(tj—1)) = 0.
Therefore,

n b
BU(P?) =Y d -t = [ f(0P 0
i=1 a
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Step 2. We will use L?({2) to denote the Hilbert space of square integrable
real-valued random variables on (2 with inner product (X,Y) = E(XY). Let
f € L?[a,b]. Choose a sequence {f,,}>°; of step functions such that f,, — f in
L?[a,b]. By Lemma 2.3.1 the sequence {I(f,)}52, is Cauchy in L?({2). Hence
it converges in L?(2). Define

I(f) = lim I(f,), in L*(£2). (2.3.4)

n—oo
Question 2.3.2. Is I(f) well-defined?

In order for I(f) to be well-defined, we need to show that the limit in
Equation (2.3.4) is independent of the choice of the sequence {f,}. Suppose
{gm} is another such sequence, i.e., the g,,’s are step functions and g,, — f
in L?[a,b]. Then by the linearity of the mapping I and Equation (2.3.3),

B(1(5) = 1om)?) = E(1 (s = 90)P) = [ (5a®) = gn(0)" 1

Write f,,(£) = g (£) = [fu ()= f(£)] = [gm (t)— £ (t)] and then use the inequality
(x —y)? < 2(x? + y?) to get

b 2 b 2 2
/ (fn(t) - gm(t)) dt S 2/ ([fn(t) - f(t)] + [gm(t) - f(t)} ) dt
— 0, as n, m — oo.

It follows that lim, oo I(fn) = limy, oo I(gm) in L?(§2). This shows that
I(f) is well-defined.

Definition 2.3.3. Let f € L?[a,b]. The limit I(f) defined in Equation (2.3.4)
is called the Wiener integral of f.

The Wiener integral I(f) of f will be denoted by
b
I(f)(w) = ( / [0 dB(t))(w), w € 2, almost surely.

For simplicity, it will be denoted by [ f(t)dB(t) or [* f(t)dB(t,w). Note
that the mapping I is linear on L?[a,b].

Theorem 2.3.4. For each f € L*[a,b], the Wiener integral fab f(t)dB(t) is

a Gaussian random variable with mean 0 and variance ||f||* = fab f(t)?dt.

Proof. By Lemma 2.3.1, the assertion is true when f is a step function. For
a general f € L?[a,b], the assertion follows from the following well-known

fact: If X,, is Gaussian with mean p, and variance o2 and X,, converges to

X in L?(£2), then X is Gaussian with mean p = lim, . g, and variance

02 = lim,— oo U%. O
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Thus the Wiener integral I : L?[a,b] — L?(£2) is an isometry. In fact, it
preserves the inner product, as shown by the next corollary.

Corollary 2.3.5. If f,g € L?[a,b], then

b
E(I(f)I(g)) = / F(t)gt) dt. (2.3.5)

In particular, if f and g are orthogonal, then the Gaussian random variables
I(f) and I(g) are independent.

Proof. By the linearity of I and Theorem 2.3.4 we have
E[(I(f)+1(9))*] = B[(I(f +9))?]
b
= [ (o +g0)"

/f dt+2/f dt+/b (t)>dt. (2.3.6)

On the other hand, we can also use Theorem 2.3.4 to obtain

E[(I(f)+1(9))%]
= E[I(f)*+2I(f)I(9) + I(g)?]
b

b
:/ f(t)gdt+2E[I(f)I(g)]+/ g(t)*dt. (2.3.7)

a

Obviously, Equation (2.3.5) follows from Equations (2.3.6) and (2.3.7). O

Ezample 2.3.6. The Wiener integral fol sdB(s) is a Gaussian random variable
1

. . 1
with mean 0 and variance fo s2ds = 3

Theorem 2.3.7. Let f be a continuous function of bounded variation. Then
for almost all w € §2,

</abf(t) dB(t)> (w) = (RS) /abf(t) dB(t,w),

where the left-hand side is the Wiener integral of f and the right-hand side is
the Riemann—Stieltjes integral of f defined by Equation (2.3.1).

Proof. For each partition A,, = {to,t1,...,tn—1,tn} of [a,b], we define a step

function f, by
=Y Ft) -
i=1

Note that f,, converges to f in L?[a,b] as n — oo, i.e., as ||A,| — 0. Hence
by the definition of the Wiener integral in Equation (2.3.4),
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b n
/ F(t)dB(t) = Tim 37 f(t)(B(t) - B(tio), i 13(R).  (2358)
a i=1

On the other hand, by Equation (2.3.1), the following limit holds for each
w € Y for some 2y with P(§2) =1,

b
() [ 10 d.)
= [O)Bb,w) = f(@)Bla,w) = Tim ¥ B(ti,w)(f(t:) = f(ti-1))
= lim (F(0)B(.w) ~ (@)Bla.w) = 3 Blte.w)(f(t) = f(ti-0)) ).

which, after regrouping the terms, yields the following equality for each w in
.Qo:

b n
() [ 10 aBw) =l 3 p0o) (B - Blu). (239)

Since L?(§2)-convergence implies the existence of a subsequence converging
almost surely, we can pick such a subsequence of {f,} to get the conclusion
of the theorem from Equations (2.3.8) and (2.3.9). O

Ezample 2.3.8. Consider the Riemann integral fol B(t,w) dt defined for each
w € () for some 2y with P(£2) = 1. Let us find the distribution of this
random variable. Use the integration by parts formula to get

1

/1 B(t.w)di = B{t.w)(t - 1)) - /1@ ~1)dB(t,w)

0
1
:(RS)/O (1—t)dB(t,w).

Hence by Theorem 2.3.7 we see that for almost all w € 2,

1 1
/0 B(t,w)dtz(/o (1—t)dB(t)>(w),

where the right-hand side is a Wiener integral. Thus fol B(t) dt and the Wiener

integral fol(l —t) dB(t) have the same distribution, which is easily seen to be
Gaussian with mean 0 and variance

2

E</01(1—t)dB(t)> :/01(1—t)2dt:;.
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2.4 Conditional Expectation

In this section we explain the concept of conditional expectation, which will
be needed in the next section and other places. Let (§2,F,P) be a fixed
probability space. For 1 < p < oo, we will use LP({2) to denote the space of
all random variables X with E(]X|?) < co. It is a Banach space with norm
1/p

111, = (B(x17))
In particular, L?(£2) is the Hilbert space used in Section 2.3. In this section
we use the space L (£2) with norm given by || X||; = E|X|. Sometimes we will
write L!(§2, F) when we want to emphasize the o-field F.

Suppose we have another o-field G C F. Let X be a random variable with
E|X| < 0, i.e., X € L*(£2). Define a real-valued function p on G by

M(A):/AX(w)dP(w), Aeg. (2.4.1)

Note that [u(A)| < [, |X]dP < [, |X|dP = E|X| for all A € G. Moreover,
the function p satisfies the following conditions:

(a) pu(0)=0;
(b) u( Un>1 An) = anl 1(A,) for any disjoint sets 4, € G, n=1,2,..;

(¢c) If P(A) =0and A € G, then u(A) =0.

A function p: G — R satisfying conditions (a) and (b) is called a signed
measure on (§2,G). A signed measure p is said to be absolutely continuous with
respect to P if it satisfies condition (c). Therefore, the function p defined in
Equation (2.4.1) is a signed measure on (§2,G) and is absolutely continuous
with respect to P.

Apply the Radon—Nikodym theorem (see, e.g., the book by Royden [73])
to the signed measure p defined in Equation (2.4.1) to get a G-measurable
random variable Y with E|Y| < oo such that

u(A) = /A Y(w)dP(w), VAeg. (2.4.2)

Suppose Y is another such random variable, namely, it is G-measurable
with F|Y| < oo and satisfies

J(A) = /A V(w)dP(w), VAE€g. (2.4.3)

Then by Equations (2.4.2) and (2.4.3), we have [,(Y — Y)dP = 0 for all

A € G. This implies that Y =Y almost surely.
The above discussion shows the existence and uniqueness of the conditional
expectation in the next definition.
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Definition 2.4.1. Let X € L'(2,F). Suppose G is a o-field and G C F.
The conditional expectation of X given G is defined to be the unique random
variable Y (up to P-measure 1) satisfying the following conditions:

(1) Y is G-measurable;
2) [4XdP = [,YdP forall Acg.

We will freely use E[X|G], E(X|G), or E{X|G} to denote the conditional
expectation of X given G. Notice that the G-measurability in condition (1) is
a crucial requirement. Otherwise, we could take Y = X to satisfy condition
(2), and the above definition would not be so meaningful. The conditional
expectation F[X|G] can be interpreted as the best guess of the value of X
based on the information provided by G.

Ezample 2.4.2. Suppose G = {0, 2}. Let X be a random variable in L!(£2)
and let Y = E[X]G]. Since Y is G-measurable, it must be a constant, say
Y = c¢. Then use condition (2) in Definition 2.4.1 with A = {2 to get

/XdP /YdP—c

Hence ¢ = EX and we have E[X|G] = EX. This conclusion is intuitively
obvious. Since the o-field G = {0}, 2} provides no information, the best guess
of the value of X is its expectation.

Ezample 2.4.3. Suppose 2 = U, A, is a disjoint union (finite or countable)
with P(A,,) > 0 for each n. Let G = 0{A1, Aa, ...}, the o-field generated by
the A,,’s. Let X € L*(£2) and Y = E[X|G]. Since Y is G-measurable, it must
be constant, say c,, on A, for each n. Ube condition (2) in Definition 2.4.1
with A = A to show that ¢, = P(A,)~! [, X dP. Therefore, E[X|G] is

given by .
E[X|G] :Z(P(A )/A XdP) la,,

where 14, denotes the characteristic function of A,,.

Ezxample 2.4.4. Let Z be a discrete random variable taking values aq,as, ...
(finite or countable). Let 0{Z} be the o-field generated by Z. Then

O'{Z} = 0‘{14]_,1427 .. .},
where A, = {Z = a,}. Let X € L'(£2). We can use Example 2.4.3 to obtain

EXlotz}] =2 (7o /A"Xdp> Tn:

which can be rewritten as E[X|o{Z}] = 6(Z) with the function 6 defined by
o

0(z) =4 P(Z=an)

0, if x ¢ {a1,a2,...}.

/ XdP, ifx =a,, n>1;
Z=an
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Note that the conditional expectation F[X|G] is a random variable, while

the expectation EX is a real number. Below we list several properties of
conditional expectation and leave most of the proofs as exercises at the end
of this chapter.

Recall that (2, F, P) is a fixed probability space. The random variable X

below is assumed to be in L!(§2, F) and G is a sub-o-field of F, namely, G is
a o-field and G C F. All equalities and inequalities below hold almost surely.

1.

E(E[X\g]) =FEX.

Remark: Hence the conditional expectation E[X|G] and X have the same
expectation. When written in the form FX = E(E[X|g]), the equality is
often referred to as computing expectation by conditioning. To prove this
equality, simply put A = (2 in condition (2) of Definition 2.4.1.

2. If X is G-measurable, then E[X|G] = X.

If X and G are independent, then E[X|G] = EX.

Remark: Here X and G being independent means that {X € U} and
A are independent events for any Borel subset U of R and A € G, or
equivalently, the events {X < z} and A are independent for any x € R

and A € G.
If Y is G-measurable and E|XY| < oo, then E[XY|G] = YE[X|G].

5. If H is a sub-o-field of G, then E[X|H] = E[E[X|G]| H].

Remark: This property is useful when X is a product of random variables.
In that case, in order to find E[X|H], we can use some factors in X to
choose a suitable o-field G between H and F and then apply this property.

IFX,Y € LX) and X <Y, then E[X|G] < E[Y|3).

7. |EIX|9]| < EX]|G].

10.

Remark: For the proof, let X+ = max{X,0} and X~ = —min{X,0} be
the positive and negative parts of X, respectively. Then apply Property 6
to X and X~.

ElaX + bY|G] = aE[X|G] + bE[Y|G], Va,b € R and X,Y € L*(£2).

Remark: By Properties 7 and 8, the conditional expectation E[-|G] is a
bounded linear operator from L!({2, F) into L'(£2,G)

(Conditional Fatou’s lemma) Let X,, >0, X,, € L}(2),n=1,2,..., and
assume that iminf, ., X,, € L1(£2). Then

E [ liminf X,
n—oo

g} < liminf E[X,[].

(Conditional monotone convergence theorem) Let 0 < X; < Xp < -+ <
X, < -+ and assume that X = lim, o, X,, € L1($2). Then

E[X|G] = lim E[X,|d].
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11. (Conditional Lebesgue dominated convergence theorem) Assume that
|X,| <Y, Y € LY(Q), and X =lim,,_, X,, exists almost surely. Then

E[X|g] = lim E[X,[g].

12. (Conditional Jensen’s inequality) Let X € L'(§2). Suppose ¢ is a convex
function on R and ¢(X) € L*(£2). Then

¢(E[X|G]) < Elo(X)|g].

2.5 Martingales

Let f € L?[a,b] and consider the stochastic process defined by

Mt/tf(s)dB(s), a<t<hb. (2.5.1)

We will show that M; is a martingale. But first we review the concept of the
martingale. Let T" be either an interval in R or the set of positive integers.

Definition 2.5.1. A filtration on T is an increasing family {Fi|t € T} of
o-fields. A stochastic process X;,t € T, is said to be adapted to {F;|t € T}
if for each t, the random variable X; is Fy-measurable.

Remark 2.5.2. A o-field F is called complete if A € F and P(A) = 0 imply
that B € F for any subset B of A. We will always assume that all o-fields F;
are complete.

Definition 2.5.3. Let X; be a stochastic process adapted to a filtration {F;}
and E|X;| < oo for allt € T. Then X, is called a martingale with respect to
{F:} if forany s <t inT,

E{X:| Fs} = X5, as. (almost surely). (2.5.2)

In case the filtration is not explicitly specified, then the filtration {F;} is
understood to be the one given by F; = o{X,; s < t}.

The concept of the martingale is a generalization of the sequence of partial
sums arising from a sequence {X,,} of independent and identically distributed
random variables with mean 0. Let S,, = X7 + --- 4+ X,,. Then the sequence
{S,} is a martingale.

Submartingale and supermartingale are defined by replacing the equality
in Equation (2.5.2) with > and <, respectively, i.e., for any s < t¢in T,

E{X;| Fs} > X, as. (submartingale),
E{X;| Fs} < X, as. (supermartingale).
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Let {X,,} be a sequence of independent and identically distributed random
variables with finite expectation and let S,, = X; 4+ ---+ X,,. Then {S,} is a
submartingale if £X; > 0 and a supermartingale if £X; < 0.

A Brownian motion B(t) is a martingale. To see this fact, let

Fi=oc{B(s); s <t}
Then for any s < ¢,
E{B(1)| Fs} = E{B(t) — B(s)| Fs} + E{B(s)| Fs}.

Since B(t) — B(s) is independent of Fs, we have E{B(t) — B(s)|Fs} =
E{B(t)— B(s)}. But EB(t) = 0 for any t. Hence E{B(t) — B(s)| Fs} = 0. On
the other hand, E{B(s)| Fs} = B(s) because B(s) is Fs-measurable. Thus
E{B(t)| Fs} = B(s) for any s < t and this shows that B(¢) is a martingale. In
fact, it is the most basic martingale stochastic process with time parameter
in an interval.

Now we return to the stochastic process M; defined in Equation (2.5.1)
and show that it is a martingale in the next theorem.

Theorem 2.5.4. Let f € L?[a,b]. Then the stochastic process
t
M, = / f(s)dB(s), a<t<b,

is a martingale with respect to Fy = o{B(s); s < t}.

Proof. First we need to show that F|M;| < oo for all ¢ € [a, b] in order to take
the conditional expectation of M;. Apply Theorem 2.3.4 to get

E(MJ?) /|f |2ds</\f )2 ds.

Hence E|M;| < {E(|M,[?) }1/2 < oo. Next we need to prove that E{M;| F,} =
My a.s. for any s < t. But

M, = M, + / f(u) dB(u)

and M, is Fs-measurable. Hence

B 7.} = 1, + B /:fw)dB(u)\fs}.

Thus it suffices to show that for any s < t,

E{ /:f(u) 4B (u)| ]—'s} ~0. (2.5.3)
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First suppose f is a step function f = >0 | a; L[, .t;)» where tg = s and
t, = t. In this case, we have

/ f(u)dB(u Zaz ti) (ti—l))-

But B(t;) — B(t;—1), i =1,...,n, are all independent of the o-field F,. Hence
E{B(t;) — B(ti—1)| Fs} = 0 for all i and so Equation (2.5.3) holds.

Next suppose f € L?[a,b]. Choose a sequence {f,,}5; of step functions
converging to f in L?[a,b]. Then by the conditional Jensen s inequality with
¢(x) = 2% in Section 2.4 we have the inequality

|E{X|F}* < B{X?|F},

which implies that
5 [ () - s a7}
< ([ () - s amta ) 7.},

Next we use the property E (E {X|F }) = EX of conditional expectation and
then apply Theorem 2.3.4 to get

E‘E{ /: (faul(u) = f(u)) dB(u)’}-S}

2

2

< [ (fulw) - f0)*

b
< [ ()~ fw)* du
— 0,

as n — oo. Hence the sequence E{f; fn(u)dB(u)| Fs} of random variables

converges to E{fst f(u)dB(u)| Fs} in L?(£2). Note that the convergence of
a sequence in L?(£2) implies convergence in probability, which implies the
existence of a subsequence converging almost surely. Hence by choosing a
subsequence if necessary, we can conclude that with probability 1,

nlgr;oE{/ Falu) dB(u } {/ F(u) dB(u } (2.5.4)

Now E{ [ : fn(u) dB(u)| Fs} = 0 since we have already shown that Equation
(2.5.3) holds for step functions. Hence by Equation (2.5.4),

o [ ool -

and so Equation (2.5.3) holds for any f € L?[a, b]. O
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2.6 Series Expansion of Wiener Integrals

Let {¢,}2%, be an orthonormal basis for the Hilbert space L?[a,b]. Each
f € L?[a,b] has the following expansion:

F= f 6n)on (2.6.1)
n=1
where (-,-) is the inner product on L?[a,b] given by (f,g) f f@)
Moreover, we have the Parseval identity
IFIP = (f, én) (2.6.2)
n=1

Take the Wiener integral in both sides of Equation (2.6.1) and informally
interchange the order of integration and summation to get

/f t)dB(t f,(;Sn / On(t) dB(t). (2.6.3)

Question 2.6.1. Does the random series in the right-hand side converge to the
left-hand side and in what sense?

First observe that by Theorem 2.3.4 and the remark following Equation
(2.3.5), the random variables ff ¢n(t)dB(t),n > 1, are independent and have
the Gaussian distribution with mean 0 and variance 1. Thus the right-hand
side of Equation (2.6.3) is a random series of independent and identically
distributed random variables. By the Lévy equivalence theorem [10] [37] this
random series converges almost surely if and only if it converges in probability
and, in turn, if and only if it converges in distribution. On the other hand,
we can easily check the L?(§2) convergence of this random series as follows.
Apply Equations (2.3.5) and (2.6.2) to show that

</f 1) dB(1 Zﬂww/%mmm@z
£() dt—22f,¢n imn
/ n=1

:/ﬂﬁm—Zm%ﬂ

as N — oo. Hence the random series in Equation (2.6.3) converges in L?(£2) to
the random variable in the left-hand side of Equation (2.6.3). But the L?(£2)
convergence implies convergence in probability. Therefore we have proved the
next theorem for the series expansion of the Wiener integral.
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Theorem 2.6.2. Let {$,}5%, be an orthonormal basis for L*[a,b]. Then for
each f € L*[a,b], the Wiener integral of f has the series expansion

oo b
/ FOABO = 3 (F.6.) [ 6.(0)aBO),
n=1 a

with probability 1, where the random series converges almost surely.

In particular apply the theorem toa =0, b=1,and f =194, 0 <t < 1.
Then fo s)dB(s) = B(t) and we have the random series expansion,

B(t,w) = i (/ 6a(s) o) ( [ 6(s) 1B(5.5) ).

Note that the variables ¢t and w are separated in the right-hand side. In view
of this expansion, we expect that B(t) can be represented by

B(t,w) = Zgn(w)/o bn(s)ds

where {£,}52 , is a sequence of independent random variables having the same
Gaussian distribution with mean 0 and variance 1. This method of defining a
Brownian motion has been studied in [29] [41] [67].

Exercises

1. Let B(t) be a Brownian motion. Show that E|B(s) — B(t)|* = 3|s — t|2.
2. Show that the marginal distribution of a Brownian motion B(t) at times
0<t; <ty <---t, is given by

P{B(tl) S al,B(tQ) S ag,...,B( ) < an}

- \/(QW)"tl(t2t11)~ bty —tn—1) / /

2

1723 (w9 —x1)? (xn—xn_l)Qﬂ
(2t T e N e das - - - day,
eXp[ 2(t1 e F1r2 e Gn

3. Let B(t) be a Brownian motion. For fixed ¢ and s, find the distribution
function of the random variable X = B(t) + B(s).

4. Let B(t) be a Brownian motion and let 0 < s < ¢ < u < v. Show that the
random variables 1 B(t) — 1 B(s) and aB(u) + bB(v) are independent for
any a,b € R.
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10.

11.

12.

13.

14.
15.

16.

17.

18.

2 Brownian Motion

Let B(t) be a Brownian motion and let 0 < s < ¢ < u < v. Show that the
random variables aB(s) + bB(t) and 1 B(v) — 1 B(u) are independent for
any a,b € R satisfying the condition as + bt = 0.

Let B(t) be a Brownian motion. Show that lim;_,o+ tB(1/t) = 0 almost
surely. Define W(0) = 0 and W (t) = tB(1/t) for t > 0. Prove that W (t)
is a Brownian motion.

Let B(t) be a Brownian motion. Find all constants a and b such that
= fot (a+b%) dB(u) is also a Brownian motion.

Let B(t) be a Brownian motion. Find all constants a,b, and ¢ such that
= fot (a+b%+ c?—j) dB(u) is also a Brownian motion.

Let B(t) be a Brownian motion. Show that for any integer n > 1, there

exist nonzero constants ag, a1, ..., a, such that X (¢ fo (ao + a1 ¥ : +

GQ% +tan g ) dB(u) is also a Brownian motlon

Let B(t ) be a Brownian motion. Show that both X (¢ fo (2t —u)dB(u)

and Y (¢ fo (3t — 4u) dB(u) are Gaussian processes Wlth mean function
0 and the same covariance function 3s%t — %53 for s < t.

Let B(t) = (Bi(t),...,Bn(t)) be an R"-valued Brownian motion. Find
the density functions of R(t) = |B(t)| and S(t) = | B(t)|?.

For each n > 1, let X,, be a Gaussian random variable with mean u,, and
variance o2 Suppose the sequence X converges to X in L?({2). Show
that the hmlts p = lim, s i1y, and 02 = lim,,_,, 02 exist and that X is
a Gaussian random variable with mean p and variance o2.

Let f(x,y) be the joint density function of random variables X and Y. The
marginal density function of Y is given by fy (y f f(x,y)dx. The
conditional density function of X given Y =y is deﬁned by fx‘y(l'|y)

f(z, y)/fy( ). The conditional expectation of X given Y = y is defined by
EX|Y =y = [7_xfx)y(z|y) dz. Let o(Y) be the o-field generated by

Y. Prove that

EX|o(Y)] = 0(Y),
where 6 is the function (y) = EF[X|Y = y].
Prove the properties of conditional expectation listed in Section 2.4.
Let B(t) be a Brownian motion. Find the distribution of fot et~ dB(s).
Check whether X; = fot t=% dB(s) is a martingale.
Let B(t) be a Browman motion. Find the distribution of fo s) ds. Check
whether Y; = fo s)ds is a martingale.
Let B(t) be a Brownlan motion. Find the distribution of the integral
fg B(s) cos(t — s) ds.

Let B(t) be a Brownian motion. Show that X, = $B(t)® — fg B(s)dsisa
martingale.
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Constructions of Brownian Motion

In Section 1.2 we gave an intuitive description of Brownian motion as the
limit of a random walk Y& /5 @ 0 — 0. The purpose of this chapter is to
give three constructions of Brownian motion. The first construction, due to
N. Wiener in 1923, will be explained in Section 3.1 without proof. The second
construction, using Kolmogorov’s extension and continuity theorems, will be
discussed in detail in Section 3.3. We will briefly explain Lévy’s interpolation
method for constructing a Brownian motion in Section 3.4.

3.1 Wiener Space

Let C be the Banach space of real-valued continuous functions w on [0, 1] with
w(0) = 0. The norm on C'is [|w||lec = sup,epo,1) [w(t)]-
A cylindrical subset A of C is a set of the form

A={welC; (w(ty),w(ta),...,w(tn)) € U}, (3.1.1)

where 0 < t1 <t < - < t, < 1and U € B(R"), the Borel o-field of R".
Let R be the collection of all cylindrical subsets of C'. Obviously, R is a field.
However, it is not a o-field.

Suppose A € R is given by Equation (3.1.1). Define u(A) by

VIR« S I (RSl I
u(A)—/Uil:[l<\/me p{ 2(ti—ti1)]>d1 du,, (3.1.2)

where tg = ug = 0. Observe that a cylindrical set A can be expressed in many
different ways as in Equation (3.1.1). For instance,

A={weC;w(l/2) €lab} ={wel; (w(1/2),w(2/3)) € [a,b] x R}.

However, u(A) as defined by Equation (3.1.2) is independent of the choice of
different expressions in the right-hand side of Equation (3.1.1). This means
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that (A) is well-defined. Hence p is a mapping from R into [0, 1]. It can be
easily checked that p : R — [0,1] is finitely additive, i.e., for any disjoint
A1, As, ..., A, € R, we have

J (6 Ai> = iM(Ai)-

Theorem 3.1.1. (Wiener 1923 [82]) The mapping p on R is o-additive, i.e.,
for any disjoint Ay, As, ... € R with U, A, € R, the following equality holds:

H (U Ai) = ZN(Ai)-
i=1 i=1

The proof of this theorem can be found in [55]. Thus g has a unique
o-additive extension to o(R), the o-field generated by R. The o-field o(R)
turns out to be the same as the Borel o-field B(C') of C. To check this fact, we
essentially need to show that the closed unit ball {w € C'; ||w||c < 1} belongs
to o(R). But this is so in view of the following equality:

{weC; |wllw <1} = (V{w € Cs lwlk/n)| <1, VEk=1,2,...,n}.

n=1

We will use the same notation p to denote the extension of u to B(C).
Hence (C, p) is a probability space. It is called the Wiener space. The measure
w is called the Wiener measure. Wiener himself called (C, ) the differential
space [82]. In [24], Gross generalized the theorem to abstract Wiener spaces.
See also the book [55].

Theorem 3.1.2. The stochastic process B(t,w) =w(t), 0 <t <1, we C, is
a Brownian motion.

Proof. We need to check that the conditions in Definition 2.1.1 are satisfied.
Conditions (1) and (4) are obviously satisfied. To check condition (2), let
0<s<t<1. Then

i{B(t) - B(s) < a} = pfw(t) - w(s) < a
— pfw € C; (w(s),w(t)) € U},

where U = {(u1,u2) € R?; us —u; < a}. Hence by the definition of the
Wiener measure p we have

W{B(#) - B(s) < a)
ﬁ + W)} duydus.

:/Ume"p[‘i(s [~

Make a change of variables u; = x,us —u; = y to get
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u{B(t) - B(s) < a)

//\/ﬁ H(ﬁﬂygsﬂdmy
/m

Thus B(t) — B(s) is normally distributed with mean 0 and variance t — s, so
condition (2) is satisfied.

To check condition (3), let 0 < t; < {2 < -+ < t,. By arguments similar
to those above, we can show that

e 2(1 B) dy

p{B(t1) < a1, B(t2) — B(t1) < ag,...,B(tn) — B(tn-1) < an}
— 1{B(t) < a}u{Blt2) - B(t) < az} -+ pu{B(t) — Blta_1) < an}.
This implies that the random variables
B(t1), B(t2) — B(t1), ..., B(tn) — B(tn—1)
are independent. Hence condition (3) is satisfied. O

The above theorem provides a Brownian motion B(t) for 0 <t < 1. We
can define a Brownian motion B(t) for ¢ > 0 as follows. Take a sequence
of independent Brownian motions By (t), Ba(t), ..., By(t),... for 0 < ¢t < 1.
Then define

Bi(t), ifo<t<l;
Bi(1) + By(t — 1), if1<t<?2;

It is easy to check that B(t), ¢t > 0, is a Brownian motion.

3.2 Borel-Cantelli Lemma and Chebyshev Inequality

In this section we will explain the Borel-Cantelli lemma and the Chebyshev
inequality, which will be needed in the next section and elsewhere.

Let {A,}52; be a sequence of events in some probability space. Consider
the event A given by A =N32, UL Ai. It is easy to see that w € A if and
only if w € A,, for infinitely many n’s. Thus we can think of the event A as
the event that A,,’s occur infinitely often. We will use the notation introduced
in [5]:

{An i.o.} = {An infinitely often} = ﬂ U Ay

n=1k=n
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Theorem 3.2.1. (Borel-Cantelli lemma) Let {A,,}22; be a sequence of events
such that Y | P(A,) < co. Then P{A,, i.0.} =0.

This theorem is often called the first part of the Borel-Cantelli lemma.
The second part states that if > >~ P(A,) = oo and the events A, are
independent, then P{A,, i.0.} = 1. We will need only the first part, which can
be proved rather easily as follows:

P{Ay i0.} = Tim P( U, Ay) < nler;O’cz: P(Ay) = 0.

The complement of {4, i.0.} is the event {A,, f.0.} = {A,, finitely often}
that A,’s occur finitely often. Thus whenever we have a situation like

P{A, i0.} =0,

then, by taking the complement, we get P{A, f.0.} = 1. Hence there exists
an event (2 such that P(£2) = 1 and for each w € £2, w € A,, for only finitely
many n’s, namely, for each w € !~27 there exists a positive integer N(w) such
that w € A¢ for all n > N(w). Here A¢ is the complement of A,,. Then we
can use this fact to conclude useful information.

Ezample 3.2.2. Let {X,}52, be a sequence of random variables. Suppose we
can find positive numbers «,, and 3,, such that

If °, B < 0o, then we can apply the Borel-Cantelli lemma to see that
P{|X,| > a, i.0.} =0,

or equivalently,
P{|X,| > a, f.o.} =1.

If o, — 0 as n — oo, then we can conclude that X,, — 0 almost surely. On
the other hand, if )", a;, < oo, then we can conclude that the random series
>, Xy is absolutely convergent almost surely.

The Borel-Cantelli lemma is often used with the Chebyshev inequality.
Let X be a random variable with E|X| < co. Then for any a > 0,

E|X]| 2/ |X|dP2a/ dP = aP(|X| > a).
[X|>a |X|>a
Divide both sides by a to get a very useful inequality in the next theorem.
Theorem 3.2.3. (Chebyshev inequality) Let X be a random variable with
E|X| < o0. Then for any a > 0,

1
P(IX| = a) < ZE|X|, ¥a>0.
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Ezample 3.2.4. Let {X,}52, be a sequence of random variables such that
E|X,| <1 for all n. Let ¢ > 2 be a fixed number. Choose o = ¢/2. By the
Chebyshev inequality, we have

1

1
P{|X,|>n} < —E|X,| < —.
ne ne

Since >, - < 0o, we can apply the Borel-Cantelli lemma to show that

P{|X,| >n%i0.} =0.

Hence
P{n~¢X,| >n*"“i0.} =0,

or equivalently,
P{n~¢|X,| >n*"“fo} =1

Note that c —a = ¢/2 > 1, so that ) n®™¢ < oco. It follows that the random
series >, n~°X, is absolutely convergent almost surely.

3.3 Kolmogorov’s Extension and Continuity Theorems

In this section we will explain Kolmogorov’s extension theorem, give a detailed
proof of Kolmogorov’s continuity theorem, and then apply these theorems to
construct a Brownian motion.

Let X(t), t > 0, be a stochastic process. For any 0 < t1 < tg < «-+ < t,,
define

Kty o tn(A) = P{(X(t1), X (t2),..., X(tn)) € A}, AeBR").

The probability measure p¢, +,....¢, on R" is called a marginal distribution of
the stochastic process X(t). Observe that for any 0 < ¢t; < --- < t,, and any
1<i<n,

P{(X(t1)7 . ,X(tifl),X(tiJrl), .. ,X(tn)) € A x AQ}
= P{(X(t),..., X(tn) € A1 x R x Ay}, (3.3.1)

where A; € B(R*™!) and Ay € B(R"™%). When i = 1, Equation (3.3.1) is
understood to be

P{(X(tg), . ,X(tn)) € Ag} = P{(X(tl), - ,X(tn)) € R x Ag}
Similarly, when i = n, Equation (3.3.1) is understood to be
P{(X(t1),..., X(tn-1)) € A1} = P{(X(t1),..., X (tn)) € A1 X R}.

Therefore, we have the equality
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Mtl,.. (Al X AQ) = HUtq,..., tn (A1 x R x AQ), (332)

Stic1stitign,.tn

where 1 <7 <n and tAZ means that ¢; is deleted. Hence the family of marginal

distributions of a stochastic process X (¢) satisfies Equation (3.3.2).
Conversely, suppose that for any 0 < t; < to < -+- < t,, there is a

probability measure g, ¢, ... ¢, on R". The family of probability measures

{pts ot 0<t <ta <o <tp,n=12,...}

is said to satisfy the consistency condition if Equation (3.3.2) holds for any
0<t; <---<t,and A; € BRI, Ay € B(R" ™) with 1 <i <mn,n > 1.

Question 3.3.1. Given a family of probability measures satisfying the above
consistency condition, does there exist a stochastic process whose marginal
distributions are the given family of probability measures?

The answer to this question is given by Kolmogorov’s extension theorem.
Let RI%>) denote the space of all real-valued functions w on the interval
[0,00). Let F be the o-field generated by cylindrical sets, i.e., sets of the form

{0 e RO (), wita), . (i) € 4,

where 0 < t; < t2 < --- < t, and A € B(R™). The next theorem ensures the
existence of a probability measure on the function space RI%>) corresponding
to a consistent family of probability measures. Equivalently, the theorem says
that a stochastic process can be specified by its marginal distributions.

Theorem 3.3.2. (Kolmogorov’s extension theorem) Suppose that associated
with each 0 < t1 < tg < -+ < tp, n > 1, there is a probability measure
Mty to,...t, 01 R™. Assume that the family

{pts ot 0<t <ta <o <tp,n=12,...} (3.3.3)

satisfies the consistency condition in Equation (3.3.2). Then there exists a
unique probability measure P on the space (R[O’Oo),}') such that

P{w S R[O’OO) 5 (w(t1)7w(t2)v s ’(“‘)(tn)) € A} = Htqta,..ty (A)
forany 0 <ty <ty <---<tn, A€ BR"), and n > 1.

The proof of this theorem can be found, e.g., in the book by Lamperti [57].
On the probability space (R[Om), F, P) we define a stochastic process

X(t,w) =w(t), t>0, weRI>®),

Then X (¢) is a stochastic process with marginal distributions specified by the
probability measures given by Equation (3.3.3), i.e.,

P{(X(t1),X(t2),..., X(tn)) € A} = ity t5,....t., (A).-
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Ezample 3.3.3. For 0 < t1 <ty < -+ < iy, let e, 1,....+, be the probability
measure on R” defined by

Hty b, tn(U)Z//
RJU

n 1 wy— s 1)

i=1

where U € B(R™), ty = 0, v is a probability measure on R, and we use the
following convention for the integrand:

1 _ (ug—ug)?
e 2 dug
\/27Tt1

where §,, is the Dirac delta measure at ug.

Observe that the integral in the right-hand side of Equation (3.3.4) with
v = §p is exactly the same as the one in the right-hand side of Equation (3.1.2)
for the Wiener measure p.

The family of probability measures defined by Equation (3.3.4) can be
easily verified to satisfy the consistency condition.

= db, (u1), (3.3.5)

t1=0

Now apply Kolmogorov’s extension theorem to the family of probability
measures in Example 3.3.3 to get a probability measure P on RI9>) Define
a stochastic process Y (t) by

Y(tw) =w(t), weRO®), (3.3.6)
Question 3.3.4. Is this stochastic process Y (t) a Brownian motion?

First we notice some properties of the stochastic process Y (¢):

(a) For any 0 < s < t, the random variable Y (¢) —Y (s) is normally distributed
with mean 0 and variance ¢t — s.

(b) Y'(¢) has independent increments, i.e., for any 0 =tg < 1 < to < -+ < ty,
the random variables Y'(¢t;) — Y (t;—1), ¢ = 1,2,...,n, are independent.

Moreover, by Equations (3.3.4) and (3.3.5) with n = 1, t; = 0, we have

_ (w1 —ug)?

P{Y(O)EU}:/R/U\/%e S Gy

:/]R</Ud6u0(U1)> dv (uo)

:/R(?uO(U) dv(up).
=v(U), U eBR).

dv(ug)
t1=0

Hence v is the initial distribution of the stochastic process Y (¢).
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In particular, the stochastic process Y (t) with v = §y satisfies conditions
(1), (2), and (3) in Definition 2.1.1. How about condition (4)? Before we
can answer this question, we need to introduce some concepts concerning
stochastic processes.

Definition 3.3.5. A stochastic process X (t) is called a version of X(t) if
P{X(t)=X(t)} =1 for each t.

Definition 3.3.6. A stochastic process X (t) is called a realization of X (t) if

there exists {2y such that P(£29) = 1 and for each w € 20, X (t,w) = X (t,w)
for all t.

Obviously, a realization is also a version, but not vice versa. But if the
time parameter set is countable, then these two concepts are equivalent.

Let X(t), 0 < t < 1, be a stochastic process. In general supy<,<; X (t)
does not define a random variable. For example, take the probability space
2 = [0,1] with the Lebesgue measure. Let S C [0,1] be a nonmeasurable set
and define a stochastic process by

X(t,w) = {

1, ifte Sand w=1t;
0, otherwise.

Then the function supg<,<; X(t) is given by

1, fweS;
(Sup0§t§1X(t)) (w) = {O’ if w ¢ S.

This shows that supy<,<; X(t) is not measurable. Hence it does not define a
random variable. In order to overcome the difficulty involving supremum and
infimum, we impose the condition of the separability of stochastic processes.

Definition 3.3.7. A stochastic process X (t,w), 0 <t < 1, w € £, is called
separable if there exist 2y with P(£2y) = 1 and a countable dense subset S of
[0,1] such that for any closed set FF C R and any open interval I C [0,1], the
set difference

{weQ;X(t,w)GF,VteIﬂS}\{weQ;X(t,w)eRVteI}

is a subset of the complement (2§ of £2y. The set S is called a separating set.

It turns out that a stochastic process always possesses a separable version.
Moreover, if a separable stochastic process X (¢) is continuous in probability,
i.e., for each ¢t and any € > 0,

P{X(t) = X(s)| > ¢} =0, ass—t,

then any countable dense subset of [0, 1] can be taken as a separating set. For
details, see the book by Doob [9].

The next theorem gives a very simple sufficient condition for a separable
stochastic process to have a continuous realization.
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Theorem 3.3.8. (Kolmogorov’s continuity theorem) Let X (t), 0 <t <1, be
a separable stochastic process. Assume that there exist constants o, 3, K > 0
satisfying the inequality

EIX(t) - X(s)|* < K|t —s|"?, V0O<t,s<1. (3.3.7)

Then X (t) has a continuous realization, namely, there exists 2o such that
P(20) =1 and for each w € 2y, X (t,w) is a continuous function of t.

Now, before we proceed to prove this theorem, we return to the stochastic
process Y (t) defined by Equation (3.3.6) with initial distribution v = §y. By
the above discussion we may assume that Y (¢) is separable. Moreover, for any
0<s<tY(t)—Y(s)is normally distributed with mean 0 and variance t — s,
and so we have

E|Y(t) = Y(s)|* = 3]t — s|*.

This shows that the stochastic process Y (¢) satisfies the condition in Equation
(3.3.7). Hence by Kolmogorov’s continuity theorem, Y (¢) satisfies condition
(4) in Definition 2.1.1. Therefore, Y (¢) is a Brownian motion.

The rest of this section is devoted to the proof of Kolmogorov’s continuity
theorem. The proof is based on the book by Wong and Hajek [86].

By Equation (3.3.7) and the Chebyshev inequality,

P{X(t) = X(s)| > e} < %ElX(t) — X(s)[* < e%t 8 0,

as s — t. Hence X(t) is continuous in probability. Thus we can take the
following set of dyadic rational numbers as a separating set:

k
D_{2n;k_0,1,2,...,2",n_1,2,...}. (3.3.8)

Hence there exists (7 with P{{2;} = 1 such that for any h > 0 and all w € 2y,

sup | X(t,w) — X(s,w)| = sup |X(¢t,w)— X(s,w)l. (3.3.9)
= P

Next, we prepare a key lemma.

Lemma 3.3.9. Let D be the set of numbers defined by Equation (3.3.8) and
let f be a function on [0,1]. For each integer n > 1, let

()~ 15

Then for any integer m > 0, the following inequality holds:

gn = Sup
1<k<2n

s |fO—f) <2 Y ga (3.3.10)

t,s€D
[t—s|<2—m n=m+1
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Proof. Suppose t,s € D and |t — s| < 27™. Then there exists some integer
k€{0,1,2,...,2™} such that

PR e =
ST gm| S gm

‘ k 1 ‘ k 1
om om’

Therefore, there exists some integer 7 > 1 such that

k J Qy
t:%iZW, G,g:(),l.

=1
This implies that
k m+jJ 00
HOENIC D S S (3.3.11)
n=m-+1 n=m-+1
Similarly, we have
k oo
‘f(ﬁ—f(;m)) < D e (3.3.12)
n=m-+1
Hence Equation (3.3.10) follows from Equations (3.3.11) and (3.3.12). O

Now we proceed to prove Kolmogorov’s continuity theorem.

Step 1: Let ¢ > 0. By the Chebyshev inequality

1 K
P{X(t) - X(s)] = ¢} < —EIX(t) - X(5)| < |t — 8|1,
c c
Choose a constant -y such that 0 < v < 3/a. Let 6 = f—ay and put ¢ = |[t—s]|7
to get
P{X(t)— X(s)| > [t —s|"} < K|t — s|'*°. (3.3.13)

Step 2: Define a sequence of random variables by

x () - x (55|

Zn, = Ssup
1<k<2n

Note that for any constant C' > 0,
on

ez er= U {x(E) - (5= e}

k=1

Hence we have

on

piz o1 =S r{j(h) - x(55 )20}

k=1
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Take C = 27" and then use Equation (3.3.13) to get

.
P{Z, >2""} <> K2 "0F0) = Ko7, (3.3.14)
k=1

Step 3: In this step we will show that > - | Z,, converges almost surely. The
above Equation (3.3.14) implies that

> P{Z,>27} < .

n=1

Hence by the Borel-Cantelli lemma in Theorem 3.2.1, we have

P{Z, > 27" infinitely often} = 0,

or equivalently,

P{Z, > 27" finitely often} = 1.

Hence there exists (25 with P{{2;} = 1 and for any w € {25 there is a positive
integer N(w) such that

Zp(w) <27™, ¥n> N(w).
It follows that >~ ; Z,(w) converges for all w € (2.

Step 4: For each w € 2 in Step 3, apply Lemma 3.3.9 to f(t) = X (t,w) to
conclude that

X(t,w) — X <9 Z ().
sup X (Ew) = X(sw)| <2 ) Zuw)

[t—s|<2—m™ n=m+1

But > >° 1 Zn(w) — 0 as m — oo, since the series Y >° | Z,(w) converges
as shown in Step 3. Hence for each w € (25,
sup | X(t,w)— X(s,w)] — 0, asm — oo.

t,s€D
|t—s|<2—™

On the other hand, recall from Equation (3.3.9) with h = 27™ that for all
w e .Ql,

sup | X(t,w) — X(s,w)| = sup |X(t,w)— X(s,w)|.
0<t,s<1 t,s€ED
[t—s|<2—m [t—s|<2—m

Finally, let 29 = £2; N §25. Then P{(2} = 1 and for any w € (2,

sup | X(t,w) — X(s,w)] — 0, asm — oo,
0<t,s<1
[t—s|<2—™
which implies that the sample function X (¢,w) is uniformly continuous on
[0, 1]. This completes the proof of Kolmogorov’s continuity theorem. ]



34 3 Constructions of Brownian Motion

3.4 Lévy’s Interpolation Method

In [58] P. Lévy used the interpolation method to construct a Brownian motion.
Below we outline this method. For details, see the book by Hida [25].

Let {¢,; n > 1} be a sequence of independent Gaussian random variables
with mean 0 and variance 1. Define a sequence {X,,(t); n > 1} of stochastic
processes for t € [0, 1] by interpolation as follows. For n = 1, define

() 0, ift=0;
! B ¢1a lftzla

and interpolate X(t) linearly for other values of t. From X;(t), define

X (1), ift=0,1;
Xo(t) = L e
Xl(t)+2 ¢2, ift = 1/2,

and interpolate X5 (t) linearly for other values of t. Note that X (t) keeps the
values of Xi(t) at t = 0,1. At t = 1, we use ¢ and X;(t) to define X»(t) in
order to get the correct variance %, i.e., the variance of a Brownian motion at
time % We go one more step in order to see the situation more clearly. Define
X;5(t) from X(¢) as follows:

Xo(t), ift =0,1/2,1;
Xa(t) = Xo(t) +27%2 ¢, if t = 1/4;
Xo(t) +273/2 ¢y, if t = 3/4,

and interpolate X3(t) linearly for other values of ¢. Again note that Xs(¢)

keeps the values of X5(t) at t = 0, %, 1. At t = i and %, we use ¢3 and @y,
respectively, and X»(t) to define X3(t) in order to get the correct variances

and % of a Brownian motion at times 1 and 2, respectively. The verification

1 4
of this fact is tedious, but straightforward.

Now we use induction to define X,,11(¢) from X,,(¢) for n > 1 by

k

X, (t), ift= - k=0,2,...,2"
27’L

X7L+1(t) -

n+

k
Xo(t) +27F Gpuos hn, ift = g k=13,...,2" 1,
2 n

and interpolate X,,11(t) linearly for other values of ¢.

Recall the set D of dyadic rational numbers defined in Equation (3.3.8).
For each fixed ¢t € D, it follows from the definition of the X,,(¢)’s that there
exists a number N = N(¢,w) such that X,,(¢,w) = Xy (¢t,w) for all n > N.
Hence for each t € D, the following limit exists:

lim X, (t) = X(t), in L*(£2).

n—oo
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It can be easily verified from this limit and the definition of the X,,(¢)’s that
X(t), t € D, is a Gaussian process and for any s,t € D,

E{X(t)} =0,
B{|IX(t) - X(s)]2} = |t — 5. (3.4.1)

In particular, Equation (3.4.1) implies that the mapping X : D — L2(£2) is
continuous. Thus we can extend X (¢) by continuity to all ¢ € [0, 1], and then
for any t € [0, 1], we have
X(t) = lim X,(t), in L*(£2).
n—oo
The stochastic process X (t), t € [0,1], is a Gaussian process. Moreover, for
any s,t € [0,1],

E{X(t)} =0, E{X(s)X(t)} =min{s,t}.

It follows from Remark 2.2.2 that X (¢) has independent increments. By the
above construction X (0) = 0 almost surely and for 0 < s < ¢, X(t) — X(s) is
normally distributed with mean 0 and variance ¢ — s. Therefore, X (¢) satisfies
conditions (1), (2), and (3) in Definition 2.1.1.

On the other hand, by Proposition 2.3 of the book by Hida [25], there
exists 29 C 2 with P(£29) = 1 and for each w € 2, the limit

lim X, (¢t,w) = X(t,w)

n—oo

exists and X (t,w) is a continuous function of ¢. Observe that X (t) is a version
of X(t), i.e., for each t € [0,1],

X(t) = X(t), almost surely.

Therefore, the stochastic process X (¢) satisfies conditions (1), (2), (3), and
(4) in Definition 2.1.1, namely, X (¢) is a Brownian motion.

Exercises

1. Show that the collection R given in Section 3.1 is not a o-field.

2.Let 0 <ty < -+ < tpand 0 < ¢y, < -+ < tyy, be related by the
inclusion {t,,,---,tm,} C {t1,-..,t,}. Define a projection 6 : R® — R¥
by 0(z1,...,2n) = (Tmy,--., Tm, ). Show that the family of probability
measures given by Equation (3.3.3) satisfies the consistency condition if
and only if the equality

Mtnll1"'7tmk (A) = /’Ltlv--wtn (9_1A)7 A € B(Rk)7

holds for all such choices of 0 <3 < -+ <ty and 0 <tp,, <+ < tpy,.
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Prove that the family of probability measures given in Example 3.3.3
satisfies the consistency condition.

(Kolmogorov’s extension theorem for sequences of probability measures)
For each n > 1, let u, be a probability measure on R™. Assume that the
sequence {p,} satisfies the following consistency condition: for anyn > 1,

fin(A) = pns1(A X R), A€ BR").

Then there exists a unique probability measure P on R® =R x R x - --
with the o-field F generated by cylindrical sets such that for any n > 1,

P{(wi,wa,...); (w1, ,wa, ... wy) € A} = un(4), A€ BR"™). (3.4.2)

For the proof, see the book by It [37]. Below are some examples.

(a) Let v be the probability measure on R given by v({0}) = v({1}) = 1.
For n > 1, define p,, = v x v x --- x v (n factors). Show that the sequence
{pn }5%, satisfies the consistency condition in Equation (3.4.2). Let P be
the resulting probability measure on R*° from the above Kolmogorov’s
extension theorem. Consider the set

A= {(wl,wz7 ey Wy .. .); wy = 0 for infinitely many n’s}.

Show that A € F and find P(A).

(b) Let v, be the probability measure on R given by v, ({0}) = 1/n? and
vn({1}) =1 —1/n? For n > 1, define y,, = v1 X v3 X -++ X V. Let P be
the resulting probability measure on R*°. Find P(A) for the same set A
given in part (a).

(c) Let p, be the probability measure on R™ supported by the “diagonal
line” {(t,t,...,t); t € R}. Assume that p, has normal distribution with
mean 0 and variance o2. Suppose o1 = 1. Find o,, for n > 2 such that the
sequence {u, 152, satisfies the consistency condition in Equation (3.4.2).
Describe the resulting probability measure P on R*.

Consider the sequence {X,(t); n > 1} of stochastic processes defined
in Section 3.4. Let D be the set of dyadic rational numbers given by
Equation (3.3.8). Show that for each ¢ € D there exists N = N(¢,w) such
that X, (t,w) = Xn(t,w) for all n > N. Moreover, check that Xy (¢) is a
Gaussian random variable with mean 0 and variance ¢.
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Stochastic Integrals

Let B(t,w) be a Brownian motion. In this chapter we will study the very first
stochastic integral fj f(t,w) dB(t,w) defined by K. It6 in his 1944 paper [31].
The integrand f(¢,w) is a nonanticipating stochastic process with respect
to the filtration F; = o{B(s);s < t} and f;E(\f(t)P) dt < oo. The term
“nonanticipating” used by It6 is nowadays commonly called “adapted,” which
we have defined in Definition 2.5.1. When the integrand is a deterministic

function f(t), the It integral f: f(t)dB(t,w) reduces to the Wiener integral
defined in Section 2.3.

4.1 Background and Motivation

It6’s theory of stochastic integration was originally motivated as a direct
method to construct diffusion processes (a subclass of Markov processes) as
solutions of stochastic differential equations. It can also be motivated from
the viewpoint of martingales. Let B(t) be a Brownian motion. Suppose f(t)
is a deterministic function in L?[a,b]. We showed in Theorem 2.5.4 that the
stochastic process

t
M, = / f(s)dB(s), a<t<b,
a
is a martingale. Now we pose a natural question.

Question 4.1.1. How can one define a stochastic integral f; f(t,w)dB(t,w)
for a stochastic process f(t,w) in such a way that the stochastic process

t
Mt:/f(s,w)dB(s,w), a<t<b,
a

is a martingale?
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In order to get key ideas to answer this question, let us consider a simple
example with f(t) = B(t) so that the integral in question is f:B(t) dB(t).
From Equations (1.1.3) and (1.1.4), we have

Ln = ZB(tifl)(B(ti) — B(ti-1)), (4.1.1)

R, =Y B(t:)(B(t:) — B(ti-1)), (4.1.2)
=1

where the evaluation points for L,, and R,, are the left endpoint ¢;_; and right
endpoint t; of [t;_1,t;], respectively. As in Equation (1.1.5), we have

n

Ry —Ln =Y (B(t:) — B(ti-1))". (4.1.3)

i=1

Here the limit lim, (R, — Ly,), if it exists, is the quadratic variation of
the Brownian motion B(t). The next fundamental theorem shows that B(t)
fluctuates so much that its quadratic variation is nonzero.

Theorem 4.1.2. Let A, = {a = to,t1,...,tn—1,tn = b} be a partition of a
finite interval [a,b]. Then

(B(t:) = B(ti1))? — b—a (4.1.4)

n

(2
in L2(82) as || Ay = maxi<i<n(t; — ti—1) tends to 0.

Remark 4.1.3. Recall two facts: (1) L?(£2)-convergence implies convergence
in probability; (2) convergence in probability of a sequence implies almost sure
convergence of some subsequence. Hence there exists a subsequence {ﬁn} of
{A,} such that the convergence in Equation (4.1.4) is almost sure convergence
as || A, || tends to 0. In fact, almost sure convergence in Equation (4.1.4) is
guaranteed if the sequence {4, } satisfies the condition:

Ay CAC--CA, C---.

For the proof, see the book by Hida [25]. Almost sure convergence is also
guaranteed when {A,,} satisfies the condition Y~ [|A,]]* < cc.

Proof. Note that b—a = >"_, (t; — t;—1) and so let

n n

=Y [(B) - B) - (-t =3 X, (@15)

i=1 i=1

where Xl = (B(tl) — B(tifl))z — (tl — tifl). Then
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2= > XX (4.1.6)
ij=1
For i # j, we have E(X;X;) = 0 since B(t) has independent increments and
E(B(t) — B(s))? = |t — s|. On the other hand, E[(B(t) — B(s))4] =3(t—s)?
and so for i = j in Equation (4.1.6), we have

4 2

E(X}) = E{(B(t:) — B(t:-1))
+(ti — t¢71)2}
=3(t; —ti_1)? —2(ti — ti—1)? + (i — tio1)?
=2(t; —ti_1)% (4.1.7)

— Z(tz — tlfl)(B(tl) - B(tlfl))

Therefore, from Equation (4.1.6), we get

BO, = 2(t; —t;i1)? <20 Au]| Y (ti —tio1)
=1 =1
=2(b—a)||A,] =0, as A, —o0.

This shows that @,, converges to 0 in L?(2). Hence from Equation (4.1.5), we
see that Equation (4.1.4) holds. O

Now apply Theorem 4.1.2 to Equation (4.1.3) to conclude that

(R, — Ly) =b—a, in L*(92).

im
A7 [—0

Hence lim| o, |0 By # lim)a, -0 Ln. But what are these limits? In order to
find out the answer, note that

&

J’_

F

I
M-

(B(ti) + B(ti—1)) (B(t;) — B(ti-1))

= Z (B(t:)*> = B(ti-1)?)
= B(ty)? — B(to)*
= B(b)* — B(a)>. (4.1.8)

Obviously, it follows from Equations (4.1.3) and (4.1.8) that

R = 3 (B2 - B2+ > (o0 - By
L, 1(3(1;)2 — B(a)? — (B(t:) _B(til))2>.

i=1
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We can use Theorem 4.1.2 to take the L2({2) limits of R,, and L,, to get

i = } 2_Ba)?+(b-a

| lTILI‘Tl oR" = 2(B(b) B(a) (b )), (4.1.9)
i _! 2_B(a)?—(b—ua

| lirl‘rl OLn = 2(B(b) B(a) (b )) (4.1.10)

Question 4.1.4. Which one of Equations (4.1.9) and (4.1.10) should we take to

be the integral f: B(t) dB(t)? Namely, which endpoint (left or right) should
we use for the evaluation of the integrand?

To answer this question, let us take a = 0 and b = ¢ in Equations (4.1.9)
and (4.1.10) to define the stochastic processes

R(t) = %(B(t)2 +1), L(t)= 5(B(t)2 —t).

Note that FR(t) = t. Hence R(t) is not a martingale, since EM (t) must be
a constant for any martingale M (t). On the other hand, L(¢) is a martingale.
This can be verified as follows. Let F; = 0{B(s);s < t}. Then for any s < t,

1 1

E(L(t)|F,) = §E(B(t)2|]-"s) -5t (4.1.11)

Recall that the conditional expectation (see Section 2.6) has the following

properties:

(a) If X and F are independent, then E(X|F) =

(b) If X is F-measurable, then E(XY|F) = XE(Y|F), in particular, we have
EX|F)=X

Since B(t) — B(s) and B(u) are independent for all u < s, it follows that
B(t) — B(s) and F;, are independent. Therefore,

E(B(t)” IF) B((B(t) - B(s) + B(s))*| %)
E((B(t) — B(s))? +2B(s)(B(t) — B(s)) + B(s)*|F)
= E(B(t) B(s))* +2B(s)E(B(t) — B(s)) + B(s)?
=t— s+ B(s)%
Thus E(B(t)?|Fs) =t — s + B(s)?, which we can put into Equation (4.1.11)

to get
E(L(t)|F,) = L(s), Vs<t.
This shows that L(t) is a martingale. From this simple example we can draw

the following crucial conclusion:

If we want to have the martingale property for this yet to be defined
stochastic integral fat f(s)dB(s), we should take the left endpoint of each
subinterval as the evaluation point.
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Furthermore, consider another simple example:
t
X(t) = / B(1)dB(s), 0<t<1.
0

Intuitively, we would expect that X (¢) = B(1)B(t). But the stochastic process
X(t) is not a martingale since F[B(1)B(t)] = min{l,t¢} = ¢, which is not a
constant. Thus the integral f(f B(1) dB(s) is not what we expect to define if we
want to obtain martingale processes. The reason for such a simple integral to
be undefined (when we want to obtain martingales) is because the integrand
B(1) is not adapted to the filtration o{B(s);s < t}, 0 <t < 1. So here is an
important requirement for the integrand:

If we want to have the martingale property for this yet to be defined
stochastic integral fat f(s)dB(s), we need to assume that the integrand is
adapted to a filtration {F;}.

In general we will allow {F;} to be a larger filtration than the one given
by a Brownian motion, i.e., F; D 0{B(s);s < t} for all ¢; see the next section.

4.2 Filtrations for a Brownian Motion

As pointed out in the previous section, the yet to be defined stochastic integral
f: f(t) dB(t) should have the property that when the upper limit b is replaced
by t, the resulting stochastic process X; = fj f(s)dB(s),a <t <b, is a
martingale with respect to the filtration 7P = o{B(s); s < t}.

Recall that B(t) has independent increments. This property implies that
B(t) is a martingale with respect to the filtration {F2}. In fact, the property
of independent increments is related to the independence of increments with
respect to a filtration {F;;t > 0} as shown in the next proposition.

Proposition 4.2.1. If W(t),t > 0, is an {F;}-adapted stochastic process such
that W (t) — W (s) is independent of Fs for any s < t, then the stochastic
process W (t) has independent increments.

Proof. Let 0 < t; <ty < --- < t,. For any real numbers \;,1 < k < n, we
use the assumption and the first three properties of conditional expectation
in Section 2.4 to show that

Bt 2oney MW () =W (1))
— E{E[ei22:1 Ao (W (t1) =W (tr—1)) N
= B{e Xim MWW () gleida(Wie)=W(ta0) | £, 1)

— B (W) =W (1)) i dores (W (t) =W (tr-1))
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where ty = 0 by convention. Then repeat the above arguments inductively to
conclude that the equality

Fet Dany MW () =W (te_1)) _ H Feire (W (te)=W (tr-1)) (4.2.1)
k=1

holds for all real numbers A, 1 < k < n. It is well known (e.g., see Theorem
6.6.1 in [5]) that Equation (4.2.1) holds if and only if the random variables
W(ty) — W(tk—1),1 < k < n, are independent. Hence the stochastic process
W (t) has independent increments. O

Now suppose B(t) is a stochastic process satisfying conditions (1), (2),
and (4) of a Brownian motion in Definition 2.1.1. Moreover, suppose there is
a filtration {F;;t > 0} such that B(t) satisfies the assumption in Proposition
4.2.1, namely, B(t) is {F;}-adapted and B(t) — B(s) is independent of F;
for any s < t¢. Then by Proposition 4.2.1 the stochastic process B(t) has
independent increments, i.e., it satisfies condition (3) of a Brownian motion in
Definition 2.1.1. Therefore, B(t) is a Brownian motion according to Definition
2.1.1. Hence we may say that B(t) is a Brownian motion with respect to a
filtration {Fy;t > 0} if it satisfies conditions (1), (2), and (4) in Definition
2.1.1 and the assumption in Proposition 4.2.1 with respect to {F;;t > 0}.

Suppose B(t) is a Brownian motion with respect to a filtration {F;;¢ > 0}.
Let {G¢;t > 0} be another filtration such that F; C G; for all ¢ > 0. In general,
it is not true that B(t) is still a Brownian motion with respect to {G;;t > 0},
as shown in the next example.

Ezample 4.2.2. Let B(t) be a Brownian motion. Then it is a Brownian motion
with respect to the filtration FP = o{B(s); s < t}. Consider the filtration
{Gs;t > 0} given by

G; = the o-field generated by B(1) and FZ, > 0.

Then B(t) is not a Brownian motion with respect to the filtration {G;;t > 0}.
To see this fact, simply note that for any 0 < ¢ < 1,

E[B(1)|G:] = B(1) # B(t).

Hence B(t) is not a martingale with respect to {G;;t > 0}. It follows that
B(t) is not a Brownian motion with respect to {G;t > 0}.

On the other hand, suppose a filtration {H;;¢ > 0} is independent of
{FB;t >0}, ie., H; and FB are independent for all ¢ and s. Define

S

F; = the o-field generated by H; and FZ, t>0.

It is obvious that B(t) satisfies the assumption in Proposition 4.2.1. Hence
B(t) is still a Brownian motion with respect to the filtration {F;¢t > 0},
which is a larger filtration than {F2;t > 0}.
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In fact, there is another reason why we need to consider a filtration with
respect to which B(t) is a Brownian motion. We want to allow the integrand
f(¢) in the yet to be defined stochastic integral f: f(t) dB(t) to be from a large
class of stochastic processes. In particular, the integrand f(¢) is not required
to be adapted with respect to the filtration {FZ;¢ > 0}. This will be discussed
in the next section.

4.3 Stochastic Integrals

Being motivated by the discussion in the previous section, we will from now
on fix a Brownian motion B(t) and a filtration {F;a < ¢ < b} satisfying the
following conditions:

(a) For each t, B(t) is F;-measurable;

(b) For any s < ¢, the random variable B(t) — B(s) is independent of the
o-field Fj.

Notation 4.3.1. For convenience, we will use L2 ([a,b] x £2) to denote the
space of all stochastic processes f(t,w), a < t < b, w € {2, satisfying the
following conditions:

(1) f(t,w) is adapted to the filtration {F;};
@) [P E(f(t)2) dt < .

In this section we will use Itd’s original ideas in his paper [31] to define
the stochastic integral

/ " by aB) (4.3.1)

for f € L2,([a,b] x £2). For clarity, we divide the discussion into three steps.
In Step 1 we define the stochastic integral for step stochastic processes in
L2 ,(a,b] x £2). In Step 2 we prove a crucial approximation lemma. In Step 3 we
define the stochastic integral for general stochastic processes in L2 ([a, b] x £2).

Step 1. f is a step stochastic process in L2 ([a,b] x (2).

Suppose f is a step stochastic process' given by

f(taw) = Zfifl(w) ]‘[ti—lytt)(t)7
i=1

'In [31], K. It6 used f(t,w) =>_" & 1(w) 1, ¢, (t). This makes no difference
for a stochastic integral with respect to the integrator dB(t). However, we will
see in Chapter 6 that the left continuity of an integrand must be assumed when
the integrator is a certain martingale. For notational consistence, here we also
use the left continuity of an integrand.
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where &1 is F, ,-measurable and E(£2 ;) < oo. In this case we define

n
I(f) = Zfi—l (B(t:) — B(ti-1)). (4.3.2)
i=1
Obviously, I(af + bg) = al(f) + bI(g) for any a,b € R and any such step
stochastic processes f and g. Moreover, we have the next lemma.
Lemma 4.3.2. Let I(f) be defined by Equation (4.3.2). Then EI(f) =0 and

b
E(1(5)P) = / E(If(0)?) dt. (4.3.3)

a

Proof. For each 1 <i < n in Equation (4.3.2),

= F{&_1E[B(t;) — B(ti—1) ’fti—l]}
= B{&1BE(B(t;) — B(t;i-1))}
= 0.

Hence EI(f) = 0. Moreover, we have
I(f)P = Z &i—1&-1 (B(ti) — B(ti—1)) (B(t;) — B(tj—1)).
i,j=1
Note that for i # j, say i < j,

E{&-1&-1 (B(ti) — B(ti-1)) (B(t;) — B(t;-1)) }

:E{E[ """ "7:15]‘—1]}
= B{&-1&-1 (B(ti)) = B(ti-1)) E[B(t;) — B(tj—1) | Fi, ]}
—0, (4.3.4)

since E[B(t;) — B(tj—1) | F,_,] = E(B(t;) — B(tj—1)) = 0 as before. On the
other hand, for i = j we have

B{&(B(t:) - B(t;1)"} = B{B[---- | 7, ,]}
= B{¢? | E[(B(t:) - B(ti-1))"]}
= E{& (ti—ti1)}
= (ti —ti-1)E(& ). (4.3.5)

Equation (4.3.3) follows from Equations (4.3.4) and (4.3.5). O
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Step 2. An approximation lemma.

We need to prove an approximation lemma in this step in order to be able

to define the stochastic integral f; f(t) dB(t) for general stochastic processes
f e Lia(la, b] x £2).

Lemma 4.3.3. Suppose f € L2(la,b] x £2). Then there exists a sequence
{fn(t); n> 1} of step stochastic processes in L2,([a,b] x §2) such that

b
lim E{|f(t) = fa(®)|?} dt = 0. (4.3.6)

Proof. We divide the proof into special cases and the general case.
Case 1: E(f(t)f(s)) is a continuous function of (t,s) € [a,b]*.

In this case, let A, = {to,1,...,tn—1,tn} be a partition of [a, b] and define
a stochastic process f,(t,w) by

falt,w) = f(tic1,w), tig <t <t (4.3.7)

Then {f,(t,w)} is a sequence of adapted step stochastic processes. By the
continuity of E(f(t)f(s)) on [a,b]? we have

tim E{1£(t) — £(5)1*} = 0.

which implies that for each ¢ € [a, b],

lim E{|f(t) - fu(®)]’} = 0. (4.3.8)
Moreover, use the inequality |a — 8]? < 2(]a|? + |5]?) to get

[F() = Fa @1 < 2(IF O + | £2(5)]%).
Hence for all a <t < b,
E{If(t) - £ 017} < 2(B{IF @)} + E{Ifa (0}
<4 swp B{|f(s)P}. (439)
a<s<b

Therefore, from Equations (4.3.8) and (4.3.9), we can apply the Lebesgue
dominated convergence theorem to conclude that

b
lim [ B{|f(t) ~ fa(t)P} dt = 0.

Case 2: f is bounded.

In this case, define a stochastic process g, by

n(t—a)
gn(t,w) = / e Tf(t—nTtr,w)dr.
0

Note that g,, is adapted to F; and fab E(|gn()]?) dt < oc.
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o Claim (a): For each n, E(gn(t)gn(s)) is a continuous function of (t,s).
To prove this claim, let u =t — n~17 to rewrite g,(t,w) as
¢
gn(t,w) = / ne " f(u, w) du,
a

which can be used to verify that

lim E(|gn(t) — gu(s)*) =0,

t—s

and the claim follows.
o Claim (b): [T E(|f(t) = gn(t)[2) dt — 0 as n — oco.

To prove this claim, note that
F0 - galt) = [ (10 = flt—n') dr
0

where f(t) is understood to be zero for ¢ < a. Since e~ 7 dr is a probability
measure on [0,00), we can apply the Schwarz inequality to get

F(t) = gn(t)? < /OOO \f(t) — f(t —n~i7)|%e " dr.

Therefore,
b
/E( F() — gu(®)?) dt

// e TE(If(t) — f(t —n~'r)?) drdt
:/0 e” (/ E(|f(t) = f(t—n""7)] )dt)dr
:/ ‘TE(/ |f(t) — ft—m~ T\ dt)dT (4.3.10)

Since f is assumed to be bounded, we have

/ |f(¢, f(t—n"'7,)|?dt — 0, almost surely, (4.3.11)

as n — oo. Then claim (b) follows from Equations (4.3.10) and (4.3.11).
Now, by claim (a) we can apply case 1 to g, for each n to pick up an
adapted step stochastic process f,(t,w) such that

b
/ E(lgn(t) — fu()]?) dt < (43.12)

1
n’
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Hence by claim (b) and Equation (4.3.12) we have

lim E{|f(t) = fa(®)|*} dt =0,

n—oo

which completes the proof for the second case.
Case 3: The general case for f € L2 ([a,b] x £2).
Let f € L2 ([a,b] x £2). For each n, define

‘ . f(t7w)7 if|f(t,w)| <n;
gmlt) =1 o £ (8, w)| > n.

Then by the Lebesgue dominated convergence theorem,

/b E(|f(t) — ga(®)|?) dt — 0, asn — oo. (4.3.13)

Now, for each n we apply case 2 to g, to pick up an adapted step stochastic
process fy(t,w) such that

/ bE(|gn(t> — fu()]?) dt < % (4.3.14)

Hence Equation (4.3.6) follows from Equations (4.3.13) and (4.3.14), and we
have completed the proof of the lemma. a

Step 3. Stochastic integral f; f(t)dB(t) for f € L2 ([a,b] x £2).

Now we can use what we proved in Steps 1 and 2 to define the stochastic
integral

b
/ f(dB(t), | € L2 (jab] x ).

Apply Lemma 4.3.3 to get a sequence {f,(t,w); n > 1} of adapted step
stochastic processes such that Equation (4.3.6) holds. For each n, I(f,) is
defined by Step 1. By Lemma 4.3.2 we have

B(1(5) ~ 1) = | B(1falt) — fu0)) i
— O:l as n,m — oo.
Hence the sequence {I(f,)} is a Cauchy sequence in L2(£2). Define
I(f) = lim I(fy), in L*(92). (4.3.15)

We can use arguments similar to those in Section 2.3 for the Wiener integral
to show that the above I(f) is well-defined.
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Definition 4.3.4. The limit I(f) defined in Equation (4.3.15) is called the
1to integral of f and is denoted by fab f(t)dB(t).

Thus the It6 integral I(f) is defined for f € L2,([a,b]x 2) and the mapping
I is linear, namely, for any a,b € R and f,g € L2 ([a,b] x £2),

I(af +bg) = al(f) +bI(g).

From the discussion in Step 2 we clearly see that Lemma 4.3.2 remains
valid for f € L2,([a,b] x £2). We state this fact as the next theorem.

Theorem 4.3.5. Suppose f € L2,([a,b] x £2). Then the It6 integral I(f) =
f; f(t)dB(t) is a random variable with E{I(f)} =0 and

b

E(I(H)]?) = / E(If (1)) dt. (4.3.16)

a
By this theorem, the It6 integral I : L2, ([a, b] x 2) — L?(£2) is an isometry.
Since I is also linear, we have the following corollary.
Corollary 4.3.6. For any f,g € L?;([a,b] x £2), the following equality holds:
b

E( / " fw as) [ ato dB(t)) -/ " B(f(0g) at

4.4 Simple Examples of Stochastic Integrals

Ezample 4.4.1. [ B(t)dB(t) = L{B(b)> — B(a)?> — (b — a)}.

In Section 4.1 we tried to define the integral f; B(t) dB(t). When we use
the left endpoint of each subinterval in a partition of [a,b] to evaluate the
integrand, we get the sum L,, in Equation (4.1.1). If we take as the integral
the limit of L,, as n — oo, then from Equation (4.1.10) we have

/ B(#) dB(t) = L {B®)* - B(a)’ ~ (b~ a)}. (4.4.1)

Is this value equal to the integral f: B(t)dB(t) as defined in Section 4.37
First note that E(B(t)B(s)) = min{t, s}, which is a continuous function of ¢
and s. Hence we can apply Case 1 in the proof of Lemma 4.3.3 to the integrand
f(t) = B(t), namely, for a partition A, = {tg,t1,...,tn—1,tn} of [a,b], define
a stochastic process f,(t,w) by

fn(t7w) :B(tifl,w), ti1 <t<t.

Then by Step 2 of defining the stochastic integral we see that the stochastic
integral fab B(t)dB(t) as defined in Section 4.3 is given by
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n—oo

/bB(t) dB(t) = lim I(f,), in L*(0).

Now, by Equation (4.3.2) in Step 1 of defining the stochastic integral, I(f,,)
is given by

I(fn) = ZB(tifl)(B(ti) — B(ti—1)),

which is L,, in Equation (4.1.1). Thus the stochastic integral f;} B(t)dB(t) as
defined in Section 4.3 has the same value as the one in Equation (4.4.1).

Ezxample 4.4.2. We use the same idea as in Example 4.4.1 to show that

b 1 b
/ B(t)?dB(t) = g(B(b)3 — B(a)?) —/ B(t) dt, (4.4.2)

a

where the integral in the right-hand side is the Riemann integral of B(t,w)
for almost all w in {2. Note that

E[B(t)*B(s)?]
E[((B(t) - B(s)) + B(s))*B(s)?]
E{(B(t) - B(s))* +2B(s) (B(t) - B(s)) + B(s)*} B(s)’
= (t — s)s + 3s*
=ts+ 25> ,

which shows that E[B(t)?B(s)?] is a continuous function of ¢ and s. Hence we
can apply Case 1 in the proof of Lemma 4.3.3 to the integrand f(t) = B(t)?.
For a partition A,, = {to,t1,...,tn—1,tn} of [a,b], define a stochastic process

fn(t,w) by
fn(t,(U) :B(ti,l,w), ti1 <t<t.

Then the stochastic integral f; B(t)? dB(t) is given by
b n
/ B2 dB(1) = lm 3 B(t1)* (B(t) — B(ti), (4.4.3)

where the series converges in L?(£2). It can be directly checked that

= B(b)’ - B(a)* — Y (B(t:) — B(ti-1))’

=1

<.

(4.4.4)
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To take care of the first summation in the right-hand side of this equation,
we use routine arguments and the fact that E|B(t) — B(s)|® = 15[t — 5|3 to
show that

ST (B(t) ~ B(ti)®

i=1

E

2 n
=15 (ti —ti—1)?
i=1

< 154, |2 (b —a) — 0. (4.4.5)

On the other hand, for the second summation in Equation (4.4.4), we can
modify the arguments in the proof of Theorem 4.1.2 by the same idea of
taking expectation by conditioning as in the proof of Lemma 4.3.2 to derive
the inequality

E Z B(t; 1) (B(t;) — B(t;1))* — Z B(tio1)(ti — ti1)

= 21 (t; —ti1)® < 2b(b — a)[| Ayl = 0. (4.4.6)
i=1
Equation (4.4.5) means that the first summation in the right-hand side of

Equation (4.4.4) converges to 0 in L?(§2), while Equation (4.4.6) means that
the second summation in the right-hand side of Equation (4.4.4) converges to

f; B(t) dt. Therefore, we conclude from Equations (4.4.3) and (4.4.4) that the
equality in Equation (4.4.2) holds.

Ezample 4.4.3. Put a = 0 and b = t in Equation (4.4.2). Then we have a
stochastic process

= t u2 ’LL_1 3 t u)au
Xt—/OB( ) dB(u) = 3 B(1) /OB( Ydu, t>0.

It will follow from Theorem 4.6.1 in the next section that the stochastic
process X; is a martingale. However, this fact can also be directly checked as
follows. Let 0 < s < t. First write B(t)? as

(B(t) = B(s))® +3(B(t) — B(s))*B(s) + 3(B(t) — B(s))B(s)* + B(s)’
and then take conditional expectation to get
E[B(t)® | Fs] = 3(t — s)B(s) + B(s)*. (4.4.7)

Moreover, we have

E{/:B(u)du‘fs} :/OSB(u)du+/stE[B(u)|}"s]du

_ /OSB(U) du + B(s)(t — 5). (4.4.8)

It follows from Equations (4.4.7) and (4.4.8) that E[X;|F;] = X,. Hence X,
is a martingale.
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4.5 Doob Submartingale Inequality

In this section we explain the Doob submartingale inequality, which will be
needed for the proof of Theorem 4.6.2 in the next section.

Let X;, a <t < b, be a martingale and ¢ a convex function such that
©(X¢) is integrable for each t € [a,b]. Then p(X;) is a submartingale by the
conditional Jensen’s inequality. For example, with the function ¢(z) = |z|, we
get a submartingale | X;|.

A stochastic process Y (t), a < t < b, is called right continuous if almost
all sample paths are right continuous functions on [a, b].

Theorem 4.5.1. (Doob submartingale inequality) Let Y (¢), a <t < b, be a
right continuous submartingale. Then for any € > 0,

1

P{ sup Y(t) > e} < —E[Y(b)*], (4.5.1)
a<t<b €

where Y (b)T is the positive part of Y (b), namely, Y (b)T = max{Y (b),0}. In

particular, if Xy is a right continuous martingale, then for any e > 0,

1

P{ sup | X > e} < ZEIXy. (4.5.2)
a<t<b €

Proof. We adopt the proof from the book by Hida and Hitsuda [26]. Let

Q = {r1,72,...} be an enumeration of all rational numbers in [a, b]. Then by
the right continuity of Y (¢) we have

sup Y (t) =supY(r), almost surely. (4.5.3)
a<t<b TeQ
For each k, arrange the numbers in the set {ry,r2,...,7;} in increasing order
{rgk) < ’I“ék) <o < r,(f)}. Then for any € > 0,
oo o0 1
>eb = (k)) > ¢ — —}. 5.
{ Etelg Y(r) > e} Ql ]91 { 1?3%(ky(r” )>e€ - (4.5.4)

It follows from Equations (4.5.3) and (4.5.4) that

P{ asgting(t) > e} = P{ 7Sleng(r) > 6}

= lim lim P{ max Y (r() > e — %} (4.5.5)

N—00 k— 00 1<v<k v

Now, note that Y(rgk)), Y(rék)), ey Y(r,(ck)) is a discrete submartingale.
Hence by the discrete Doob submartingale inequality (see page 330 in the
book [5]),
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1 1
k) 2 (K)y+
P{ 1m53%(kY(rV ) > e n} < - E[Y(rk ) ] (4.5.6)

On the other hand, observe that Y(rgk))ﬂ Y(rék))+, R Y(r,(ck))*, Y(b)T is
a submartingale. Hence

E[Y(b)Jr ’fr(k):| >Y ()T, almost surely,
k
which, upon taking expectation, yields
k
E[Y(rI)*] < E[Y (h)7]. (4.5.7)

After putting Equations (4.5.5), (4.5.6), and (4.5.7) together, we immediately
obtain Equation (4.5.1). 0

Ezample 4.5.2. Let (C, ) be the Wiener space in Section 3.1. The Brownian
motion B(t,w) = w(t), 0 <t <1, w € C, is a martingale. Apply the Doob
submartingale inequality to X; = B(¢) to get

1
P{ sup [B(t)] = ¢} < ~EIB()|.
0<t<1 €

Rewrite the left-hand side in terms of the Wiener measure p as
P{ swp [B(t)] 2 cf = p{ suwp |o(t) 2 e} =n{w e O ol 2 €}
0<t<1 0<t<1
On the other hand, since B(1) is a standard normal random variable,

1 2 2
EBQ)| = [ |#]—e* ?dz =/ =.
B = [ lal o= :

Therefore, we get the inequality

1 /2
p{we s wle > ef < 2/2,
eV
which gives an estimate for the Wiener measure of the set outside the ball
with center at 0 and radius e.

4.6 Stochastic Processes Defined by Ito Integrals
Recall that in the beginning of Section 4.3 we fixed a Brownian motion B(t)

and a filtration {F;;a < t < b} satisfying conditions (a) and (b). Take a
stochastic process f € L2 ([a,b] x £2). Then for any ¢ € [a, b],
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t b
/E(|f(s)|2)ds§/ E(|f(s)]?) ds < <.

Hence f € L2 ([a,t] x £2). This implies that for each ¢ € [a,b], the stochastic
integral fat f(s)dB(s) is defined. Consider a stochastic process given by

t
X, = / F(s)dB(s), a<t<b
Note that by Theorem 4.3.5 we have

E(1X:?) :/ E(|f(s)]?) ds < o0

and so E|X;| < [E(]X:|?)]"/? < oo. Hence for each t, the random variable
X, is integrable and so we can take the conditional expectation of X; with
respect to a o-field, in particular, F of the above filtration.

In Section 4.1 we mentioned that the Itd integral f b f dB(t) is defined
in such a way that the stochastic process X; = f f(s ,a<t<b,isa
martmgale For example we have shown directly that the stochastlc processes

fo ,t >0, in Section 4.1 and X; = fo 5)2dB(s), t > 0,

in Sectlon 4. 4 are martlngales. The next theorem confirms that this property
is true in general.

Theorem 4.6.1. (Martingale property) Suppose f € L2,([a,b] x £2). Then
the stochastic process

X, = /t F(s)dB(s), a<t<b, (4.6.1)

is a martingale with respect to the filtration {Fy;a <t < b}.

Proof. First consider the case that f is a step stochastic process. We need to
show that for any a < s <t < b,

E(X:|Fs) = X5, almost surely.

But X; = X, + f; f(u) dB(u). Hence we need to show that

E(/t f(u)dB(u) ’]—'S) =0, almost surely. (4.6.2)

Suppose f is given by

w) = Z fi—l(w)l(ti,l,ti] (u),
i=1
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where s =ty < t; < --- <1, =1, and §_; is F;, ,-measurable and belongs
to L2(£2). Then

[ B = 3" 6 (B - Ble).
s i=1

For any : =1,2,...,n, we have
E[&-1(B(t:) — B(ti-1)) | 74
= E[E{&_1(B(t;) = B(ti-1)) | Fu._, } | Fs]
= B[ 1 E{B(t;)) — B(ti—1) | F1._, } | 7]
Oa

since E{B(t;) — B(ti—1) | F,_, } = 0. Hence Equation (4.6.2) holds.
Now we consider the general case. Let f € L2,([a, b] x §2). Take a sequence
{fn} of step stochastic processes in L2, ([a,b] x £2) such that

b
lim E(|f(u) = fa(w)]?) du=0.

n— oo

For each n, define a stochastic process
t
XM = / folus) dB(w).

By the first case, X\™ is a martingale. For s < t, write
Xi— Xo = (X — X) + (X7 = X) + (X - X,)
and then take the conditional expectation to get
E(X:— X, |F) = BE(X, - X" | F) + (X" = X, | F.).  (46.3)
Note that
B{|E(X, - X" | F) [} < B{E(X, - X" | 7))
= B{|X, - x{"}.

Then apply Theorem 4.3.5 to get

(- X7 R)P) < [ B(f) - ff) du

a

b
< [ E(5@ - fawP) du

— 0, asn— oo.
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Thus by taking a subsequence if necessary, we see that F (Xt — Xt(")|.7-'5)

converges almost surely to 0. Similarly, E(XS — X§R)|}'s) — 0 a.s. Hence by
Equation (4.6.3) we have E(Xt — XS|.7-'S) =0 a.s. and so E(Xt|.7-'s) = X, a.s.
Thus X; is a martingale. O

Next we study the continuity property of the stochastic process X; defined
by Equation (4.6.1). Note that the stochastic integral is not defined for each
fixed w as a Riemann, Riemann—Stieltjes, or even Lebesgue integral. Even for
the Wiener integral case, it is not defined this way. Therefore, the continuity of
the stochastic process in Equation (4.6.1) is not a trivial fact as in elementary
real analysis.

Theorem 4.6.2. (Continuity property) Suppose f € L2,([a,b] x 2). Then
the stochastic process

X :/tf(s)dB(s)7 a<t<b,

is continuous, namely, almost all of its sample paths are continuous functions
on the interval [a, b].

Proof. First consider the case that f is a step stochastic process, say
n
f(S,u)) = Zgi—l(w) 1(ti,1,ti](3)a
i=1

where &;_; is F;, ,-measurable. In this case, for each fixed w € {2, the sample
path of X; is given by

k—1
Xi(w) = Z&—l(w)(B(tuw) — B(ti-1,w))

+ §k_1(w) (B(t,w) - B(tk_l,w))

for t_1 <t < ti. Recall that for almost all w, the Brownian motion path
B(-,w) is a continuous function. Hence for almost all w, the sample path
X()(w) is a continuous function on [a, b].

Next consider the general case. Let {f,} be a sequence of step stochastic
processes in L2;([a,b] x £2) such that

b
lim E(|f(s) = fa(s)]?) ds = 0.

n—oo a
By choosing a subsequence if necessary, we may assume that

b
/ E(|f(s) = fa(s)]?) ds < 1 VYn>1. (4.6.4)

nb’
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For each n, define a stochastic process
t
x™ = / fa(s)dB(s), a<t<b.

Then, as we have proved above, almost all sample paths of Xt(") are continuous
functions. Note that X; and Xt(n) are martingales by Theorem 4.6.1. Hence

X; — Xt(n) is a martingale, and then by the Doob submartingale inequality in
Equation (4.5.2),

n 1 n
P{ sup | X, — x| > f} < nE|Xy — X).
n

a<t<b

But by the Schwarz inequality, Theorem 4.3.5, and Equation (4.6.4),
" a2a ) 1/2
BX, - X < (B(% - 7))

— ( /abE<|f<s> ~ 1)) ds)

< 1
_n3-

1/2

Therefore, for all n > 1,

" 1 1
P{ sup |Xt—Xt( ){ > —} < =
n

a<t<b ~n?

Since Y, 1/n* < oo, by the Borel-Cantelli lemma in Theorem 3.2.1 we have

n 1.
P{ sup |Xt _Xt( )’ > — 1.0.} =0.
a<t<b n

Take the complement of the event {4, i.0.} to get

n 1

P{ sup ’Xt —Xt( )f > = f.o.} =1.
a<t<b n

Hence there exists an event {29 such that P(£2y) = 1 and for each w € (2,

there exists a positive integer N(w) such that

sup | Xy (w) — Xt(n)(w)| <=, V¥n>N(w).

a<t<b

3=

Thus for each w € (2, the sequence of functions X ég)(w),n > 1, converges

uniformly to X(.y(w) on [a,b]. But for each n, the stochastic process Xt(n)
is continuous and so there exists an event {2, with P(§2,) = 1 and for any
w € §2,, the function X ((T)L) (w) is continuous.
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Finally let 2 = N2 f2,. Then we have P(£2,) = 1 and for each w € 2,
the sequence

XWw), n=1,23..,
is a sequence of continuous functions that converges uniformly to X.(w) on

la,b]. It follows that X(.(w) is a continuous function for each w € 2. Hence
almost all sample paths of the stochastic process X; are continuous functions
on [a,b]. Thus we have shown that X; is a continuous stochastic process. O

4.7 Riemann Sums and Stochastic Integrals

Let f € L2([a,b] x £2). For a partition A, = {to,t1,...,tn—1,tn} of the
interval [a, b], define the Riemann sum of f with respect to B(t) by

Zf(tifl)(B(ti) — B(ti-1))- (4.7.1)

It is natural to ask whether this sequence of Riemann sums converges to the

It6 integral f: f(t)dB(t). Assume that E(f(t)f(s)) is a continuous function
of ¢t and s. Define a stochastic process f,, as in Equation (4.3.7), namely,

fn(t,w) = f(ti_l,w), ti1 <t<t.
As shown in Case 1 in the proof of Lemma 4.3.3, we have

b
lim [ E{[f(t)— fu(t)]*} dt = 0.

n—oo

Hence by Equation (4.3.15),

b
[ H0aso = lim 15, in (@),

But by Equation (4.3.2), I(f,) is given by
n

I(fa) = > fultic)(B(t:) — B(ti—1))

i

Il
-

|

s
Il
—

f(tic1) (B(t:) — B(ti-1)),

which is exactly the Riemann sum in Equation (4.7.1). Thus we have proved
the following theorem.

Theorem 4.7.1. Suppose f € L2([a,b] X 2) and assume that E(f(t)f(s))
is a continuous function of t and s. Then

n

b
[ wase =t S pee)(B) - Beo). i 2@,

|An]l—0“=
i=1

where A, ={a =1ty <t1 <--- <t, =b} and ||A,| = maxi<;<n (t; — ti—1).
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Exercises

1. For a partition A, = {a =1ty <t; < --- < t, = b}, define

= ti1+t;
Ma, = B(#=5—) (B(t) — B(ti-v))-
i=1
Find hm”A H_’O MA in LQ(Q)

2. Let X = fo t)dB(t). Find the distribution function of the random
variable X.

3. Let f(t) = B(3)112,1)(t). Show that fo t)dB(t) is not a Gaussian
random variable. Compare this example with Theorem 2.3.4.

4. Let X = f: |B(t)| dB(t). Find the variance of the random variable X.

5. The signum function is defined by sgn(0) = 0 and sgn(z) = x/|z| if z # 0.

Let X; = fo sgn(B(s)) dB(s). Show that for s < ¢, the random variable
X — X, has mean 0 and variance t — s.
Remark: We will prove in Example 8.4.4 that X; is a Brownian motion.
Hence X, — X, = f: sgn(B(t)) dB(t) is a Gaussian random variable. This
shows that ff f(t) dB(t) can be Gaussian even if f(t) is not a deterministic
function; cf. Theorem 2.3.4.

6. Let X = f f(t)[sin(B(t)) + cos(B(t))] dB(t), f € L*[a,b]. Show that
var(X) = fa f(t)?dt.

7. Find the variance of the random variable X = fab VteP® dB(t).

8. Find the variance of the random variable X = fol eBW /8 4B(t).

9. Find the variance of the random variable X = fab Vit sin(B(t)) dB(t).

10. Let X = [sinh(B(t)) dB(t) and Y = [’ cosh(B(t)) dB(t). Here sinh(z)
and cosh(z) are the hyperbolic sine and cosine functions, respectively, i.e.,
sinh(z) = (e —e™*)/2 and cosh(z) = (¢* +e~7*)/2. Find var(X), var(Y),
and cov(X,Y).

11. Let f be a deterministic function in L?[a,b] and X; = X, +fj f(s)dB(s).
Show that [ f(t)X, dB(t) = 1 (X2 — X2 — [” f(t)2dt).

12. (a) Show that for any s < t,

3B(s)?(B(t) — B(s))
— B(t)® — B(s)? — (B(t) — B(s))’ — 3B(s)(B(t) — B(s))".
(b) Use this equality to prove Equation (4.4.2).
13. Let X, = B(1)B(t), 0 <t < 1.
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15.

16.
17.
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(a) Check whether the random variable B(1) is measurable with respect
to the o-field Fy = 0{B(s); s <t} for any 0 < ¢ < 1.

(b) Show that for each 0 < ¢ < 1, the random variable X} is not measurable
with respect to F; given in (a).

(c) For 0 < s <t <1, find E[X;|F]

Prove the equality in Equation (4.4.6).

Show that X, = eP®) —1 -1 fg eB() ds is a martingale.
Show that X; = eB(")~2¢ is a martingale.

The Hermite polynomial H,(x;c) of degree n with parameter ¢ > 0 is
defined by
2 . 2 .
H,(x;¢) = (—¢)"e® /2¢Dre 2 /2¢, (4.7.2)

For various identities on the Hermite polynomials, see the book [56]. In
particular, we have

[n/2]
n
H,(x:¢) = 2k — 1)1 (—c)Fgn—2* 4.7.3
)= 3 () ok Dt-eran (173
> . n
eTv T2 = HZ:O %Hn(x, ¢), (generating function), (4.7.4)

where [n/2] is the largest integer less than or equal n/2 and (2k — 1)!! =
(2k —1)(2k — 3) --- 3 - 1 with the convention (—1)!l =
(a) Use Equation (4.7.3) to show that for any n > 0,

1

o519

/b H, (B(t);t) dB(t) =

(b) Derive fab B(t)? dB(t) from this equality with n = 2 and show that it
gives the same value as in Equation (4.4.2).

(¢) Use Equation (4.7.4) to evaluate the stochastic integral fab eB) dB(s)
and then show that X; = f eP) dB(s) is a martingale.

Let f, fn € L2([a,b] x §2) and assume that

/\f (t)|dt — 0 a.s.

Prove the convergence of f fu(t) ) to f f(t)dB(t) in probability.
Suppose f(t) is a deterministic functlon in L*[a, b].

(a) Check directly from the definition that X; = (fi f(s) dB(s))2 is a
submartingale.
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20.

21.

22.

4 Stochastic Integrals

(b) Check directly from the definition that X; —fat f(s)? ds is a martingale.
Let f € L?,([a,b] x £2).

(a) Use the conditional Jensen’s inequality in Section 2.4 to show that
Y, = (fat f(s) dB(s))2 is a submartingale.

(b) Show that Y; — f(j f(s)%ds is a martingale.

Let 6(t) € L'[a,b] and f(t) € L*[a,b] be deterministic functions. Prove
the integration by parts formula

/ab </at9(5)ds>f(t) dB(t)
= [[oras [ sas) [ [ sram)

Let f € L2,([a,b] x £2). Suppose §2; is an event such that for any w € {2y,
f(t,w) =0 for all t € [a,b]. Show that [ f(£)dB(t) = 0 on 2.
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An Extension of Stochastic Integrals

In Chapter 4, the It integral I(f) = f; f(t) dB(t) is defined for { F; }-adapted
stochastic processes f(t) satisfying the condition f;E(|f(t)\2) dt < oo. The
random variable I(f) belongs to L?(§2). Hence it has integrability. Moreover,
the stochastic process X; = fat f(s)dB(s),a < t < b, is a martingale. In
this chapter, we will extend the Itd integral I(f) to {F;}-adapted stochastic
processes f(t) satisfying the condition f: |f(t)|? dt < oo almost surely. In this
case, the It integral I(f) is a random variable and in general does not possess
integrability. The lack of integrability of a stochastic process leads to the
concept of local martingale. We will show that X; = fat f(s)dB(s),a <t <b,
is a local martingale.

5.1 A Larger Class of Integrands

As in the beginning of Section 4.3, we fix a Brownian motion B(t) and a
filtration {F;;a <t < b} such that
(a) For each t, B(t) is F;-measurable;
(b) For any s < ¢, the random variable B(t) — B(s) is independent of the
o-field F;.

In this chapter, we will define the stochastic integral f; f(t)dB(t) for
stochastic processes f(t,w) satisfying the following conditions:
(1) f(t) is adapted to the filtration {F;};
(2) ff |f(t)|? dt < oo almost surely.

Condition (2) means that almost all sample paths are functions in the
Hilbert space L?[a,b]. Hence the map w — f(-,w) is a measurable function
from 2 into L?[a, b].

Notation 5.1.1. We will use L.q($2, L?[a, b]) to denote the space of stochastic
processes f(t,w) satisfying the above conditions (1) and (2).
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Recall that in Section 4.3 we use L2,([a,b] x §2) to denote the space of
all {F;}-adapted stochastic processes f(t,w) such that f; E(|f(t)|?) dt < .
By the Fubini theorem, £ f: |f()dt = ff E(|f(t)]?)dt < co. It follows that

/ f |f(t)|? dt < co almost surely. This shows the inclusion relationship
L2y([a,b] x 2) C Laa(2,L?[a,b).

Thus we have a larger class of integrands f(¢,w) for the stochastic integral

f f@) . The crucial difference is the possible lack of integrability of the
1ntegrand f (t w) with respect to the w-variable.

Ezample 5.1.2. Consider the stochastic process f(t) = eB®?

derived that

. It can be easily

if0<t<1/4;

1
Ee2B®? — ) VI—ar = )
E(lf®?) = {OO? 42 1/4 (5.1.1)

Obviously, we have fol E(Jf(t)]?)dt = oo and so f ¢ L2,([0,1] x £2). Hence
fol eB®? dB(t) is not a stochastic integral as defined in Chapter 4. On the
other hand, since f(t) is a continuous function of ¢, we obviously have
fol |f(t)|? dt < oo almost surely. Thus f € Laq(£2, L?[0,1]) and the stochastic

integral f eB®* dB(t) will be defined in this chapter.
Ezample 5.1.3. Consider the same stochastic process f(t) = eB®” as in the
previous example, but on a different time interval. Using Equation (5.1.1)

we can easily check that fo (If ¢ )| )dt < oo for any 0 < ¢ < ;. Hence

f € L2,([0,¢] x £2) for any 0 < ¢ < {. Therefore, f(c B 4B(t) is defined as
in Chapter 4 and belongs to L?(£2) for any 0 <c <1

Ezample 5.1.4. Consider the stochastic process f(t) = eB®" Note that for
any integer k > 3, we have

e /2 dy = .

B(S@F) = B0 = [~ e

Hence f ¢ L?,([a,b] x £2). On the other hand, observe that almost all sample
paths of f(t) are continuous functions and so belong to L2[a b]. Thus we have

f € Laa(£2, L*[a,b]) and the stochastic integral f eB®" dB(t) will be defined
in this chapter.

In general it requires hard computation to check whether an {F; }-adapted
stochastic process f(t) belongs to L2 ([a,b] x £2). On the other hand, it is
easier to see whether a stochastic process f belongs to L.q($2, L*[a,b]). For
example, when f(t) is {F;}-adapted and has continuous sample paths almost
surely, then it belongs to L.q(£2, L?[a, b]).
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We prove a lemma on approximation that will be needed in Section 5.3
for the extension of the stochastic integral f: f(t)dB(t) to the larger class
L.4(2,L?[a,b]) of integrands.

Lemma 5.1.5. Let f € L.q($2, L*[a,b]). Then there exists a sequence {f,}
in L2,([a,b] x §2) such that

b
lim / |fn(t) — f(t)>dt =0

n—oo
almost surely, and hence also in probability.

Proof. For each n, define

fn(t,w) _ {f(t,w), if f;‘f(s’w)‘st < n;

(5.1.2)
0, otherwise.

Then f,, is adapted to {F;}. Moreover,

b Tn (W)
/ | fn(t,w)|>dt = / |f(t,w)|*dt, almost surely,

where 7, (w) is defined by

Tn(w) = sup {t; /at \f(s,w)|2ds < n} (5.1.3)

Therefore, we have

b
/ |fn(t)|?dt <n, almost surely,

which implies that f; E(|fn(t)]?)dt < n and so f, € L24([a,b] x 2).

Let w be fixed. As soon as n is so large that n > fj |f(t,w)|?dt, then by
Equation (5.1.2) we have

falt,w) = f(t,w), Vte]a,b],

which implies obviously that

b
lim/ | f(t,w) — f(t,w)|?dt = 0.

n— oo

Since fab |f(t,w)|? dt < oo for almost all w € (2, the convergence holds almost
surely. The other conclusion in the lemma holds because convergence almost
surely implies convergence in probability. O
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5.2 A Key Lemma

In this section we prove a key lemma for the extension of stochastic integrals
to be defined in Section 5.3.

Lemma 5.2.1. Let f(t) be a step stochastic process in L2,([a,b] x £2). Then
the inequality

() >e}§g+P{/ab|f(t)|2dt>C}

holds for any positive constants € and C.

Proof. For each positive constant C, define a stochastic process fo(t,w) by

fc(t,w):{f(tw lff If(s,w)|?ds < C,

0, otherwise.

Observe that

{‘/bf(t)dB(t) >e}

t)dB(t >€ /de;é/fch

Hence

P{‘ /abf(t) dB(t)‘ > e}
b

< P| 1aB()] > e} + P /abf(t) dB(t) £ /: fetydB(D)).

On the other hand, since f is a step stochastic process, we have

/f t)dB(t ;é/fc t) dB(t /|ftw\2dt>c}

Therefore,

t)‘ >6}

gP{‘/abfc(t)dB(t)‘ >e}+P{/abf(t)|2dt>O}. (5.2.1)

Note that from the definition of fc, we have f |fo()]? dt < C almost surely.

Hence E f |fc(t)]? dt < C and so we can apply the Chebyshev inequality to
the first term of Equation (5.2.1) to get
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P{‘ /abf(t) dB(t)‘ > e}

< 3B / et aB()| + | / Pt > c}

=ELbE|fc<t>|2dt+P{/abf(t>|2dt>0}

€

¢ + P /ab|f(t)|2dt > o).

€

IN

Hence the lemma is proved. ]

5.3 General Stochastic Integrals

We need the following approximation lemma in order to define the general
stochastic integral.

Lemma 5.3.1. Let f € L.q(£2,L?[a,b]). Then there exists a sequence {f,(t)}
of step stochastic processes in L2 ([a,b] x £2) such that

lim / |fn(t) — f(t)|*dt =0, in probability. (5.3.1)

n—oo

Proof. First use Lemma 5.1.5 to choose a sequence {g,} in L2,([a,b] x £2)
such that

lim [ |gn(t) — f(t)|*dt =0, in probability. (5.3.2)

Next, for each g, (t), apply Lemma 4.3.3 to find a step stochastic process f,(t)
in L2,([a,b] x £2) such that

E/ | () = gn(t)|? dt < 1 (5.3.3)
Then use the inequality |u + v|? < 2(Jul? + |v]?) to show that for any € > 0,
{[ 1m0~ |2dt>e}
/ [Fnlt) = gn(t) P dt > & / 9a0) — SOt > <,
which yields that
P{ [ 150 S0P > ¢}

<P /Ifn — gn(t |2dt> +P /|gn (t)|2dt>i}.
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Therefore, by the Chebyshev inequality and Equation (5.3.3),

/Ifn |2dt>e}<—+P /|gn (t)|2dt>§}.

Hence we can use Equation (5.3.2) to conclude that for any € > 0,

limP /|fn |2dt>e} 0,

n—oo
which implies Equation (5.3.1). O

Now we are ready to define the general stochastic integral

b
/ f(t)dB(1)

for f € Laa(£2, L*[a,b]). Apply Lemma 5.3.1 to choose a sequence {f,(t)} of
step stochastic processes in L2 ([a,b] x §2) such that Equation (5.3.1) holds.
For each n, the stochastic integral

b
1(f,) = / fult) dB(®)

is defined as in Section 4.3. Apply Lemma 5.2.1 to f = f,, — fm with e > 0
and C' = €3/2 to get

P{|I fo) = I(fm) ‘>6}
<t+p / fult) — )|2dt>5} (5.3.4)

Use the inequality |u + v|? < 2(Ju|? + |[v|?) again to check that

/Ifn - >|2dt>;}
/|fn \th>— /|fm \th>§3}

which yields the inequality

b

P{ [ 10~ P > 5 )

b 3

<p{ [0 -sopas$hep{ [0 - sopas S

Thus by Equation (5.3.1) we get
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3
. . 2 _

Hence there exists N > 1 such that
3 €
/ |fn(t) — )|2dt>5}<§7 Vn,m > N. (5.3.5)

It follows from Equations (5.3.4) and (5.3.5) that
P{|I(fn) —I(fm) > e} <€ Vn,m>N,

which shows that the sequence {I(f,)}52; of random variables converges in
probability. Hence we can define

b
/ ft)dB(t) = ILm I(fy), in probability. (5.3.6)

It is easy to check that the limit is independent of the choice of the sequence
{fn}22 ;. Thus the stochastic integral fab f(t)dB(t) is well-defined.
Therefore, we have finally defined the stochastic integral

b
/f(t)dB(t), f € Laa(2, L*[a,b]).

Observe that if f € L2,([a,b] x §2), then we can take f, = f for all n in
Equation (5.3.1). Then the stochastic integral defined by Equation (5.3.6)
is obviously the same as the one defined in Section 4.3. This shows that
the new stochastic integral defined by Equation (5.3.6) reduces to the old
stochastic integral when f € L2;([a,b] x 2). Thus we have extended the

stochastic integral fab f(t)dB(t) for the integrands f from L2 ([a,b] x £2) to
Laa($2, L?[a,b]).

Ezample 5.5.2. Let f(t) = eB®”. Then obviously f € L.4(82, L*0,1]) and so
the stochastic integral fol eB®? dB(t) is defined. In fact, we will see later in
Chapter 7 that It6’s formula can be used to show that

1 ) B(1) 1 )
/ eBW dB(t):/ et dt—/ B(t)eP®" dt,
0 0 0

where the last integral is a Riemann integral for each sample path B(-,w).

For comparison, note that if f € LZ,([a,b] x £2), then f; f(t) dB(t) belongs
to L2(£2). However, if f € L,q4(£2, L?[a,b]), then f: f(t)dB(t) is just a random
variable and in general has no finite expectation. The analogue of Theorem
4.7.1 is given by the next theorem.
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Theorem 5.3.3. Suppose [ is a continuous {F;}-adapted stochastic process.
Then f € Laa($2,L?[a,b]) and

b
/f(t)dB(t): lim Zf ie1) — B(ti—1)), in probability,

|Anll—

where A, = {to,t1,...,tn_1,tn} is a partition of the finite interval [a,b] and
| Anll = maxy<i<n (t; — ti—1).

Proof. First observe that if 6 € L,q(£2, L?[a, b]) is given by

= Z gi—l(w) ]‘[ti—lati)(t)7
=1

where &;,_1 is F;,_,-measurable, then it can be easily verified that

b n
/ 0(t)dB(t) =Y &1 (B(t;) — B(ti—y)). (5.3.7)
a i=1

Now, for f as given in the theorem, define f,,(t) = Y7 | f(ti—1)1p, .0 (t) for
a partition A,,. Then the continuity of f implies that

/|fn — Ft)Pdt— 0

almost surely, hence in probability as n — oco. On the other hand, we can look
through Equations (5.3.4), (5.3.5), and (5.3.6) to see that

b b
/a ft)dB(t) = I\AliII\I;O/,l fn(t)dB(t), in probability. (5.3.8)

Moreover, we can apply Equation (5.3.7) to § = f,, to get

n

/fn DAB() =3 (1) (B(t:) — B(t: 1)) (5.3.9)

i=1

Obviously, the theorem follows from Equations (5.3.8) and (5.3.9). O

5.4 Stopping Times

In this section we explain the concept of stopping time to be used in the next
section. The reason we need this concept is the lack of integrability of the
stochastic integral f; f(s)dB(s) for general f € L,q(£2, L?[a,b]).

Definition 5.4.1. A random variable 7: £2 — [a, b] is called a stopping time
with respect to a filtration {Fe;a < t < b} if {w;T(w) < t} € Fy for all
t € la,bl.
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In the definition b can be oco. Intuitively speaking, we can think of 7 as
the time to stop playing a game. The condition for 7 to be a stopping time
means that the decision to stop playing the game before or at time ¢ should
be determined by the information provided by F;.

A filtration {Fy;a < t < b} is right continuous if it satisfies the condition

Fi={)Fisr, Vtelab),

n=1

where by convention F; = F, when t > b.
Sometimes it is easier to work on the event {w;7(w) < ¢} than the event
{w; T(w) < t}. In that case the following fact is useful.

Fact. Let {Fi;a < t < b} be a right continuous filtration. Then a random
variable T: {2 — [a,b] is a stopping time with respect to {F;a <t < b} if and
only if {w;T(w) < t} € F; for allt € [a,b)].

To verify this fact, suppose 7 is a stopping time. Then for any ¢ € (a, b],

oo

{wiT(w) <t} = U {witw)<t-n"'}eF

n=1

and for t = a, the event {w;7(w) < a} = 0 is in F,. Conversely, assume that
{w;T(w) < t} € F; for all t € [a,b] and the filtration is right continuous. Then
for any t € [a,b),

{wiTw) <t} = ﬂ {wiT(w)<t+n7'} € ﬂ Fipr =Fe

n=1

Hence 7 is a stopping time.
Obviously, if 7 takes a constant value ¢ in [a, b], then 7 is a stopping time.
Here are two interesting examples of stopping times.

Ezample 5.4.2. Let B(t) be a Brownian motion. Take the filtration {F;} in
Section 4.3 with ¢ = 0 and b = co. Let

T(w) = inf{¢t > 0; |B(t,w)| > 1}.

The random variable 7 is the first exit time of the Brownian motion from the
interval [—1,1]. Observe that by the continuity of B(t),

{w; 7(w) < t} = U {w; |B(r)| > 1},

o<r<t,reQ

which shows that {w; T(w) < t} € F; for all t > 0. As for ¢ = 0, we have
{w; 7(w) < 0} =0 € Fy. Hence by the above fact, T is a stopping time.
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Ezample 5.4.5. Let f € Laa(£2, L*[a,b]). For each fixed n, define

inf {t; fat |f(s,w)|*ds > n}, if {t;---} #0;
b, if {t;---} =0.

(5.4.1)

Tn(w) =

Obviously this random variable is equal to the one defined by Equation (5.1.3).
Note that for any ¢ € (a, b],

@rw<t= U {a [ Heopiasnfesn

a<r<t,reQ

For t = a, we have {w; 7,(w) < a} = 0 € F,. Hence by the above fact, 7,, is a
stopping time.

5.5 Associated Stochastic Processes

Let f € Laa(92,L?[a,b]). Then f € Loa($2,L3[a,t]) for any t € [a,b] and we
get an associated stochastic process

X = /t f(s)dB(s), a<t<hb. (5.5.1)

In general X; has no finite expectation and so it makes no sense to say that
X; is a martingale. We will generalize the concept of martingales to cover
the situation in which X; has no finite expectation. This is where we need
the concept of stopping times. In order to avoid possible confusion when we
take stopping times into account, we will interpret the stochastic integral in
Equation (5.5.1) as defined by

t b
Xt:/ f(s)dB(g):/ 1o (s)f(s)dB(s), a<t<b,  (552)

where the integrand g(s,w) = 114,4(s)f(s,w) belongs to Laq(£2, L*[a,b]) for
any t € [a, b].
For each n, define a stochastic process f,, by Equation (5.1.2), namely,

Falt,w) = {f(t,w), if fat ‘f.(saw)P ds < n:
0, otherwise.

Let 7, be defined by Equation (5.4.1). As shown in Example 5.4.3, 7, is a
stopping time for each n. Replace ¢ in Equation (5.5.2) by t A 7, to get a
stochastic process

ATn b
Yoo = [ 16 B6) = [ Yaine1(6)dB(), az<
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Now, make a key observation that

La,tam, ()] (8) f(8,w) = 1144 (8) fu(s,w), for almost all w.

Therefore,

XWn:/ " f(s)dB(s):/ Fu(s)dB(s), a<t<b. (5.5.3)

Recall from the proof of Lemma 5.1.5 that fab | fn(t)|? dt < n almost surely and

SO f; E(|fn(t)]?) dt < n. Hence f,, € L2 ([a,b] x £2). We then apply Theorem
4.6.1 to conclude that the stochastic process X;ar, is a martingale for each n.
We observe one more thing; namely, the sequence {7,} is monotonically
increasing and 7, — b almost surely as n — oo.
Being motivated by the above discussion, we make the following definition
of local martingales.

Definition 5.5.1. An {F;}-adapted stochastic process X¢, a <t < b, is called
a local martingale with respect to {F;} if there exists a sequence of stopping
times T, n =1,2,..., such that
(1) 7, increases monotonically to b almost surely as n — oo;
(2) For each n, Xa-, is a martingale with respect to {Fi;a <t < b}.
Obviously, a martingale is a local martingale since we can simply choose
7, = b for all n. However, a local martingale may not be a martingale due to
the lack of integrability. Without the integrability of X; we cannot talk about
conditional expectation of X; and obviously it makes no sense to say that X;
is a martingale.
From the above discussion we have the next theorem.

Theorem 5.5.2. Let f € L,q(£2, L?[a,b]). Then the stochastic process

X, = /t F(s)dB(s), a<t<b, (5.5.4)

is a local martingale with respect to the filtration {Fy; a < t < b} specified in
the beginning of Section 5.1.

Ezample 5.5.3. By Example 5.1.2, f(t) = 3" belongs to Laq(£2, L%[a,b]).
Hence by Theorem 5.5.2 the stochastic process

t
X, = / eB) dB(s), a<t<hb,
is a local martingale. On the other hand, consider the stochastic process
boa 1
Yt:/ eB)dB(s), 0<t< .
0

By Example 5.1.3 we have the integrability of Y;. Moreover, by Theorem 4.6.1
Y; is a martingale.
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Next we study the sample path property of the stochastic process defined
in Equation (5.5.4). For this purpose we prepare a lemma.

Lemma 5.5.4. Suppose f, g € L2,([a,b] x £2). Let A be the event
A= {w; ft,w) =g(t,w) forall t € [a,b]}.
Then we have
b b
/ ft)dB(t) = / g(t)dB(t), almost surely on A.

Proof. Without loss of generality we may assume that g(¢,w) = 0 for all ¢ and

w. Define
T(w) - b if {t: _
) 1 {tv"'} =0.

Then 7 is a stopping time. Consider the random variable
T b
— [ 19dB6) = [ 1un @7 dBG).

Note that the integrand 1(, ;)(s) f(s) belongs to L2,([a,b] x £2) and so the last
stochastic integral is defined. Moreover, observe that for each w,

La,r(@)] (8) [£(5,0)1* = Lz (8) I (T(w), w)|*.

Therefore,
b
/ 1,7 ®)|f(t)|*dt =0, almost surely.
a
Then by Theorem 4.3.5, we have
E(IY (r) E/ ent (DO dt =0,

Hence Y (7) = 0 almost surely. Note that if w € A, then 7(w) = b and so

- / " f) B

This shows that f; f(s)dB(s) = 0 almost surely on the event A. O

Theorem 5.5.5. Let f € L,a(£2, L?[a,b]). Then the stochastic process
t
X, = [ fs)aB9). etz (555)

has a continuous realization.
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Proof. For each n, let f,, be the stochastic process defined by Equation (5.1.2)
and let

t
Xt(”):/fn(s)dB(s), a<t<b.

Then by Theorem 4.6.2, Xt(n) is a continuous stochastic process. Let

4, ={w /b Ftw)? dt <},

The sequence {A,} is increasing. Let A = U A,,. Then P(A) = 1 since
f: |f(t)|? dt < co almost surely. Note that if w € A,,, then

falt,w) = fn(t,w), ¥Ym >nand Vi € [a,b].
Therefore, by Lemma 5.5.4, for almost all w € A,,,

Xt(m)(w) = Xt(n)(w)7 VYm >n and Vt € [a,b].

Since A = U2 Ay, the above equality implies that for almost all w € A, the
following limit exists for all ¢ € [a, b]:

lim Xt(m) (w).

m— o0
Now define a stochastic process Y;(w) by
lim, o0 X ™ (W), if w € A;
Yilw) = My 00 X} (w),?we ;
0, ifwé¢ A

Then Y;(w) is a continuous stochastic process. On the other hand, from the
definition of the stochastic integral in Equation (5.3.6),

X, = lim X™, in probability.

m—r 00

Therefore, for each t € [a,b], X; = Y; almost surely. Hence Y; is a continuous
realization of X;. ]

Exercises
L Let f(t,w) = >0 &im1(w)ly, 4 (t) with &y being Fy,_ -measurable

for each i and a = tg < t;1 < --- < t, = b. Show that the stochastic
integral as defined in Section 5.1 is given by

b n
[ 1) =36 (B - Be).
a =1
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2. Let 7 be a stopping time. Prove that B(¢t+7)— B(7) is a Brownian motion.

10.

Let {7,,} be a sequence of stopping times. Assume that either the sequence
increases to 7 or decreases to 7. Show that 7 is a stopping time.

Let {7,} be a sequence of stopping times. Show that sup,, 7, inf, 7,,
lim sup,, 7, liminf,, 7,, are stopping times.

Let 71 and 75 be two stopping times. Show that 7 V1o, 7 Ao, and 7 + 75
are stopping times. How about 7757

Show that X; = fot eB(s)? dB(s), 0 <t <1, is not a martingale.

Let X, = fol e 2e~B(1?/2¢ 4B(t). Show that X. — 0 in L2(2) as € | 0 if
and only if 0 < A < i.

Let Y. = [ e=2e~B1/2 4B(t). Show that Y. — 0 in L(2) as € | 0 if
and only if 0 < A < %

Let Z. = fOE/Q e 2e~B1?/2¢ 4B(t). Show that Z. — 0 in L2(2) as € | 0
if and only if 0 < A < %

Let B;(t) and By(t) be independent Brownian motions with starting point
(B1(0), B>(0)) £ (0,0). Let X, = log (By(t)? + Bs(1)?).

b) Show that E|X;| < oo for all ¢t > 0.
) Find EX,.
d) Show that X is not a martingale.

(a) Show that X; is a local martingale.

(

(¢

(

Remark: This example shows that a local martingale having integrability

does not necessarily become a martingale. For more information, see the
book by Durrett [11].
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Stochastic Integrals for Martingales

In Chapters 4 and 5 we defined the It integral f; f(t)dB(t) with respect
to a Brownian motion B(t). In Chapter 4 the integrand f(¢) is adapted and

satisfies the condition E f; |f(t)|>dt < oo, while in Chapter 5 the integrand

f(t) is adapted and satisfies the condition f; |f(t)|? dt < co almost surely. In
this chapter we will use the same ideas with modified techniques to define the

stochastic integral f; f(t)dM (t) with respect to a right continuous, square
integrable martingale M (¢) with left-hand limits. An essential requirement
for the integrand f(t) is its predictability in order to compensate the jumps
of the martingale M (t).

6.1 Introduction

Let g € L2,([a,b] x £2), i.e., g(t) is an adapted stochastic process satisfying

the condition that ffE(\g(t)P) dt < oco. Then by Theorems 4.6.1 and 4.6.2
the stochastic process

M(t):/tg(s)dB(s), a<t<b, (6.1.1)

is a continuous martingale. Intuitively, the “stochastic differential” dM; of M,
can be defined by
dM(t) = g(t) dB(t).

Hence it is reasonable to define a stochastic integral with respect to M(t) by
b b
[ smamo = [ st as). (6.1.2)

In general, we can define the stochastic integral ff f(t) dM (t) with respect
to a right continuous, square integrable martingale M (t) with left-hand limits.
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As it will turn out, when M (t) is given by Equation (6.1.1), then the equality
in Equation (6.1.2) does hold. An important noncontinuous martingale is the
compensated Poisson process to be discussed in Section 6.2. The key tool
for defining martingale stochastic integrals is the Doob—Meyer decomposition
theorem, which we will explain in Section 6.4.

We need to point out that right continuous, square integrable martingales
with left-hand limits are not the most general integrators. For a more general
treatment of stochastic integration, see the books [8] [15] [68].

6.2 Poisson Processes

In this section we will discuss Poisson processes. The compensated Poisson
processes are important examples of discontinuous martingales. They will be
used as integrators in Section 6.5.

Definition 6.2.1. A Poisson process with parameter A > 0 is a stochastic
process N(t,w) satisfying the following properties:
(1) P{w; N(0,w) =0} = 1.

(2) For any 0 < s < t, the random variable N(t) — N(s) is a Poisson random
variable with parameter A\(t — s), i.e.,

(At — 9))"
B

(3) N(t,w) has independent increments, i.e., for any 0 < t; <to < -+ < iy,
the random variables

P{N(t) — N(s) = k} = e (=9 k=0,1,2,...,m,....

N(t1), N(t2) = N(t1), ... , N(tn) — N(tn-1),

are independent.

(4) Almost all sample paths of N(t,w) are right continuous functions with
left-hand limits, i.e.,
P{w; N(-,w) is right continuous with left-hand limits} =1.

By comparing this definition with Definition 2.1.1 of a Brownian motion,
we see that conditions (1) and (3) are the same, while conditions (2) and (4)
are different. Moreover, it can be shown (see, e.g., [72]) that condition (2)
in the above definition can be replaced by the following condition: For any
0<s<t,

P{N(t) — N(s)
P{N(t) — N(s)

1} =Xt —s)+o(t —s),
2} =o(t —s),

Y]

where 0(J) denotes a quantity such that lims_,g 0(d)/0 = 0.
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As in the case of Brownian motion, we may call N(t) a Poisson process
with respect to a filtration {Fy;t > 0} if it satisfies conditions (1), (2), and (4)
in Definition 6.2.1 and the assumption in Proposition 4.2.1 with respect to a
filtration {Fi;t > 0}.

Here are some examples of Poisson processes: (i) the number of telephone
calls to a certain office during the time period [0, ¢], (ii) the number of people
entering a post office up to and including time ¢ on a business day, (iii) the
number of earthquakes in a certain region during the time period [0, ¢].

The sample paths of a Poisson process are step functions with jumps (or
occurrence of events). Let T7 be the time of the first jump and, for n > 2, let
T, be the elapsed time between the (n— 1)st and the nth jumps. The random
variables T, are called interarrival times.

The distribution of T,, can be easily derived. First, note that the event
{T1 >t} coincides with the event {N(¢) = 0}. Hence by condition (2),

P{Ty >t} = P{N(t) =0} = t>0.
To find the distribution of T5 we use the conditional expectation to get
P{Ty >t} = E(P{Ty > t|T1}).
Now use conditions (2) and (3) to show that
P(Ty > t|Ty = s) = P{no jump in (s,s +¢]| 11 = s}

= P{no jump in (s,s +t|}

=M,
Therefore, T5 is independent of 77 and

P{Ty >ty =e M t>0.

In general, we can use the same arguments as those above to show that T, is
independent of Ty, T5,...,T,_1 and

P{T, >t} =e* t>0.

Thus {T,;n > 1} is a sequence of independent random variables having the
same exponential distribution with parameter A, namely,

1—e M ift>0;

P{T”St}:{o it <0

The sum S, =T + 15 + --- + T, is called the waiting time until the nth
jump. Its probability density is given by the gamma density function

A

m(}\t)n_le_kt, t 2 0.

ft) =
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It is an interesting fact that the Poisson process N(t) can be expressed in
terms of the waiting times or the interarrival times by

N(t) :max{k; Sp,=T1+To+---+ Ty §t}.
Now let {F;; t > 0} be a filtration satisfying the conditions

(a) For each ¢, N(t) is Fi-measurable;
(b) For any s < t, the random variable N(t) — N(s) is independent of the
o-field F;.

Then N (t) is a Poisson process with respect to the filtration {F; ¢ > 0}. For
any 0 < s < t, we have

E(N(t)| Fs) = E((N(t) = N(s)) + N(s) | Fs)

= E(N(t) = N(s)) + N(s)
= A(t—5) + N(s). (6.2.1)

Thus the Poisson process N(t) is not a martingale.
Definition 6.2.2. The compensated Poisson process J\N/'(t) 1s defined by
N(t) = N(t) — At.

It follows from Equation (6.2.1) that the compensated Poisson process
N(t) is a martingale with respect to {F; ¢ > 0}. For any s < ¢, the moment
generating function of N(t) — N(s) is casily checked to be given by

eV O-N6) Z oxp [A(t 8 (e —1— x)]

Expand both sides as power series in  and then compare the coefficients of
the powers of x to get

B{N(t) - N(s)} = 0,
E{[N(t) = N(s)*} = A(t - 3),
E{[N(t) = N(s)*} = A(t — 9),
E{[N(t) — N(s)]*} = Mt — s) + 3X2(t — 5)°.

Recall that the quadratic variation of a Brownian motion B(¢) is given
by Theorem 4.1.2. The next theorem gives the quadratic variation of the
compensated Poisson process N(t).

Theorem 6.2.3. Suppose A, = {to,t1,...,tn—1,tn} s a partition of a finite
interval [a,b]. Then

ST (N(t:) = N(ti-1))* — A(b—a) + N (b) — N(a) (6.2.2)

=1

in L2(£2) as || Anl| = maxi<;<n(t; —t;—1) tends to 0.
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Proof. For simplicity, let

2

X; = (N(t;) = N(tie1))” = (N(t:) — N(tiz1)) — At — tica).

Then

> (N () = N(ti)* = (Mo~ a) + N () = N(@)) = 3 Xs.

i=1 i=1
Thus we need to show that E(| > 7, Xi’2) =1 =1 BE(XiX;) tends to zero
as ||An|| = 0. For i # j,say i < j, we can first take the conditional expectation
with respect to the o-field 73, , to show that E(X;X;) = 0. On the other

hand, we can use the above moments of N () — N(s) to show that for any i,
B(X?) =2X%(t; — ti1)?,

which implies that > | E(X?) < 2X2(b — a)||A,|| — 0 as [|A,|| — 0 and so
the theorem is proved. ]

6.3 Predictable Stochastic Processes

Let M (t) be a right continuous, square integrable martingale with left-hand

limits. In order to define the stochastic integral fab f(t)dM(t), we make a
crucial observation about the integrand f(¢). Note that such a martingale
M (t), e.g., the compensated Poisson process J\Nf(t)7 may have jumps.

Consider a right continuous step function g = —1(4 ¢)+1jc 5 Witha < ¢ < b.
It is well known that a bounded function f(t) is Riemann-Stieltjes integrable
with respect to g if and only if f(¢) is left continuous at ¢. This condition
leads to the concept of predictability for stochastic processes.

From now on, we fix a filtration {F;;a <t < b} and assume that it is right
continuous, i.e., F; = Fyy for each t, where F;; is defined by

oo
Fuy = nn:1 ft+%'

Moreover, all o-fields F; are assumed to be complete by Remark 2.5.2.
Let L denote the collection of all jointly measurable (which we have always
assumed) stochastic processes X (¢, w) satisfying the following conditions:

(1) X (t) is adapted with respect to {F;}.
(2) Almost all sample paths of X (t) are left continuous.

Note that condition (2) is motivated by the above observation that f(¢)
must be left continuous at ¢ in order to be Riemann—Stieltjes integrable with
respect to g(t) = —1iq,¢)(t) + 1jep (1)

Let P denote the smallest o-field of subsets of [a,b] x {2 with respect to
which all stochastic processes in L are measurable. The o-field P is generated
by subsets of [a,b] x £2 of the form (s,t] x A with A € Fs fora <s<t<b
and {a} x B with B € F,.
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Definition 6.3.1. A stochastic process X (t) is said to be predictable if the
function (t,w) — X (t,w) is P-measurable on [a,b] x £2.

Obviously, all stochastic processes in L are predictable. Here are some
more examples of predictable stochastic processes.

Ezample 6.3.2. Let X (t) be an F-adapted, right continuous stochastic process
with left-hand limits. Let X (¢t—) denote its left-hand limit. Then X (¢t—) is
predictable.

Ezample 6.3.3. Let f(t,w) be a step stochastic process given by

Fltow) = &1 (w) 0 (b),
i=1

where &;_1 is Ft,_,-measurable. Then f(¢,w) is predictable.

Ezample 6.3.4. Let g(t,w) be a step stochastic process given by

g(t7 w) = Z Mi—1 (w)l[ti—lxti) (t)v
=1

where n;_1 is F;,_,-measurable. Then ¢(¢,w) is not predictable. However, the
stochastic process g(t—, w) = > 1" mi—1(w)lq,_, 4, (t) is predictable.

Ezample 6.3.5. Let N(t) be a Poisson process. Then N(t—) is predictable.
However, N(t) is not predictable. The reason is related to the fact that if a
sample path N(t,w) has a jump in (a,b), then the Riemann—Stieltjes integral
f; N(t,w)dN(t,w) does not exist.

6.4 Doob—Meyer Decomposition Theorem

In this section we briefly explain the submartingale decomposition, which will
be used in Section 6.5 for the extension of the It6 integral when the integrator
B(t) is replaced by a martingale.

Let {X,}52, be a submartingale with respect to a filtration {F,}22,.
Define a sequence {A,}22, of random variables by Ayp = 0 and

An = Z (B[X;|Fiz1] — Xiz1), n>1

i=1

Note that A, is F,_i-measurable. Moreover, since {X,,} is a submartingale,
we have E[X; | F;—1] — X;—1 > 0 almost surely. Hence {A,,} is an increasing
sequence almost surely. Let M,, = X,, — A,. It is easily checked that {M,,}22,
is a martingale. Thus we have obtained the Doob decomposition
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Xn=M,+A4,, n>0. (6.4.1)

This decomposition of a submartingale as the sum of a martingale and an
adapted increasing sequence is unique if we require that Ag = 0 and that A,
be F,,_1-measurable.

For the continuous-time case, the situation is much more complicated.
The analogue of Equation (6.4.1) is called the Doob—Meyer decomposition.
We briefly describe this decomposition and avoid the technical details.

All stochastic processes X (t) in this section will be assumed to be right
continuous with left-hand limits X (t—).

Let X(t), a <t < b, be a submartingale with respect to a right continuous
filtration {F;;a < ¢t < b}. If X (¢) satisfies certain conditions, then it can be
decomposed uniquely as

X(t) = M(t)+C(t), a<t<b, (6.4.2)

where M (t), a <t < b, is a martingale with respect to {Fy;a <t < b}, C(t) is
predictable, right continuous, and increasing almost surely with EC(t) < oo
for all ¢ € [a,b], and C(a) = 0. Moreover, the decomposition is unique if C(t)
is required to satisfy certain additional conditions. For the precise statement
of the additional conditions and the proof of the Doob—Meyer decomposition
theorem, see the books [7] [8] [15] [30] [45] [61] [68].

Definition 6.4.1. The stochastic process C(t) in Equation (6.4.2) is called
the compensator of the submartingale X (t).

Note that if M(t) is a square integrable martingale, then F(M (t)?) < oo
and we can apply the conditional Jensen’s inequality in Section 2.4 to see that
M (t)? is a submartingale.

What we will need in Section 6.5 is a special case of the Doob—Meyer
decomposition for a submartingale M (t)? stated in the next theorem.

Theorem 6.4.2. Let M(t),a <t < b, be a right continuous, square integrable
martingale with left-hand limits. Then there is a unique decomposition

M(t)? =L(t)+ A(t), a<t<hb, (6.4.3)

where L(t) is a right continuous martingale with left-hand limits and A(t) is

a predictable, right continuous, and increasing process such that A(a) = 0 and
FEA(t) < oo for allt € [a,b)].

Notation 6.4.3. For convenience we will use (M), to denote the compensator
A(t) of M(¢)? in Equation (6.4.3).

On the other hand, for a martingale M (t) as given in the theorem, the

following limit can be shown to exist:

- 2
M); = lim M(t;) — M(t;— , in probability, 6.4.4
M= Jim S () - () o (64
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where A, = {tg,t1,...,tn_1,tn} is a partition of the interval [a, t] and | A, || =
maxi<i<n (t; — t;—1). The limit [M]; is called the quadratic variation process
of M(t). It can be proved that M(t)? — [M]; is a martingale.

In general, the quadratic variation process [M]; of M (t) is not equal to
the compensator (M); of M(t)2. By the above theorem, M (t)? — (M), is a
martingale. Hence [M]; — (M), is also a martingale. Therefore, (M), is the
unique predictable compensator of the stochastic process [M];.

Ezample 6.4.4. Consider a Brownian motion B(t). By Theorem 4.1.2 with
a =0 and b = t, the quadratic variation process of B(t) is given by [B]; = t.
On the other hand, recall that B(¢)? — t is a martingale. Hence we get the
Doob-Meyer decomposition of B(t)?:

B(t)* = (B(t)* —t) + t.
Thus the compensator of B(t)? is given by (B); = t. Note that [B]; = (B);.

Example 6.4.5. Consider the martingale M (t) = B(t)? — t. Let {F;} be the
filtration specified in the beginning of Section 4.3. It can be easily checked
that for any s < t,

E(B(t)*| Fs) = B(s)* + 6(t — s)B(s)*> + 3(t — 5)°,
E(B(t)*|Fs) = B(s)* + (t — s). (6.4.5)
Since M (t)? = B(t)* — 2tB(t)? + t2, we obtain
E(M(t)*|F,) = B(s)' + (4t — 65)B(s)* + 2(t — 5)* + s°. (6.4.6)

On the other hand, let M (t)? = L(t)+A(t) be the Doob-Meyer decomposition
of M(t)%. Then we have

E(M(t)*| 7o) = L(s) + E(A(t) | F)
= M(s)* = A(s) + E(A(t) | )
= B(s)" —2sB(s)* + s + E(A(t) — A(s) | Fs).  (6.4.7)
It follows from Equations (6.4.6) and (6.4.7) that
E(A(t) — A(s)| Fs) = 4(t — s)B(s)* + 2(t — s)°. (6.4.8)

Now we see from Equation (6.4.5) that

E(/:B(u)2du’fs> - /:E(B(u)2|]—'s)du

= [ B -

S

_(t—$)B(s)? 4+ %(t “92 (649)
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By comparing Equations (6.4.8) and (6.4.9), we clearly see that
At)=4 [ B(u)?du. (6.4.10)
Therefore, the compensator of M(t)? = (B(t)? — t)2 is given by
t
(M), = 4/ B(u)? du. (6.4.11)
0

This implies that the stochastic process

(B(t)* — t)2 - 4/0 B(u)? du

is a martingale. On the other hand, we can easily check by direct computation
that the quadratic variation process of M (t) = B(t)? —t is also given by the
right-hand side of Equation (6.4.10). Hence [M]; = (M);.

Ezample 6.4.6. Consider a Poisson process N (t). The compensated Poisson
process N(t) = N(t) — Mt is a martingale. By Theorem 6.2.3 with a = 0 and
b = t, the quadratic variation process of N(t) is given by [N]; = M + N(t).
On the other hand, we can find the compensator (N); of N(t)? as follows.
Use the same arguments as those in the case of Brownian motion to derive
the following equality for any 0 < s < t:

E(Nt)?|Fs) = A2(t — 8)2 + Mt — 5) + 2\t — s)N(s) + N(s)*.  (6.4.12)
It follows from Equations (6.2.1) and (6.4.12) that
B(N(t)? = M\t | Fy) = N(s)? = As.

Thus N (t)? — At is a martingale and we have the Doob—Meyer decomposition
for N ()%
N(t)? = (N(t)* — Xt) + At.

Hence the compensator of N ()2 is given by (N); = At. Clearly, [N]; # (N);.
Note that [N]; = At + N(t) contains jumps and observe that when A = 1, the
compensator of N (¢)? is the same as that of B(t)%.

Ezample 6.4.7. Consider the martingale M(t) = B(t) + N(t). Assume that
B(t) and N(t) are independent. Then for any s < ¢,

E[B(t)N(t)| Fs] = E{(B(t) = B(s)) + B(s)H(N(t) = N(s)) + N(s)} | ]
= B(s)N(s). (6.4.13)

Therefore, B(t)N(t) is a martingale. Using this fact, we see that
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(B(t) + N(t))? — (t+ Mt) = (B(t)2 — t) + 2B(t)N(t) + (N (£)? — At)

is a martingale. This implies that (M), = (1 4+ A)t. Moreover, we can use the
independence of B(t) and N(t) to check that

[M]; = [B]; + [N]; = (1 + M\t + N(2).

6.5 Martingales as Integrators

Let M(t),a <t < b, be a fixed martingale with respect to the filtration
{Fi;a <t < b} specified in Section 6.3. We will assume that M(t) is right
continuous with left-hand limits and E(M(¢)?) < oo for all t. By Theorem
6.4.2, the compensator A(t) of M (t)?, denoted by (M), is a predictable, right
continuous, and increasing process with EA(t) < oo, and A(a) = 0.

In this section we will extend the stochastic integral f: f(t)dB(t) defined
in Chapter 4 to ff f(t) dM(t) for the above martingale M (t).

First we prove a lemma on the conditional expectation of M (t) — M(s)?
with respect to Fs.

Lemma 6.5.1. For any s < t, we have
E[(M(t) - M(s))*| 7] = B[(M), — (M), | F].

Proof. Let M (t)? t) + A(t) be the Doob-Meyer decomposition of M (t)?
e

in Equation (6.4.3). T

E[(M(t) = M(s))"| 7] = E[M(t)* = 2M () M(s) + M(s)? | F.]
= E[M(t)*| F] - M(s)?
= E[L(t) + A(t) | Fs] — L(s) — A(s)
= E[A(t) - A(s)| 7]
This proves the lemma since A(t) = (M);. O

Observe that the compensator (M), of M(t)?, instead of the quadratic
variation process [M]; of M(t), is used in Lemma 6.5.1. This lemma will play
a critical role for the stochastic integral with respect to M (t).

Next we need to specify the integrand f(¢). As pointed out in Section 6.3,
we need to assume that f(t) is predictable in order to take care of the jumps
of the martingale M(t).

Notation 6.5.2. For convenience we will use L2 4([a,b] ,,, x §2) to denote
the space of all predictable stochastic processes f(t,w), a < t < b, w € {2,

satisfying the condition E f; |f#)]2d(M); < oo.
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Note that in case M (t) is a Brownian motion B(t), then we have (M), =
and the predictability is just the same as being adapted. Hence the space
L2 ca([a; 0],y x 2) s just the space L24([a,b] x §2) defined in Section 4.3.

Now we will follow the same procedure as in Chapter 4, but with suitable
modification, to define the stochastic integral

| smam

for f € Lpred([ b]<M> x §2). First consider a step stochastic process f in
L2 ca([a; 0],y x 2) given by

w) = Zfi—l(w)l(tiq,ti](t)
i=1
In this case, define I(f) by
= Zfiq(M(ti) — M(t;—1)). (6.5.1)
i=1

Obviously, we have I(af + Bg) = oI(f) + fI(g) for any a, 3 € R and
step stochastic processes f,g € Lpred([ x §2). Moreover, we have the
following lemma.

](M)

Lemma 6.5.3. Let I(f) be defined by Equation (6.5.1). Then

b
Nop / PP (M),

Proof. Note that for i # j, say i < j, we have

B{&-1&-1(M(t;) — M(ti-1)) (M(t;) — M(tj-1)) }
= B{B[&-1&—1 (M(t:) — M(ti—1)) (M(t;) = M(tj-1)) | F, 1] }
= B{&-1&-1(M(t:) = M(ti-1)) E[M(t;) = M(t;-1) | P, |}
—0.

Therefore,

E(I(NHP) = Z E{&1&-1(M(t:) = M(ti—1)) (M (t;) = M(t;-1)) }
= ZE{fzz—l(M(ti) - M(ti—l))z}

ZZ € E[(M(t:) - M(ti—1))* | 7, ] }-
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Then apply Lemma 6.5.1 to get
Ewm%=im&wmmﬁmmlmmn
=3 E{E () - () )
= Eiffl(wm — (M), ,)

b
— & [ 17(0P dan).

This proves the equality in the lemma. O

Next we extend I(f) to f € L2, 4([a,b],,,, x £2). Recall that the o-field
P is generated by subsets of [a,b] x 2 of the form (s,¢] x A with A € F; for

a<s<t<band {a}x B with B € F,. Hence if f € L2 ,([a,b] ,,, X £2), then

there exists a sequence { f,} of step stochastic processes in L2, 4([a,0],,,, x 2)
such that

lim B [ |f() = fu()2d(M); = 0.

n—oo
Thus by Lemma 6.5.3 the sequence {I(f,)} is Cauchy in L?({2). Define
I(f) = lim I(fn), in L*(£2). (6.5.2)

We can check that the limit is independent of the choice of the sequence

{fn}. Hence I(f), denoted by f; f(t)dM(¢), is well-defined. Tt is called the
stochastic integral of f with respect to the martingale M (¢). For any «, 8 € R

and f,g € L2 4([a,b] ,,, x £2), we have

b b b
[ (s + o) vy =a [ seyaro+5 [ g aye)
Ezample 6.5.4. Let B(t) be a Brownian motion and let {F;;a < ¢ < b} be a

filtration specified in Section 4.3. Take g € L2?;([a,b] x §2) and consider the
martingale

¢
M(t) = / g9(s)dB(s), a<t<hb.
a
The compensator of M (t)? is given by
¢
a0y = [ lao)? ds.

Therefore, f € Lgred([a, bl ., X §2) if and only if it satisfies the condition



6.5 Martingales as Integrators 87

b
B [ 1@)PlaP e < o,

which is valid if and only if fg € L2,([a,b] x £2). Moreover, we have

/fdM /f B(t).

Ezample 6.5.5. Let A,, = {to,t1,...,tn—1,tn} be a partition of a finite interval
[a,b]. Then

> (¥ - N,

i=1

2

,1))

I
NE

([N(tif = N(tio1)?] = 2N (1) (N(t:) — N(tH)))
1

(b)? — N(a)? -2 Z N(ti—1)(N(t;) = N(ti—1)). (6.5.3)

o
Il

[l
=

From Equation (6.5.2) we see that

/bﬁ(t)dﬁ(t) = uAlirﬁio 'n N(ti—1)(N(t;) = N(ti—1)), in L*(£).

Therefore, by Equation (6.5.3),

b - 1/~ ~ . ~ > 2
| M=y = 5 (K0P - N - Jim > (¥(0) = (i) ).

Now use Equation (6.2.2) in Theorem 6.2.3 to conclude that
b
~ ~ 1/~ ~ ~ ~
/ N(t-)aN(t) = ; (N(b)2 — N(a)? = Ab—a) — N(b) + N(a)). (6.5.4)
In particular, we have

/Ot N(s—)dN(s) = %(N(t)? M- N).

Ezxample 6.5.6. In this example we compute the stochastic integral of N (¢t—)
with respect to N(t). Since N(t) = N(t) 4+ At, we have

/N )dN (¢ /N dN()+)\/abth() (6.5.5)

The first term in the right-hand side is given by Equation (6.5.4). To evaluate
the second term, let {to,¢1,...,tn—1,t,} be a partition of [a, b]. Then
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n . . n
Ztifl(N(ti)—N(tifl)) :bN( —aN Z t —tz 1)
i=1 =1
Take the limit to get

/abtdﬁ(t) = bN(b) — aN(a / N(t (6.5.6)

Then put Equations (6.5.4) and (6.5.6) into Equation (6.5.5) to see that
’ 5 Lisive  mon2 v 5
N(t=)dN(t) = ; (N(b) — N(a)2 = Ab—a) — N(b) + N(a))
+ AbN (b) — AaN (a / N(t

We can also use the fact that N(t) = N(t) — At to rewrite the right-hand side
of this equality in terms of N(¢),

/bN(t)dN(t) = %(N(b)QfN(a)QfN(b)JrN(a)) )\/bN(t) dt. (6.5.7)

In particular, we have

/OtN(s—)d]V(s) - %(sz‘Z At - N (1)) + AN (1 /\/ N(s
%(N(t)2 - N(t)) - A/Ot N(s)ds

Ezample 6.5.7. Let M(t) be a continuous and square integrable martingale.
Then we have the equality

i 1
| ws)ants) = 5 (ary? - Mooy? - ).
0
which can be derived in the same way as the Brownian motion case by using
the fact that [M]; = (M), for such a martingale.

We now state two theorems on stochastic processes defined by stochastic
integrals with respect to a martingale integrator. For the proofs, just modify
the arguments in Chapter 4 for the case that M (t) is a Brownian motion.

Theorem 6.5.8. Let f € L2 4([a,b] ,,, x 2). Then the stochastic process

Xt:/f(s)dM(s), a<t<b,

is a martingale and the following equality holds:

BE(X(1)P) = F / ()2 d(M)
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Theorem 6.5.9. Let f € L2 ([a,b] ,,, x 2). Then the stochastic process

¢
Xt:/f(s)dM(s), a<t<b,

is right continuous with left-hand limits, i.e., almost all of its sample paths
are right continuous functions with left-hand limits on [a, b]. Furthermore, the
compensator of X? is given by

X), = / F(s)P d(M

6.6 Extension for Integrands

Recall that in Section 4.3 we defined the It0 integral f; f(t) dB(t) with respect
to a Brownian motion B(t) for f € L2 ([a,b] x £2). In Section 5.3 we extended
this integral to f € Laa(£2, L*[a, b]).

Suppose M(t) is a right continuous, square integrable martingale with
left hand hmlts In the previous section we defined the stochastic integral
f f@) t) for f € Lpred([a, bl (s, % £2). In this section we will briefly explain
the extenswn of this integral to a larger class of integrands. For details, see
the books by Kallianpur [45] and by Protter [68].

Notation 6.6.1. We will use Lea (2, L%[a, b] 1>) to denote the space of all
predictable stochastic processes f(t,w), a t < b, w € {2, satisfying the

condition f: |f(t)]>d(M); < oo almost surely.

Note that when M(t) = B(t), the space Lpea(£2, L%[a,b]
space Laq(£2, L?[a,b]) in Section 5.3.

Let f € Lprea($2, L?[a,b] ,,,). Define a sequence {f,(t)};2; of stochastic
processes in a similar way as in Section 5.3 by

w), i sw2 n:
fn(t,@:{f(t A 1 (s.0)P d(M)o(w) < 0

(ary) 18 just the

0, otherwise.

Lemma 6.6.2. Let f € Lpea((2, L2[ bl sy ). Then fn € Lpred([ x §2)

for each n > 1 and the sequence f fn(t)dM(t) converges in probability as
n — o0o.

](M)

In view of the above lemma, we can define the stochastic integral of f with
respect to M(t) by

b b
/ f(t)dM(t) = lim [ f,(t)dM(t), in probability. (6.6.1)

n—oo
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The stochastic integral in Equation (6.6.1) is indeed well-defined, namely,
it is independent of the choice of the sequence {f,}.

We state several theorems concerning the stochastic integral f: f(&)dM(¢)
for f € Lyrea($2, L?[a,b] ,,,), the associated stochastic process fat f(s)dM(s),

and a stochastic integral with respect to the compensator (M );. For the proofs,
see the books [45] and [68].

Theorem 6.6.3. Let f € Lyrea(£2, L?[a,b],,,)) and g, € L3, 4([a,0] ,,, X 2)
forn > 1. Suppose

lim |f(t) — gn(t)|*d(M); =0, almost surely.

Then we have

n—oo

b b
/ f(@®)dM(t) = lim gn(t)dM(t), in probability.

Theorem 6.6.4. Let f € Lprea($2, L?[a, b] Then the stochastic process

(M) )
(t):/ F(s)dM(s), a<t<b,

is a local martingale with respect to the filtration specified in Section 6.3 and
has a right continuous realization with left-hand limits. Moreover, if M (t) is
continuous, then X (t) has a continuous realization.

Theorem 6.6.5. Let M(t) be a continuous and square integrable martingale.

If f € Lprea($2, L?[a,b] ,,,) is a continuous stochastic process, then

b
/f(t)dM = lim Zf i—1)(M(t;) — M(t;—1)), in probability,

lAnll—0%

where A, = {to,t1,...,tn—1,tn} is a partition of the interval [a,b] and
| Anll = maxi<i<n (t; — tiz1).

Theorem 6.6.6. Let M(t) be a continuous and square integrable martingale.
Then for any bounded, continuous, and adapted stochastic process Y (t),

n

b
/ v(dM) = lm Y (ti1) (M(t:) — M(t;_1))?, in probability,
a =953

where A, = {to,t1,...,tn—1,tn} is a partition of the interval [a,b] and
|An|| = maxi<i<n (t; —ti—1). Here the left-hand side is the Riemann—Stieltjes
integral f; Y(t,w)d{M)¢(w) defined for each w in some §2y with P(£2y) = 1.
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Exercises

1. Let F(t) and G(t) be right continuous nondecreasing functions on [a, b].
Prove that

/ab /G VdF(t

=F()G(b) — F(a)G(a) = Y AF(t)AG(1), (6.6.2)

a<t<b

where the integrals are Riemann—Stieltjes integrals and Ap(t) is the jump
of  at t, i.e.,, Ap(t) = p(t) — p(t—).

2. Put F(t) = G(t) = N(t, w), the compensated Poisson process, in Equation
(6.6.2) and show that

b ~ ~ ~ ~ ~ ~
/ N(t—)dN(t) = %(N(b)z ~ N(a)?2 —Ab—a) — N(b) + N(a)),

where the left-hand side is a Riemann—Stieltjes integral for each w. Note
that this integral coincides with the stochastic integral in Equation (6.5.4).

3. Put F(t) = G(t) = N(t,w), the Poisson process, in Equation (6.6.2) and
show that

b
/ N(t—)dN(t) = %(N(b)Q ~N@? - N+ N@),  (663)

where the left-hand side is a Riemann—Stieltjes integral for each w. Note
that since N (¢) is not a martingale, the integral f: N(t=)dN(t) is not a
stochastic integral as defined in Section 6.5.

4. Use Equation (6.6.3) to show that

/abN(t—) dN(t) = %(N(b)g — N(a)> = N(b) + N(a)) — A/ab N(t)dt

where the left-hand side is a Riemann-Stieltjes integral for each w. This
integral coincides with the stochastic integral in Equation (6.5.7).

5. Find the quadratic variation process [N]; of a Poisson process N(t) with
parameter A > 0.

6. Suppose A € R. Prove that M(t) = e*B"=A*1/2 ig 3 martingale and the
compensator of M (t)? is given by

t
(M) = )\2/ 2ABW-Nu g,
0

7. Let f € L*[a,b] and M(t f f(s . Find the quadratic variation
process [M]; of M (t) and the compensator (M) of M(t)%.
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10.

11.

12.

13.

14.

15.

16.

17.
18.
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Let f(t) be adapted and fabE|f(t)|2 dt < co. Show that

o= ([ soaso) - [Lso7a

is a martingale and find the compensator of M (t).
Let s < t. Show that

E{B(t)*| Fs} = 3(t — s)B(s) + B(s)®. (6.6.4)

Use Equation (6.6.4) to derive a martingale X, = B(t)® — 3tB(t). Find
the quadratic variation process [X]; and the compensator (X);.

Let s < t. Show that
E{B(t)*| F,} =3(t —s)* +6(t — s)B(s)*> + B(s)". (6.6.5)

Let s < t. Show that
! 1
E{/ B(u)Qdu‘]—;} :§(t—s)2+ (t—s)B / B(u)*du. (6.6.6)
0
Use Equations (6.6.5) and (6.6.6) to show that

X, =B(t)* - G/t B(u)*du
0

is a martingale and then derive the quadratic variation process [X]; and
the compensator (X);.

Let s < t. Show that

E{B(t)ePW | F,} = (t — s+ B(s)) P39, (6.6.7)

Use Equation (6.6.7) to derive a martingale X; = (B(t) —t) eP()~3t, Find
the quadratic variation process [X]; and the compensator (X )t.

Suppose a Brownian motion B(t) and a compensated Poisson process N ()
are independent. By Example 6.4.7, M (t) = B(t)N(t) is a martingale.
Find the quadratic variation process [M]; and the compensator (M);.

Find the variances off N(t—)dN(t) and f N(t=)2dN(t).

Let B(t) and N(t) be independent. Find the variances of f; B(t)dN(t)
and fab eB® AN (t).



7

The Ito Formula

The chain rule in the Leibniz-Newton calculus is the formula £ f(g(t)) =
f'(g(t)g'(t) for differentiable functions f and g. It can be rewritten in the
integral form as f(g(t)) — f(g(a)) = fat 1'(g(s))g'(s) ds. On the other hand,
the chain rule in the It6 calculus, for the simplest case, states that

FEBO) = 1B@)+ [ BB+ [ 7Ee) ds

for a Brownian motion B(t) and a twice continuously differentiable function
f. This formula is often written in a symbolic differential form as

df (B(t)) = f'(B(1)) dB(t) + %f”(B(t)) dt.

The appearance of the term i f”(B(t))dt is a consequence of the nonzero
quadratic variation of the Brownian motion B(t). In this chapter we will
study the celebrated Ito formula and its generalizations to multidimensional
spaces and martingales.

7.1 1t6’s Formula in the Simplest Form

The Leibniz—Newton calculus deals with deterministic functions. A basic rule
for differentiation is the chain rule, which gives the derivative of a composite
function f(g(t)). It states that if f and g are differentiable, then f(g(¢)) is
also differentiable and has derivative

& 90 = (a()o' (1)

In terms of the fundamental theorem of calculus this equality says that

f(g(t))—f(g(a))=/ f'(g(s))g'(s) ds. (7.1.1)
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The It6 calculus deals with random functions, i.e., stochastic processes.
Let B(t) be a Brownian motion and f a differentiable function. Consider
the composite function f(B(t)). Since almost all sample paths of B(t) are
nowhere differentiable, the equality < f(B(t)) = f'(B(t))B'(t) obviously has
no meaning. However, when we rewrite B’(s) ds as an integrator dB(s) in the
It6 integral, Equation (7.1.1) leads to the following question.

Question 7.1.1. Does the equality f(B(t))— f(B(a)) = fat f'(B(s)) dB(s) hold
for any differentiable function f?

The integral f; f'(B(s)) dB(s) is of course an Itd integral defined as in
Chapter 4 or 5 depending on whether f/(B(t)) belongs to L2,([a,b] x £2) or
L.4(£2, L?[a, b)), respectively. For the simple function f(z) = 22, the equality
in Question 7.1.1 would give

B(t)? — B(a)* = 2/ B(s)dB(s),

which is contradictory to the equality from Example 4.4.1 with b = ¢,

B(t)? - B(a)® — (t—a) = 2/ B(s) dB(s).

Therefore, the answer to Question 7.1.1 is negative. But then is there
a formula for the composite function f(B(t)) to serve as the chain rule in
an integral form for the It6 calculus? To figure out the answer, consider a
partition A,, = {to,t1,...,tn—-1,tn} of [a,t]. Then we have

n

F(BW) = f(B@) =3 (F(B@) - f(B(tin)).  (7.12)

=1

Let f be a C2?-function, namely, it is twice differentiable and the second
derivative f” is continuous. Then we have the Taylor expansion

£(&) = (o) = F (o) = 20) + 5" (w0 + Mz = 20)) (2 — 20)*,

where 0 < A < 1. Therefore, by Equation (7.1.2)

n

F(B() = f(B(a)) =Y _ f'(Bi.)(Bi, = By, )

i=1

+ Zf”(Bti—l +)‘1(Btz _Bti—l))(Bti _Bt1171)27 (713)
=1

N | =

where 0 < A; < 1 and B, is used to denote B(t) here and below in order to
make parentheses easy to read.
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Now, the first summation in Equation (7.1.3) can be taken care of by
Theorem 5.3.3, namely,

lim Zf — By, ,) = /t f'(B(s))dB(s), in probability.

14nll—0 ¢

As for the second summation in Equation (7.1.3), we can easily guess the
limit in view of the quadratic variation of B(t) in Theorem 4.1.2, i.e.,

> (B, + Ni(Bi, = Bi,_,))(By, — By, _,)? —>/ F(B(s))ds (7.1.4)

i=1

in some sense as ||A, | — 0. We will prove in the next section that there exists
a subsequence such that Equation (7.1.4) converges almost surely.

It is worthwhile to point out that if the second derivative f” is bounded,
then the proof of Equation (7.1.4) is quite easy. But in general a C?-function
f may have unbounded f”. In that case, the proof of Equation (7.1.4) is
somewhat involved. This is the reason why we postpone the proof until the
next section.

Summing up the above discussion, we have the following theorem, which
K. It6 proved in 1944 [31].

Theorem 7.1.2. Let f(x) be a C%-function. Then
FB) - 1B@) = [ FBE)BE) 5 [ F(Be)ds  (115)

where the first integral is an Ité integral (as defined in Chapter 5) and the
second integral is a Riemann integral for each sample path of B(s).

Observe that the last term in Equation (7.1.5) is a consequence of the
nonzero quadratic variation of the Brownian motion B(t). This extra term
distinguishes the It6 calculus from the Leibniz—Newton calculus.

Example 7.1.3. Take the function f(z) = 22 for Equation (7.1.5) to get
B(t)?> — B(a)* = 2/t B(s)dB(s) + (t — a).
When t = b, this equality gives
/ B(t)dB(t %(B(b) — B(a)® — (b—a)),
which is the same as Equation (4.4.1). On the other hand, when a = 0,
B(t)? = Q/Ot B(s)dB(s) +t

which is the Doob-Meyer decomposition of the submartingale B(t)?.
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Ezample 7.1.4. Put f(x) = x* for Equation (7.1.5) to get

t

B(t)! = (B(a)4+4/tB(s)3dB(s)> +6/ B(s)? ds.

a a

This is the Doob-Meyer decomposition of the submartingale B(t)*. On the
other hand, this equation gives the value of an It integral

1 3

/atB(s)?’dB(s) - Z(B(t)4 - B(a)4> -2 /: B(s)? ds.

Ezample 7.1.5. Take f(x) = e® for Equation (7.1.5) to get

t 1t
eBW = (eB(“) —|—/ B dB(s)) + 5/ B ds.

a a

This equality is the Doob-Meyer decomposition of the submartingale eZ(®).
We can also rewrite it as the evaluation of an It6 integral

t t
/ ) dB(s) = P — P 1 / eB(®) ds, (7.1.6)

a a

7.2 Proof of Itd’s Formula

In this section we will prove the almost sure convergence of a subsequence in
Equation (7.1.4). This will complete the proof of 1td’s formula in Theorem
7.1.2. First we prove two lemmas.

Lemma 7.2.1. Let g(x) be a continuous function on R. For each n > 1,
let A, = {to,t1,...,tn_1,tn} be a partition of [a,t] and let 0 < \; < 1 for
1 < i< n. Then there exists a subsequence of

n

Z (g(Bti,—l + /\Z(Btz - Bti—l)) - g(Bti—l)) (Bt1 - Bti—l)Q (721)

i=1
converging to 0 almost surely as ||A,] — 0.

Remark 7.2.2. In case the partitions satisfy (i) Ay C Ay C -+ C A, C -+
or (ii) Y07, [|An||* < oo, then the original sequence in Equation (7.2.1) does
converge to 0 almost surely. See the proof below.

Proof. For simplicity, let X, denote the summation in Equation (7.2.1). For
each n > 1, define a random variable

fn = 1§i§IVIL1,%X<>\<1 |g(Bt1:71 + )‘(Bty - Bti—l)) - g(Bt¢71)|'
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Then obviously we have

n

| Xn| <&n Z(Bti - Bti,1)2~ (7.2.2)
i=1

By the continuity of g(x) and the Brownian motion B(t), &, converges to
0 almost surely. On the other hand, by Theorem 4.1.2, the summation in
Equation (7.2.2) converges to t — a in L%(£2). Hence the right-hand side of
Equation (7.2.2) has a subsequence converging to 0 almost surely. It follows
that {X,,} has a subsequence converging to 0 almost surely.

In case the partitions satisfy condition (i) or (ii) in Remark 7.2.2, then the
summation in Equation (7.2.2) converges to ¢ — a almost surely. Hence X,
converges to 0 almost surely. O

Lemma 7.2.3. Let g(z) be a continuous function on R. For each n > 1, let
An ={to,t1,...,tn_1,tn} be a partition of [a,t]. Then the sequence

Zg(Bti—l)((Bti - Bti—l)z - (ti - ti—l)) (723)
i=1

converges to 0 in probability as |A,|| — 0.

Remark 7.2.4. In case g(x) is a bounded measurable function on R, then the
convergence can be easily shown to be in L?(2). This is an exercise at the
end of this chapter.

Proof. For each L > 0, define the events
AP = {|B(t)| <L forall j<i—1}, 1<i<n. (7.2.4)

Let S,, denote the summation in Equation (7.2.3) and define

n

Sur =D 9B ) Ly (B = B ) = (i~ ti1))  (125)

i=1 ”7

3 9(Biii) Ly Xi = Z;}/z (7.2.6)
where X; = (By, — Bti,1)2 —(t; —t;—1) and Y; = g(By,_,) 1A(L) X;.

i—1
Let F; = o{B(s);s < t}. Then for i # j, say i < j, we can use the
conditional expectation to get
E(GY;) = E(EY:Y; | 7, )
= E()/ig(Btj—l) IA(E)IE[Xj |ftj—l])

= 0. (7.2.7)
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On the other hand, it follows from the definition of Agf)l that

Y} < max (|g(2)[) X

Hence by Equation (4.1.7),

E(Y;Q) < Q(ti — ti_1)2 |ma

5 (lg(@)P?)-

From Equations (7.2.6), (7.2.7), and (7.2.8), we see that

B(Sy L) = i E(Y?)
i=1

n
< 2 ma t—t
< H}éIQ ; 1)

< 2[|A,||(t = a) ‘rﬁg(lg(w)\ )

— 0, as|A.| —0.

(7.2.8)

Hence for any fixed number L > 0, the sequence S,, 1, converges to 0 in L?({2)

and so in probability as ||A,| — 0.

Now observe that the events defined in Equation (7.2.4) satisfy

AP > AM 5.5 A

This relationship, in view of the definition of S,, 1, in Equation (7.2.5), implies

that Afﬁ)l C {Sn = Sn,1}. Therefore,

{80 # Suc} € (A € { max |B(s)| > L],

W lllCll lHlplleS t}la‘t
F ?é < .

But by the Doob submartingale inequality in Theorem 4.5.1,

1 1 /2t
P{ m <=-F = 4/ =
{a<ax |B(s)| > L} |B(t)]

Therefore, for any n > 1, we have

2t
g

1

Finally, observe that for any € > 0,

(7.2.9)
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{1Sn] >} € {|Sn,r] >} U{Sn # Sur}
which implies that
P{|Sn| > e} < P{|Sn,L| > €} + P{Sn # Sn.L}. (7.2.10)
Put Equation (7.2.9) into Equation (7.2.10) to get

1 /2t
P{ISul > e} < P{|Sucl > e} + 71/~

Choose a large number L so that %1/% < ¢/2. Then with this number L,

we have already proved that S, 1 converges to 0 in probability as ||A,| — 0.
Hence there exists ng > 1 such that P{|S, .| > e} < &/2 for all n > ny.
Therefore, P{|S,| > e} < e for all n > ng. This shows that S, converges to
0 in probability as ||A,| — 0. 0

Now we go back to consider Equation (7.1.4). Rewrite the summation in
this equation as

f//(Bti,—l + /\Z(Btz - Bti—l))(Bti, - Btzfl)z

Il

T,

=1

[
NE

(f”(Bti—l + )‘l(BM - Bti—l)) - f”(Bti—l))(Bti - Bt171)2

.
Il

_|_
M3 =

s
I
-

I Be ) ((Bi = Bi L)) = (1~ i)

F" (B, )(ti — ti).

+
v

Il
—

K2

Obviously, the last summation converges to fat f"(B(s)) ds almost surely. By
Lemmas 7.2.1 and 7.2.3, the other two summations in the right-hand side
converge to 0 in probability. Hence there exists a subsequence {7}, } of {1}
converging to fat f"(B(s)) ds almost surely as ||A,, || = 0. This completes the
proof of It6’s formula in Theorem 7.1.2.

7.3 Itd’s Formula Slightly Generalized

Let f(t,z) be a function of ¢ and . Put z = B(t) to get a stochastic process
f(t, B(t)). What can we say about this stochastic process? Note that ¢ appears
in two places, one as a variable of f and the other in the Brownian motion
B(t) in place of x. For the first ¢, we can apply the Leibniz—Newton calculus.
But for the second ¢ in B(t), we need to use the Itd calculus.
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of of

Suppose f(t,x) is continuous and has continuous partial derivatives %7, 5=,

and f . Then we can use the Taylor expansion to get

flt,2) = fs,0) = [f(t,2) = f(s,2)] + [f(s,2) — f(s,20)]

_ %(s +p(t—s), )t —s) + %(swo)(ﬂﬁ )
+ 18 g+ A — 20— (73

where 0 < p, A < 1. Then, similar to Equations (7.1.2) and (7.1.3),
F(tB) = fla,Ba) = 3 (. Bi) = f(tior, Bui_y)
i=1
=D 4> 4>, (7.3.2)
1 2 3

W2here Y1529, and Y, are the summations corresponding to %, %,
%, respectively, in Equation (7.3.1). By the continuity of %(t, x) and the
Brownian motion B(t), we have

Z Z 8t -1 +pt _tl 1) Bti—l)(ti _ti—l)

and

—>/ E(S,B(S))ds, almost surely,

as ||An|| = 0. On the other hand, we can easily modify the arguments in
Sections 7.1 and 7.2 to show that there exists a subsequence {A,, } of the
partitions {4, } such that

¢
Z _>/ ZJ(S,B(S)) dB(s), almost surely,
2 a 9T

t aZf
Z _>/ j(s,B(s))ds, almost surely,
- o Ox

as ||An, || = 0. Therefore, we have shown the following It6’s formula.

Theorem 7.3.1. Let f(t,z) be a continuous function with continuous partial
derivatives %{, gi, and g;; Then

6. B0)) = fa Ba) + [ G5B B

2
+/a (Yo BN + 30 s, Bsn) as. (733)
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We give some simple examples to illustrate how to use Equation (7.3.3).

Ezample 7.3.2. Consider the function f(t,x) = t2. Then %{ =22, %{: = 2tx,
and % = 2t. Hence by Equation (7.3.3),

tB(t)? = Q/Ot sB(s)dB(s) + (/Ot B(s)?ds + %ﬁ).

We can use conditional expectation to show that tB(t)? is a submartingale.
Hence this equality gives the Doob-Meyer decomposition of tB(t)2. It also
gives the evaluation of an It6 integral

' 1 2 1o 1/ 2
/OSB(s)dB(s)zﬁtB(t) _Zt —5/0 B(s)*ds.

Ezample 7.3.5. The stochastic process M (t) = B(t)? —t is a martingale. We
will use It6’s formula to find the compensator of M (t)2. Consider the function
f(t,z) = (2 — t)%. Then

OF _ o2 of _
ot 2a” —1), or
Use Equation (7.3.3) to get

2
dz(x® —t), % = 4(x% — t) + 822

M(t)? = (B(t)? —t)* = 4/0 B(s)(B(s)* — s)dB(s) + 4/0 B(s)?ds.

Notice that the first integral is a martingale and the second integral is an
increasing process. Hence by the Doob—Meyer decomposition theorem, the
compensator of M (t)? is given by

(M), = 4/0 B(s)? ds.

Ezxample 7.3.4. Let f(t,z) = e“®=3¢°t for a fixed constant ¢. Then

(L R () Of i),

Oz Ox?
By Equation (7.3.3), we have

t
ecB(t)—%c2t =14+ C/ ecB(s)—%c2s dB(S)
0

Hence M(t) = eB®=3"t is a martingale for any constant c. To find the
compensator of M(t)?, we can apply Equation (7.3.3) again to the function
f(t, ) = e2v=<*t {0 get
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t t
M(t)* =1+ 20/ 2eB(s)=c?s dB(s) + c? / e2eB(9)=c*s g
0 0

Therefore, the compensator of M (t)? is given by
t 2
(M) = 62/ S
0

Ezample 7.3.5. Let f(t,z) = e* ~t. Then we have

) d 0’
T ettt Lmwn), L= 20,

Apply Equation (7.3.3) to get
B(t)? ' B(s)? ' 2 _B(s)*—s
Bt = 1+2/ B(s)eB®) _sdB(s)+2/ B(s)%eB) =5 gs.
0 0

Note that the first integral of the equation is a local martingale by Theorem
5.5.2, while the second integral is an increasing stochastic process. This is
similar to the Doob—Meyer decomposition for submartingales.

7.4 Ito’s Formula in the General Form

Observe from Ité’s formula in Theorems 7.1.2 and 7.3.1 that f(B(t)) and
f(t,B(t)) contain two integrals, i.e., an It integral and a Riemann integral.
This leads to a very special class of stochastic processes to be defined below.
Let {F;;a < t < b} be a filtration specified as in Section 5.1. This filtration
will be fixed throughout the rest of this chapter. Recall that we have a class
L.a(£2, L?[a, b]) defined in Notation 5.1.1. Now we introduce another class.

Notation 7.4.1. For convenience, we will use L,4(§2, L*[a,b]) to denote the

space of all {F;}-adapted stochastic processes f(t) such that f; [f(t)|dt < o0
almost surely.

Definition 7.4.2. An It6 process is a stochastic process of the form

Xt:Xa—i—/tf(s)dB(s)—i—/tg(s)ds, a<t<b, (74.1)

where X, is Fo-measurable, f € Laq(2,L?[a,b]), and g € Laq(£2, L [a,b]).

A very useful and convenient shorthand for writing Equation (7.4.1) is the
following “stochastic differential”

dX, = f(t)dB(t) + g(t) dt. (7.4.2)
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It should be pointed out that the stochastic differential has no meaning by
itself since Brownian paths are nowhere differentiable. It is merely a symbolic
expression to mean the equality in Equation (7.4.1). Observe that once we have
the stochastic differential in Equation (7.4.2), we can immediately convert it
into the integral form in Equation (7.4.1).

The next theorem gives the general form of 1t6’s formula.

Theorem 7.4.3. Let X; be an It6 process given by

Xt:Xa—f—/tf(s)dB(s)—I—/tg(s)ds7 a<t<hb.

Suppose 0(t, ac) is a continuous function with continuous partial derivatives
%, %, nd g— Then 6(t, X) is also an Ité process and
L 00

0(t, Xy) = 0(a, X,) + —(s,X,)f(s)dB(s)

o Ox

t 2
+A[$@xg+$@x¢m>égﬁsxv@2@wmw

This theorem can be proved by modifying the arguments in Sections 7.1
and 7.2. The technical details and notation to carry out the complete proof
are rather complicated, but the essential ideas are exactly the same as those
in the proof for Theorem 7.1.2.

A good way to obtain Equation (7.4.3) is through the symbolic derivation
in terms of a stochastic differential by using the Taylor expansion to the first
order for dt and the second order for dX; and also the following table:

x | dB(t) dt
dBt)| dt 0
dt 0 0

1t6 Table (1)

Here is the symbolic derivation of Equation (7.4.3). First apply the Taylor
expansion to get

00 o0 1620
do(t, X,) = a5 (t, X¢)dt + — o (t, X¢)dX; + = 5 52 ——(t, Xy) (dXy)*
Then use the Itd6 Table (1) to get (dX;)? = f(t)? dt. Therefore,
Rl Rl 1620 ,,
dot, Xo) = 5 dt + 8—(f(t) dB(t) + g(t) dt) + oy rRlOR
a6 00 1620
= O pwanw + (2 + Lo+ 52 007 at.



104 7 The Itd6 Formula

Here, for simplicity, we have omitted the variables (¢, X;) from all partial
derivatives. Finally we convert this equation into Equation (7.4.3).

For computation we can always use this kind of symbolic derivation on
stochastic differentials to get the results. However, we need to emphasize that
this derivation is not a proof for It6’s formula. It just produces the correct
results and that is all.

Example 7.4.4. Let f € L,q(£2, L?[0,1]). Consider the It6 process

t 1 t
X; = /O f(s)dB(s) — 5/0 f(s)?ds, 0<t<1,

and the function f(z) = e”. Then dX; = f(t)dB(t) — 5f(t)*dt. Apply the
Taylor expansion and the It6 Table (1) to get

1
do(X,) = eXrdX, + 5eXt (dXy)?

— X (f(t) dB(t) — %f(t)zdt) + %eth(t)zdt
= f(t)eXt dB(t).

Therefore, we have

t 1 t t K] 1 E]
efo f(s)dB(s)—éfﬂ f(s)?ds _ 1 +/ f(s)efo f(uw)dB(u)—% fo F(w)? du dB(s).
0

Hence by Theorem 5.5.2, Y; = exp [fot f(s)dB(s) — %fot f(s)?ds] is a local
martingale. But when f(t) is a deterministic function in L?[0, 1], then Y; is a
martingale by Theorem 4.6.1.

Ezxample 7.4.5. Consider the Langevin equation
dXt = OtdB(t) — ﬁXt dt, XO = Zo, (744)

where o € R and # > 0. The quantity X; is the velocity at time ¢ of a free
particle that performs a Brownian motion that is different from B(¢) in the
equation. This “stochastic differential equation” is interpreted as the following
stochastic integral equation:

t
X =x0+ aB(t) —ﬁ/ X, ds.
0

We can use the iteration method and integration by parts to derive the solution
X, for each sample path of B(t). The computation is somewhat complicated.
But if we use It6’s formula, then it is very easy to derive the solution.
2
Let 0(t,z) = e¢’*x. Then % = Bell, % = et and % = 0. Hence by
1t6’s formula, we have
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d(eP'X,) = BePt X, dt + Pt dX (t)
= Be’ X, dt + €’ (adB(t) — X, dt)
= acltdB(t).

Then convert this stochastic differential into a stochastic integral,
t
PX, =X, +/ Pt dB(u), s<t.
S
Therefore, X; is given by

¢
X, =e P9 X, + a/ e PtV dB(u), s<t. (7.4.5)

S

In particular, when s = 0, we get the solution of the Langevin equation in
Equation (7.4.4):

¢
X, = e Py + a/ e P 4B (u). (7.4.6)
0

Definition 7.4.6. The solution X;, given by Equation (7.4.6), of the Langevin
equation (7.4.4) is called an Ornstein—Uhlenbeck process.

Theorem 7.4.7. Let X; be the Ornstein—Uhlenbeck process given by Equation
(7.4.6). Then we have the conditional probability

Yy
P[Xt <y | Xs = Z‘] = / G%(l_e_zﬁ(t_s))(e_B(t_s)l', ’U) dU, s <t, (747)

where G(m,v) = \/21?67%(1171%)2’ the Gaussian density function in v with

mean m and variance t. In particular, when s = 0 and © = xq, the random
2

variable Xy is Gaussian with mean xoe™?* and variance g—ﬁ(l — 7268t

Remark 7.4.8. By Equation (7.4.7), P[X; <y | X, = x| is a function of ¢ —s.

Hence for any s < ¢t and h > 0, we have

P[X; <y|Xs=2] = P[Xepn S y| Xoyn = ).

This shows that X; is a stationary process. Moreover, for any s > 0, we have
the following interesting limit:

Jim Gz 200009 (€777, 0) = Gaz /290, v),
where G2 /(24 (0, -) is the Gaussian density function with mean 0 and variance

a?/(26). It can be shown that the measure dp(v) = Gu2/(24)(0, v) dv is an
invariant measure for the Ornstein—Uhlenbeck process.
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Proof. Let s <t. Given Xy = z, we can use Equation (7.4.5) to get

¢
X, =e Pl 4 a/ e P4 dB(w).

S

Note that the integral in this equation is a Wiener integral, which is a Gaussian
random variable with mean 0 and variance

t o2
az/ e 2Pt—) gy — %(1 — 672’6(7578)).

Hence the random variable X;, given X, = z, is Gaussian with mean e=#(t=%)g
and variance (1 — e~2#(t=5)) /(23). This proves Equation (7.4.7). O

7.5 Multidimensional It6’s Formula

Let By(t), Ba(t), ..., Bmn(t) be m independent Brownian motions. Consider n
Itd processes Xt(l)7 Xt(z), . ,Xt(n) given by

) 4 mo g t
Xt(”:X}jMLZ/ fij(s)dBj(s)Jr/ gi(s)ds, 1<i<mn, (7.5.1)
j=17a a

where f;; € Laa($2,L%[a,b]) and g; € Laa(£2, L'[a,b]) for all 1 < i < n and
1 < j < m. If we introduce the matrices

By(t) X
B(t) = . , Xi= : )
B(t) xm
fll(t) T flm(t) g1 (t)
fOy = o, 9= |,
Srr (@) -+ fam(t) 9n(t)

then Equation (7.5.1) can be written as a matrix equation:

Xt:Xa—i—/tf(s)dB(s)—i—/tg(s)ds, a<t<hb.

We can extend Ito’s formula in Theorem 7.4.3 to the multidimensional
case. Suppose (¢, x1,...,x,) is a continuous function on [a,b] x R™ and has

: . . 20 90 926 -
continuous partial derivatives %, Bz and 2.0, for 1 < 4,7 < n. Then the

stochastic differential of 0(¢, Xt(l), e ,Xt(")) is given by
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Gl n = 0 n i
:E(t,Xt(l),...,Xt( ))dt+zaw_ LXMydx?
i—1 7
1« 0% ) " N
+5 Gx-é)x-(t’Xt( oL XMyaxPax ), (7.5.2)
=1t

where the product dXt(i)dXt(j ) should be computed using the following table:

x | dB;(t) dt

dB;(t) | 6ydt 0
dt 0 0

It6 Table (2)

The product dB;(t)dB,(t) = 0 for i # j is the symbolic expression of the
following fact. Let By (t) and Ba(t) be two independent Brownian motions and
let A, ={to,t1,...,tn1,tn} be a partition of [a,b]. Then

> (Bi(ti) — Bi(ti-1)) (Ba(ti) = Ba(tic1)) — 0

i=1
in L2(£2) as ||A,|| = maxi<;<n(t; — t;—1) tends to 0. The proof of this fact is
left as an exercise at the end of this chapter.

Ezxample 7.5.1. Consider the functlon O(z,y) = zy. We have 2 % =y, g—z =z,
8(12863; = 8?;281 =1, and ng = 8y2 = 0. Apply Equation (7.5.2) to this function
O(x,y) for two It6 processes X; and Y; to get
1 1
d(X:Y;) =Y dX, + X, dY; + idXtdYt + idYtht
=Y, dX; + X; dY; + dXdY;.
Therefore,
t t t
XY, =X, Y, +/ Y, dX; +/ X, dY, —I—/ dX,dYs. (7.5.3)

This equality is called the Ité product formula. If X; and Y; are given by
dX; = f(t)dB(t) + £(t) dt and dY; = g(t) dB(t) + n(t) dt, then the product
formula means the following equality:

Xvi=xav+ [ (F&)Y, + g(5)X.) dB(s)

+/at (g(s)Ys +1(s) X, + f(S)g(s)) ds.
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In particular, when & = n = 0, we have

XY, = XY, + / t (F(9)Y: +9()X, ) dB(s) + / ' F()g(s) ds.

This implies that the stochastic process

(/atf(s) dB(S)) (/atg(s) dB(s)) _ /at £()g(s) ds

is a local martingale for any f,g € L.q(£2, L?[a, b)]).

Ezample 7.5.2. Let X; = cos B(t) and Y; = sin B(t). The column vector V;
with components X; and Y; represents the position at time ¢ of an object
moving in the unit circle with angle governed by a Brownian motion. Apply
1t6’s formula to get

1 1
dX; = —sin B(t) dB(t) — 5 cos B(t)dt = =Y;dB(t) — §Xt dt,
1 1
dY; = cos B(t) dB(t) — 3 sin B(t)dt = X; dB(t) — EYt dt.

Therefore, the stochastic differential of V; satisfies the linear equation

0-1

th:L 0

] V, dB(t) - %Vt dt, Vo= m . (7.5.4)

The SDE in Equation (7.5.4) is interpreted to mean the corresponding SIE.

Ezample 7.5.3. Let X; = cos B(t), Y; = sin B(¢), and Z; = B(t). The column
vector V; with components X;, Y;, and Z; represents the position at time ¢ of
an object tracing a helix Brownian curve. Apply 1t6’s formula to get

dX; = —sin B(t) dB(t) — % cos B(t)dt = =Y; dB(t) — %Xt dt,
dY; = cos B(t) dB(t) — %sin B(t)dt = X; dB(t) — %Y{g dt,
dZ, = dB(t).
Therefore, the stochastic differential of V; satisfies the linear equation
dV, = (KVy +q) dB(t) + LV, dt, V= vo, (7.5.5)

where K, q, L, and vy are given by

0-10 0 -2 00 1
K=1100f, ¢g=1]0{|, L=] 0 =320, v= |0
000 1 0 00 0

The SDE in Equation (7.5.5) is interpreted to mean the corresponding SIE.



7.6 It6’s Formula for Martingales 109

Ezample 7.5.4. Take two independent Brownian motions By (t) and Ba(t). Let
X; = ePrWcos By(t), Yy = ePrWsin By(t), Z; = eP1(®). Then the column
vector V; with components X;, Y;, and Z; represents the position at time ¢ of
an object moving in the cone 22 = 22 + y2. Apply Itd’s formula to check that

dX; = X;dBy(t) — Yy dBa(t),
dY; =Y, dB(t) + Xy dBa(t),
dZy = Z; dB(t) + %Zt dt.
Hence the stochastic differential of V; satisfies the linear equation
dV; = KV, dBy(t) + CVy dBy(t) + LVi dt, Vo = vy, (7.5.6)

where K, C, L, and vy are given by

100 0-10 000 1
K=1]010|, C=|100|, L=[000|, v=|0
001 000 0043 1

Of course, the stochastic differential equation in Equation (7.5.6) should be
interpreted to mean the corresponding stochastic integral equation.

7.6 1tdo’s Formula for Martingales

Let M (t) be a right continuous martingale with left-hand limits such that
E(M(t)?) < oo for each t € [a,b]. We will explain informally how to derive
It&’s formula for M (t) without going into the technical details. Unlike the
Brownian motion case, the martingale M (t) may have jumps, which need to
be taken care of carefully. For example, the compensated Poisson process N (t)
given in Definition 6.2.2 is such a martingale.

Let F be a C%-function and let A, = {tg,t1,...,tn_1,t,} be a partition
of [a,t]. Then we have

FM(1) = F(M(a) = Y- (F(M (1) = F(M(t:-))). (7.6.1)

Below we will also use M, to denote the martingale M (t). Suppose M, is
continuous on [t;_1,t;) and discontinuous at t;. Hence M; has a jump at t;.
Use the Taylor approximation to get

F(Mtl) - F(Mti—l) = (F(Mtz) - F(Mtz*)) + (F(Mtz*) - F(Mti—l))
(F(Mtz) - F(Mtz*)) + [F/(Mti—l)(Mti* - Mti—l)

Q

1
S F (Mo ) (M- = My, )2 (7.6.2)
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Rewrite the term containing F’ as
F/(Mti—l)(Mti* - Mti—l) = F/(Mti—l){(Mti - Mti—l) - (Mti - Mti*)}

and put it into Equation (7.6.2). Then rearrange the terms for the summation
in Equation (7.6.1) to get

F(M(t)) - F(M(a))

~
~

F'(My, )My, =My, )+ 5y Ci+> Ji,  (763)

1 i=1 i=1

K2

where C; and J; are given by

C; = F”(Mti—l)(Mti_ - Mt171)27
Ji = F(Mtb) - F(Mti*) - F/(Mti—1>(Mti - Mti*)'

Now, for the first summation in Equation (7.6.3), we have
n t
> F'(My,_,)(My, = My,_,) *)/ F'(M,_)dM, (7.6.4)
i=1 @

in probability as [|A,,|| — 0. The last summation in Equation (7.6.3) gives the
jumps and

En: > (F(MS) — F(M,_) — F’(MS,)AMS) (7.6.5)
=1

a<s<t

in probability as ||A,| — 0. Here AMy = M(s) — M(s—) denotes the jump
of M at s.

As for the second summation in Equation (7.6.3), recall that we have
defined the quadratic variation process [M], of M(¢) in Equation (6.4.4).
Notice that in C; we have (M, — M, ,)* as opposed to (M, — M, ,)?
in Equation (6.4.4). Since we use the left-hand limit M, in C;, it is clear
that C; comes from the continuous part of [M];, which is defined by

(M) = [M], — [M]a— > A[M],, a<t<b, (7.6.6)

where A[M]; = [M]s — [M]s—, the jump of [M], at s. Therefore,
n t
> Ci— / F"(M,) d[M]¢ (7.6.7)
i=1 @

in probability as ||A,| — 0. Note that there is no need to use F"'(M,_) for
the integrand because the integrator d[M]¢ is continuous.

Summing up the above discussion, we have informally derived It6’s formula
for martingales in the next theorem.
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Theorem 7.6.1. Let M; be a right continuous, square integrable martingale
with left-hand limits. Suppose F is a C%-function. Then

Py = pon) + [ Pnan L [ au;
+ 3 (F(MS) ~F(M,_) - F’(Ms_)AMs), (7.6.8)

a<s<t

where [M|S is the continuous part of [M]s and AMy = My — M,_.

S

Ezample 7.6.2. Consider the compensated Poisson process N(t) defined in
Section 6.2. Let F(z) = x2. By Example 6.4.6 we have [N}, = A + N(t).
Since N(t) = N(t) — M, we have [N]; = N(t). Hence the continuous part of
[N]; is given by

[N); = [N = [N]la — Y A[N], = N(t) = N(a) = > AN(s).

a<s<t a<s<t

Note that >, .., AN(s) = N(t) — N(a), the total jumps on [a,?]. Hence

[N]¢ = 0. On the other hand, it is easily checked that
N(s)? = N(s—)?—2N(s—)AN(s) = (AN(s))? = AN(s) = AN(s).

This implies that

3 <N(s)2 — N(s—)% - zﬁ(s_)mv(s)) = 3 AN(s) = N(t) - N(a).

a<s<t a<s<t

Therefore, by Equation (7.6.8), we have
t
N(t)? = N(a)* + 2/ N(s—)dN(s)+ N(t) — N(a),

which gives the value of the stochastic integral

/at N(s—)dN(s) = %(ﬁm? — N(a)> = N(t) + N(a)).

Since N(t) = N(t) + At, this equation with ¢ = b is exactly the same as the
one in Equation (6.5.4).

Ezample 7.6.3. Consider the martingale N(t) and the function F(z) = 3.
We can compute the summation in Equation (7.6.8) as follows. First use the
identity b® —a® = (b—a)? +3ab(b—a) and the fact that (AN (s))? = AN(s) =
AN (s) to get the equality

N(s)®> — N(s—)* = AN(s) + 3N(s)N(s—) AN (s). (7.6.9)
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Next, we use the equalities (AN(s))2 = AN(s) = AN(s) and N(s—) =
N(s—) — As to show that

N(s)N(s—)AN(s) — N(s—)>AN(s) = N(s—)AN(s) — AsAN(s). (7.6.10)
It follows from Equations (7.6.9) and (7.6.10) that
N(s)®> — N(s—)* —3N(s—)2AN(s)
= AN(s) + 3N (s—)AN(s) — 3AsAN(s). (7.6.11)
Hence we have

3 (1\7(3)3 — N(s—)% - 3Kr(s—)2AN'(s))

0<s<t

= > AN(s)+3 > N s)—3X\ Y sAN(s). (7.6.12)

0<s<t 0<s<t 0<s<t
Now, the first summation is obviously given by
> AN(s) = N(t). (7.6.13)
0<s<t
For the second summation, we have

D> N(s=)AN(s) =1+2+3+---+ (N(t) - 1)

0<s<t

— w (7.6.14)

The third summation is in fact a Riemann—Stieltjes integral and we can apply
the integration by parts formula to see that

> sAN(s):/O sdN (s /N (7.6.15)

0<s<t

Put Equations (7.6.13), (7.6.14), and (7.6.15) into Equation (7.6.12) to get

3 (N(s)3 ~N(s—)® - 3N(s—>2Aﬁ(s))

~ 3Nz %N(t) _3MN(®) + 3 /OtN(s) ds

which is the summation in Equation (7.6.8) for F(z) = 3 and M, = N(s).
In the previous example we have already shown that [N]¢ = 0. Therefore, by
Itd’s formula in Equation (7.6.8),
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t ~ ~
/ N(s—)2dN(s)
0

- %N(t)?’ - %N(t)z + éN( ) 4+ AN (t / N(s
_ %]\7(12)3 - %N(tﬁ + éﬁ(t) + é)\t - )\/O N(s)ds

Thus we have derived the value of the stochastic integral f(f N(s—)2dN(s) in
terms of N(t) and the Riemann integrals of its sample paths.

Finally, we consider a continuous and square integrable martingale M;. In
this case, the summation term in Equation (7.6.8) drops out. Moreover, it is
a fact that [M]¢ = (M), the compensator of M?. Hence Theorem 7.6.1 yields
the next theorem.

Theorem 7.6.4. Let M, be a continuous, square integrable martingale and
let F(t,x) be a continuous function with continuous partial derivatives %—f,

9F and ZE. Then

toF

F(t,M;) = F(a, M,) + ) N

(s, M) ds
82
/a (s, M) aM, + 5 | az(sM)d<M>s.

The next theorem is the multidimensional It6’s formula for continuous and
square integrable martingales.

Theorem 7.6.5. Suppose My(t), ..., My (t) are continuous, square integrable
martingales. Let F(t,x1,...,2y) be a continuous function with continuous

partial derivatives %—f, %, and ax m for 1 <i,5 <n. Then

n

9*F
dF dt —dM d(M;, M;)s,
+ Z Z Nrrrs i

where (-, )¢ is the cross variation process defined by

(X V)= XY~ (X ¥)i).

Exercises

1. Let B(t) be a Brownian motion. Find all deterministic functions p(t) such
that eB("+2(1) is a martingale.
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Let g be a bounded measurable function and let A,, = {to,t1,...,tn—1,tn}
be a partition of [a,b]. Show that

> 9Bt ((B(t) = Bti1))? = (= ti1)) — 0

in L2(2) as ||A,|| = maxj<;<n(t; — t;—1) tends to 0.
Let f(t,z) = Hy(x;t), the Hermite polynomial of degree n.

(a) Use Equation (4.7.4) to show that % = —%%.

(b) Apply It6’s formula to the function f(¢,z) to show that M, (t) =
H,(B(t);t) is a martingale.

(c) Apply Itd’s formula again to the function f(¢,7)? to show that the
compensator of M, (t)? is given by (M,,); = n? fot H,_1(B(s);s)*ds.

Let B;(t) and Ba(t) be two independent Brownian motions and let A,, =
{to,t1,...,tn—1,tn} be a partition of [a,b]. Show that

Z (Bl(tz) — Bl(ti—l)) (Bg(tz) — Bg(ti_l)) — 0

i=1

in L2(2) as ||A,|| = maxi<;<n(t; — t;—1) tends to 0.

Let X; = cos B(t) — sin B(t) and Y; = sin B(¢) — cos B(t). Show that the
stochastic differential of the column vector V; with components X; and Y;
satisfies the linear equation

0-1

th:[1 0

} V, dB(f) — %tht, Vo = {11} .

Let X; = elcos B(t), Y; = e'sin B(t), Z; = €?'. The column vector V;
with components Xy, Y;, and Z; represents the position at time ¢ of an
object moving in the circular paraboloid z = z? + y2. Show that the
stochastic differential of V; satisfies the linear equation

0-10 100 1
dVy=110 0| V;dBt)+ |0%0|Vidt, Vo= 10
000 002 1

7. Use Itd’s formula to evaluate the stochastic integral fot N(s—)3dN(s).
8. Let Bi(t) and By(t) be two independent Brownian motions. Evaluate

<B1 —+ B2>t7 <Bl — B2>t, and <B1,B2>t.
Let X, = [ f(s)dB(s), Y = [l g(s)dB(s), f,g € L2 ([a,b] x £2). Show
that (X,Y), = [ f(s)g(s) ds.
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Applications of the Ité6 Formula

The It6 formula, like the chain rule in the Leibniz—Newton calculus, plays
a fundamental role in the Itd calculus. In this chapter we will give several
interesting applications of It6’s formula to some topics in stochastic analysis
such as evaluation of stochastic integrals, Doob—Meyer decomposition, the
Stratonovich integral, Lévy’s characterization theorem of Brownian motion,
Tanaka’s formula, and the Girsanov theorem.

8.1 Evaluation of Stochastic Integrals

The Fundamental Theorem of Leibniz—Newton Calculus states that if F'is an
antiderivative of a continuous function f on [a, ], then

b
/ f@)de = F(x) ' = F(b) — F(a).
a a
This theorem is used to compute the definite integral of f once we have an
antiderivative of f.

Do we have such a fundamental theorem in the It6 calculus? More precisely,
suppose g € Laa($2, L*[a,b]) (see Notation 5.1.1). Is there a formula that we
can use to compute the stochastic integral f; g(t)dB(t)? In general, there is
no such a formula. However, when ¢(¢) is of the form ¢(¢) = f(B(t)) for a
continuous function f with continuous derivative, then Itd’s formula is such
a formula. We state this fact as the next theorem, which is just another way
to write It6’s formula.

Theorem 8.1.1. Suppose F(t,x) is an antiderivative in x of a continuous
function f(t,x). Assume that %—f and % are continuous. Then

b b
/ f(t,B(t))dB(t):F(t,B(t))Kf/ (%—];(t,B(t))Jr%%(t,B(t))) dt.
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Observe that the integral in the right-hand side of the above equality is
a Riemann integral for each sample path of the Brownian motion B(t). On
the other hand, note that in order to use this theorem, we need to find an
antiderivative F'(t,z) of f(¢,z) in the = variable. Thus in this spirit, the above
form of It6’s formula is the fundamental theorem of the Itd calculus. When
the integrand f does not depend on ¢, the above equality becomes

b b 1 b
[ swanase =rwe)] -3 [ reowe @

We give several examples below to illustrate this technique of evaluating
stochastic integrals.

Ezample 8.1.2. To evaluate the stochastic integral fg B(s)eB®) dB(s), note
that the integrand is given by f(B(s)) with f(z) = 2e®. Hence

F(x):/xe“’dm:zezf/emdx:xe””fez+c,
f(x) = ze® + €*.

Therefore, by Equation (8.1.1),
t Lot
/ B(s)eB(s) dB(s) = (B(t) _ 1)eB(t) 41— 5/ (B(s) + l)eB(s) ds.
0 0

Ezample 8.1.3. The integrand of the stochastic integral fot m dB(s) is
given by f(B(s)) with f(z) = 1+r2 Hence F(x) and f’(x) are given by

1 2
F(:v)—/1+ —— dx = arctanz + C, f(z) = ﬁ

By Equation (8.1.1), we have

¢ 1 B ¢ B(s)
/0 mdB(s) = arctan B(t) +/O st.

Ezxample 8.1.4. Consider the stochastic integral fo 1+Bési)2 dB(s). Note that

the integrand is given by f(B(s)) with f(z) = 1357 and we have

ﬂ>—/md—1lu+2ww>f%>—1‘fz
v)= | T pde =gl x , T RNIETSIER

Then apply Equation (8.1.1) to find the value of the stochastic integral

L B(s) 1 1 (" 1-B(s)?
/OHB(S)QdB(s)Qlog(l+B(t)2)2/O mds
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Ezample 8.1.5. To evaluate the stochastic integral fot eB(S)’%SdB(s)7 note
that the integrand is given by f(s, B(s)) with f(¢,z) = e*~2*. Hence

., OF 1. 1, Of )
F t — x—5t Z- = x—5t ZJ xf—t.
( 730) € 2 ot 26 2, or € 2

Then by Theorem 8.1.1 we have

t
/ eBle)—3s dB(s) = eBW=3t _q,
0

8.2 Decomposition and Compensators

1t6’s formula can be applied to find the Doob—Meyer decomposition for certain
submartingales that are functions of a Brownian motion B(t). In particular,

we can find the compensator (M); of M? for My = f; f(s)dB(s)
Let f € L2;([a,b] x 2) (see Notation 4.3.1) and consider the stochastic
process M; defined by

Mt/tf(s)dB(s), a<t<hb. (8.2.1)

By Theorem 4.6.1, the stochastic process M; is a martingale. Let ¢ be a
C?-function. Then by Ito’s formula,

sO(Mt)=<p(0)+/ w’(Ms)f(S)dB(s)—l-%/ O (M) f(s)?ds.  (8.2.2)

Suppose further that ¢ is a convex function and Ef; |’ (M) f(t)|? dt < oo

Then ¢(M;) is a submartingale by the conditional Jensen’s inequality (see

Section 2.4) and the sum of the first two terms in the right-hand side of the

above equation is a martingale. Moreover, the last integral is an increasing

process since ¢”(x) > 0 by the convexity of ¢. Hence Equation (8.2.2) gives

the Doob-Meyer decomposition of the submartingale ¢(M;). In particular,
2. we have

when ¢(z) = 22,
M2_2/Mf dB(s /f

Hence the compensator of M? for M(t) in Equation (8.2.1) is given by
¢
M= [ pPds

d(M)e = f(t)*dt = (dMy)?, (M)q = 0. (8.2.3)

or equivalently,
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In general, suppose we start with a reasonably good function 6(t,z). We
can apply It6’s formula to 6(¢, B(t)) to get a martingale

M, = %(S,B(S)) dB(s).

Then Equation (8.2.3) can be used to find the compensator (M), of M?. We
give several examples below to show this method.

Ezample 8.2.1. Consider the martingale M; = B(t)? —t. There are three ways

to find the compensator of M?. The first way was done in Example 6.4.5. The

second way is to apply Itd’s formula to the function f(¢,z) = (2?—t)? in order

to find the Doob-Meyer decomposition of M2, which yields the compensator
of M?. This is somewhat complicated. The third way is to use the following
representation of M; as an It6 integral:

M;=B(t)? —t = 2/; B(s)dB(s), (8.2.4)

so that dM; = 2B(t) dB(t). Then by Equation (8.2.3),
d(M), = (dM;)? = 4B(t)* dt,

or equivalently in the integral form

¢
(M), = 4/ B(s)? ds,
0
which is the same as Equation (6.4.11). But the derivation here is easier due
to the use of Equation (8.2.3) and the representation in Equation (8.2.4).

Ezxample 8.2.2. By the last example, the stochastic process
t
K; = (B(t)* —t)* - 4/ B(s)?ds
0
is a martingale. In order to find the compensator of K2, let us first find the
representation of K; as an It6 integral. Apply It6’s formula to get
dK; = —2(B(t)? — t)dt + 2(B(t)* — t)2B(t) dB(t)
1
+3 [4(B(t)2 — 1)+ 8B(t)2} dt — 4B(t)? dt
= 4B(t)(B(t)* — t)dB(t).
Hence we have
d(K); = (dK;)* = 16 B(t)*(B(t)* — t)? dt,

which can be written in an integral form to get the compensator of K2:

(K) = 16/0 B(s)*(B(s)* — s)? ds.
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Example 8.2.3. Let M; be a continuous and square integrable martingale with
My = 0. Then Gy = M? — (M), is a martingale. In fact, we have

Gy = 2/MS dMs.
0
Therefore, the compensator (G); is given by
t
G)e=1 [ M2 aa)..
0
Hence the stochastic process H; defined by
t
Hy = (M7 = (M), ~ 4 | M2 an),
0

is a martingale. In fact, we can use Theorem 7.6.4 to carry out the same
computation as in the previous example to get

t
Hy = 4/ Mg(M2 — (M)s) dMs,.
0
Thus the compensator (H); is given by

(H): = 16/(: MZ(MZ — (M),)? d(M)s.

8.3 Stratonovich Integral

Consider a simple integral in the Leibniz—Newton calculus:

b
/ e”dr = e’ — e (8.3.1)

The corresponding equality in the It6 calculus is given by Equation (7.1.6)
with ¢ = b, namely,

b b
1
/ PO dB(t) = PO — PO — / P dt. (8.3.2)

Obviously, the difference between these two equalities is the extra term in
Equation (8.3.2). This extra term is a consequence of the nonzero quadratic
variation of the Brownian motion B(t). But it is also a consequence of how
an It6 integral is defined, namely, the evaluation points for the integrand are
the left endpoints of the intervals in a partition.

Recall the two limits in Equations (4.1.9) and (4.1.10) resulting from the
evaluation of the integrand at the right and left endpoints, respectively. If we



120 8 Applications of the It6 Formula

take the average of these two limits, then the extra term b—a disappears. Thus
the resulting integral will behave in the same way as in the Leibniz—Newton
calculus. This new integral was introduced by Stratonovich in [76].

Below we use 1t6’s idea to define Stratonovich integrals within the class of
It processes.

Definition 8.3.1. Let X; and Y; be Ité processes. The Stratonovich integral
of X with respect to Y; is defined by

b b 1 b
/ XtodY;:/ XtdYt+§/ (dX,)(dY3), (8.3.3)

or equivalently in the stochastic differential form
1

Suppose X; and Y; are given by

X, = X+/ s)dB(s /g a<t<b,

YtYaJr/tg(s)dB() /n(s)ds, a<t<hb,

where X, and Y, are F,-measurable, f,g € L.q({2,L?[a,b]), and &,n €
L.4(2,LYa,b]). Then we have (dX;)(dY;) = f(t)g(t)dt and so Equation
(8.3.3) means that

/ X, 0 dY; = / Xog(t) dB(t / (Xen(t) + S F(o0)) dr. (8:35)

Recall that X is a continuous stochastic process by Theorem 5.5.5. Hence
almost all of its sample paths are continuous functions. Therefore,

/ | X g(t)*dt < sup |X,|? |g( )|?dt < oo, almost surely.

a<s<b a

In addition, X;g(t) is adapted. Thus Xg € L.q(§2, L*[a, b]). Similarly,

b
|Xt77 )| dt < sup \X | [ In(t)|dt < oo, almost surely,

and th(t) is adapted. Hence Xn € L.q(92, L'[a,b]). Moreover, f(t)g(t) is
adapted and by the Schwarz inequality

1/2

INCIOE / b|f<t>|2dt} 1/2[ A O ai] < oo, almost surly

Hence fg € Laq(£2, L[a,b]). It follows from Equation (8.3.5) with b =t that
the stochastic process L; = fa X o0dY; is also an It process.
We summarize the above discussion as the next theorem.
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Theorem 8.3.2. If X; and Y; are It6 processes, then the stochastic process
t
L= [ X.eav., a<t<h

is also an Ité process.

This theorem implies that the collection of It6 processes is closed under
the operation of taking the Stratonovich integral of two Itd processes.

Ezample 8.3.3. To evaluate the integral f; eP® o dB(t), we use Itd’s formula:
1
B®) o dB(t) = B dB(t) + 5(deB“))(dB(t))
— (B L eBw L s
e dB(t) + 5 ¢ dB(t) + 5¢ dt )dB(t)

=ePWdB(t) + %eB(t) dt.

Therefore, we have

b b b
/ eBW o dB(t) = / eBO dB(t) + %/ eB® dt.

Then use Equation (8.3.2) to get

b
/ eB® o dB(t) = eB®) — B

a

which is the counterpart part of Equation (8.3.1) in the Itd calculus.

In general, consider a function F(¢,z). We can use Equation (8.3.4) and
1t6’s formula to get

oF
5 (1, B(1)) 0 dB(1)
oF oF
= S0, B) aB() + 5 (5 (1, BW) ) (@B()
oF 0*F O*F 10°F
= 580 + 5 (gt + G dBO) + 55 ar)ap()
oF 10%F
= %(t»B(t))dB( )+ §W(t B(t)) dt. (8.3.6)
On the other hand, by It6’s formula, we have
OF OF 10%F

dF(t, B(t) = 5 (¢, B(t)) dt + o (t, B(t)) dB(t) + 55— (¢, B(1)) dt.
Therefore, we have the equality

OF OF
S (6 B(1) 0 dB(t) = dF (t, B(t) — S (t. B(t)) d.

This equality is converted into an integral form in the next theorem.
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Theorem 8.3.4. Suppose F(t,x) is an antiderivative in x of a continuous
function f(t,x). Assume that %—f, %{, and % are continuous. Then

b b
/ f(t,B(t))odB(t):F(t,B(t))}b f/ %—f(t,B(t))dt.

a
In particular, when the function f does not depend on t, we have

b b
/ F(B(t)) 0 dB(t) = F(B(t))} . (8.3.7)
a a
This equation shows that the Stratonovich integral behaves like the integral
in the Leibniz—Newton calculus. Note that Equations (8.1.1) and (8.3.7) are
actually equivalent. Hence if we know the value of an It6 integral, then we
can use Equation (8.3.3) to evaluate the corresponding Stratonovich integral.
Conversely, we can use Theorem 8.3.4 to evaluate a given Stratonovich integral
and then use Equation (8.3.6) with F'(z) = f(z) to find the value of the
corresponding It6 integral, namely,

b b b
| e = [ iweyedse -5 [ e (639

Ezample 8.3.5. We want to evaluate the Ito integral f; sin B(t) dB(t) and the
Stratonovich integral f; sin B(t) o dB(t). Use Equation (8.3.7) to get

b b
/ sin B(t) o dB(t) = — cos B(t)} = —cos B(b) + cos B(a).

a

Then use Equation (8.3.8) to find

1

/bsinB(t) dB(t) = /bsinB(t) odB(t) — 3 /bcosB(t) dt

b
= —cos B(b) + cos B(a) — %/ cos B(t) dt.

a

Ezample 8.3.6. Use Equation (8.3.7) to obtain
t t
/ eB®) o dB(s) = GB(S)] =B
0 0 7

which can be written in stochastic differential form as de?*) = ¢B(*) o dB(t).
Hence X; = e2(®) is a solution of the equation

dXtZXtOdB(t), X():l

On the other hand, from Example 8.1.5 we see that Y; = eB®) =2 is a solution
of the equation
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dY, = Y, dB(t), Y =1. (8.3.9)

Note that EeB® = e3t. Thus V; = X;/EX;. The stochastic process Y;,
being defined as X; divided by its expectation, is often referred to as the
multiplicative renormalization of X;.

We have defined a Stratonovich integral in terms of an It6 integral in the
collection of It6 processes. It is natural to ask the following questions:

(1) Can a Stratonovich integral f: f(t)odB(t) be directly defined as the limit
of Riemann-like sums?

(2) What is the class of stochastic processes f(t) for which f; f(t)odB(t) is
defined?

For the second question, it is somewhat involved to state the answer, and
we refer to the book by Elworthy [14] and the original paper by Stratonovich
[76] for more information. The answer to the first question for an integrand
of the form f(t, B(t)) is given in the next theorem.

Theorem 8.3.7. Let f(t,x) be a continuous function with continuous partial

vatives 2L 9f %f
derivatives 5y, 55, and 5. Then

b
/ f(t,B(t)) o dB(t)

= lim Zf(t;‘,%(B(ti_l)qLB(ti)))(B(t,;)fB(ti_l)) (8.3.10)

|An]—0

n
. ti—1+t;
= lim (ff, 3(17)) B(t;) — B(t;_ 8.3.11

i (i B(E)) (B - Bee) s
in probability, where t;—1 < tF < t;, A, = {to,t1,...,tn-1,tn} s a partition
of the finite interval [a,b], and | A, | = maxi<;<, (t; — ti—1).
Proof. We only sketch the ideas of the proof. The arguments for a rigorous
proof are the same as those in Sections 7.1 and 7.2. For simplicity, we assume
that the function f does not depend on t¢. For the first limit, note that for
eachi=1,2,...,n,

(3Bt + B)) — £(BlE)] (B — Ble)
=~ %f’(B(flfl))(B(tl) — B(ti71)>2 ~

Therefore, summing up over i, we have

Z f(% (B(ti-1) + B(ti))> (B(t:) — B(ti1))

~ Z f(B(ti—1))(B(t;) — B(ti-1)) + % > F(B(tio1))(ti — tia).
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Note that the limit in probability of the right-hand side of this equation is
b 1 b
[ rmmaso+ [ 1w
which, by Equation (8.3.8), equals the Stratonovich integral f; f(B(t))odB(t).

Hence Equation (8.3.10) is proved.
For the limit in Equation (8.3.11), note that for each i =1,2,...,n,

[F(B(5EE)) - s8] (B - Bi)

~ FB) [B(PSEE) - Bl (B) - Bl 1))

= f'(B(ti-1)) [3(#) - B(tifl)}2
e [p(5) - ][ - ()
~ 3P (Bt (b~ i)

Then we can use the same arguments as those above for proving Equation
(8.3.10) to show that the limit in Equation (8.3.11) is the Stratonovich integral

1Y F(B(t)) 0 dB(1). O

8.4 Lévy’s Characterization Theorem

In Chapter 2 a Brownian motion is defined to be a stochastic process B(t)
satisfying conditions (1), (2), (3), and (4) in Definition 2.1.1. Obviously, the
probability measure P in the underlying probability space (2, F, P) plays a
crucial role in these conditions. To emphasize this fact, if necessary, we will
say that B(t) is a Brownian motion with respect to P.

Question 8.4.1. Given a stochastic process, how can we tell whether it is a
Brownian motion with respect to some probability measure?

Consider a simple example. Let B(t), 0 < t < 1, be a given Brownian
motion with respect to P. Is the stochastic process M; = B(t) —t,0 <t <1,
a Brownian motion with respect to some probability measure Q7

Define a function @ : F — [0, 00) by

Q(A):/eB(l)*%dP, Ae F. (8.4.1)
A

Let Ep denote the expectation with respect to P. We have EpeP() = e%,

which implies that Q(§2) = 1. Thus @ is a probability measure. We will show



8.4 Lévy’s Characterization Theorem 125

that the stochastic process M; = B(t) — ¢, 0 < ¢t < 1, is indeed a Brownian
motion with respect to Q. (In Section 8.9 we will show how to find Q.)

It is easily seen that Q(A) = 0 if and only if P(A) = 0. Hence @ and P
are equivalent. It follows that Q{w; My(w) = 0} = P{w; B(O,w) =0} =1
and Q{w; M;(w) is continuous in t} = P{w; B(t,w) is continuous in t} = 1.
Thus conditions (1) and (4) in Definition 2.1.1 are satisfied for M; with respect
to the probability measure Q.

Next we show that condition (2) in Definition 2.1.1 is satisfied for M,
with respect to Q). Let Eg denote the expectation with respect to @ and let
0 <s<t<1 Then for any A € R,

Eq PANM—M,) _ e—iA(t—s)EQ AB(1=B(s)) (8.4.2)

By the definition of @ in Equation (8.4.1) we have
Eq eMNBM-B() — g, (ei/\(B(t)—B(s))eB(l)—%)
= Ep(Ep [eiA(B(t)fB(s))eB(l)f% | 7))
= Ep (eM(B(t)*B(S))EP [63(1)7% | 7)), (84.3)

where F;, = 0{B(s);s < t} and Ep[-|F;] denotes the conditional expectation

given F; with respect to P. By Example 7.3.4, the stochastic process eBH—3t

is a martingale. Hence
Ep[ePM=3 | F] = P03, (8.4.4)
Put this equality into Equation (8.4.3) to get

Eq eNBO-B) = o=3tp, (((A+D(BO-BE) . (B(s)).

Note that the factors insidQe the parentheses are independent. Moreover, we
have Epec(Bt)=B(s)) = e3¢ (t=9) for s < t. Therefore,

Eo eNB()=B(s)) — e(—%xzﬂx)(t—s)_ (8.4.5)
It follows from Equations (8.4.2) and (8.4.5) that

Eq eIANMe—M.) _ 67%,\2(:575)

Therefore, the random variable M; — M is normally distributed with mean
0 and variance ¢ — s with respect to . This shows that condition (2) in
Definition 2.1.1 is satisfied for M; under the probability measure Q.

Now let 0 < t; < to < 1. Then for any A, Ao € R,

Eg e Mu+ida(Miy—Mey)

= emNitimida(ta—t) g (N B(t)+ida(B(t2)~B(t)), (8.4.6)
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We can use the same arguments as those in the above derivation of Equations
(8.4.3), (8.4.4), and (8.4.5) to show that

EQ ei)\lB(tl)Jri)\z(B(tz)*B(tl))
—e 32 Fp (e(i)\2+1)(B(t2)*B(t1)) . e(i/\1+1)3(t1))

e—%)\?tl—%)\g(tg—t1)+i)\1t1+i)\2(t2—t1). (847)

Then we put Equation (8.4.7) into Equation (8.4.6) to get

EQez‘)\lzwtﬁi,\Q(Mthtl) e~ BATt =5 A3 (ta—t1)
In general, we can repeat the above arguments inductively to show that for
any 0 <t <tg <---<t, <1,

Eo N Mey +ida (Mey =My )+ +idn (Me, =M, ;)
1324 12 _ .12 _
=€ 3 At =g A3 (t2—t1) 3 A0 (tn t"_l), VA17A27...7A” c R.

This equality implies that M;,, My, — My,, ..., My, — M, _, are independent
and normally distributed under Q. In particular, M; satisfies condition (3) in
Definition 2.1.1 with respect to . This completes the proof that the stochastic
process My = B(t) — t is a Brownian motion with respect to the probability
measure ) defined in Equation (8.4.1).

Obviously, the stochastic process M; = B(t) —t is not a Brownian motion
with respect to P since Ep(M;) = —t # 0. However, as shown above, M,
is indeed a Brownian motion with respect to Q). In general, the answer to
Question 8.4.1 is given by the next theorem. Recall that (M); denotes the
compensator of M? for a right continuous, square integrable martingale M;
with left-hand limits.

Theorem 8.4.2. (Lévy’s characterization theorem) A stochastic process M,
is a Brownian motion if and only if there exist a probability measure Q) and a
filtration {F¢} such that My is a continuous martingale with respect to {F;}
under Q, Q{My =0} =1, and (M); =t almost surely with respect to Q for
each t.

Remark 8.4.3. Recall that the compensated Poisson process N (t) = N (t)— At
is a martingale and (]\7 )+ = At. Hence the compensated Poisson process with
A = 1 satisfies all conditions in the above theorem except for the continuity.
Therefore, it is the continuity property that distinguishes a Brownian motion
from a compensated Poisson process with A = 1. We also mention that the
theorem remains valid when “martingale” is replaced by “local martingale.”
For the proof, see the book by Durrett [11].

Proof. The necessity part of this theorem is obvious. We prove the sufficiency
part. The underlying probability space is (§2, F, Q) with the filtration {F;}.
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By assumption, M, satisfies conditions (1) and (4) in Definition 2.1.1. Hence
we only need to verify conditions (2) and (3). Apply It6’s formula in Theorem

7.6.4 to the martingale M, and the function F(t,z) = e?*+33°t to get
1 1
dF(t, M;) = 5AZF(ﬁ, M) dt + i\F(t, M;) dM; — §A2F(t, M) d{M);

By assumption, d(M); = dt. Hence we have dF(t, M;) = i\F(t, M) dM;,

which can be written in the integral form as
; 14y2 t . 14y2
61,)\1\/It+§A t — 1 +'L)\/ eZ)\MS+§)\ SdMs.
0

Hence by Theorem 6.5.8, the stochastic process eIAMiF3NT g g martingale
with respect to @ and {F;}. Then for any 0 < s < ¢,

Eq [ei)\Mﬁ-%Vt ’fs] _ ei)\JVIS+%)\257 (8.4.8)
or equivalently,
Eg [ei’\(M*'_MS) .7:3] — ¢ 3N (=),
Upon taking the expectation in both sides we get
(8.4.9)

Eq eIMNMy—Ms) _ 6*%*2(“5), VAeR.

This equality shows that M; — M, s < t, is normally distributed with mean
0 and variance t — s under Q). Hence M, satisfies condition (2) in Definition

2.1.1 with respect to Q.
Next, suppose 0 < t; < to. For any A1, Ay € R,

Eg e Mu+idaMiy=Mi) — o (o [eiMMu+ida(Miu=Mu) | £, 1)
= Eg ('™ 2)Mu g [ M | 7, 1), (8.4.10)

But by Equation (8.4.8) with s =¢; and ¢ = 5, we have
My 350 —t), (8.4.11)

Bgle e | | -

Put Equation (8.4.11) into Equation (8.4.10) to get

F eiM My +ida (M, —Myy) e—%)@(m—tl)EQ eiM My
By Equation (8.4.9), Eg e 1Mu = e~ 3t Therefore, for all A1, Ay € R,
Eq eiM My +ida(Miy—Miy) _ o= 5ATt1—3A3(ta—t1)

In general, we can repeat the same arguments inductively to show that for

any 0 <t <to <---<t, <1,
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EQ ei)\lMtl +i)\2(Mt2*Mtl)+"'+’i)\n(Mtn*Mtn,1)
1324 12 — .12 —
=€ 3 At =g A3 (t2—t1) 3 A0 (tn tn_l), vA1,A27...7An c R.

It follows that the random variables My, , M;, — My,,..., M, — M,  , are

n

independent and normally distributed. In particular, M; satisfies condition
(3) in Definition 2.1.1 with respect to (. This completes the proof that M; is
a Brownian motion with respect to Q. ]

Ezample 8.4.4. Let B(t) be a Brownian motion with respect to P. Consider
the stochastic process

Xt:/o sgn(B(s)) dB(s). (8.4.12)

Obviously, P{X, =0} = 1 and X} is a continuous martingale with respect to
P and the filtration F; = 0{B(s);s < t}. Moreover, the compensator of X?
is given by

(X)) :/0 |sgn(B(s))|? ds :/0 lds =t.

Therefore, by Theorem 8.4.2, the stochastic process X; is a Brownian motion
with respect to the same probability measure P.

Ezample 8.4.5. Let (§2,F, P) be a probability space and let B(t), 0 <t <1,
be a Brownian motion with respect to P. Consider the stochastic process
M; = B(t) — ct, where c is a fixed constant. Define @ : F — [0, 00) by

Q(A):/ B3 gp Ae F. (8.4.13)
A

We have Ep eB1) = ¢3¢° Hence @ is a probability measure on ({2, F). Let
{F;0 <t <1} be a filtration given by F; = o{B(s);s < t}.
Note that @ and P are equivalent. Hence Q{My = 0} = P{B(0) =0} = 1.
To show that M, is a martingale with respect to @, first note that ecB()-z¢"t
is a martingale by Example 7.3.4. Thus for any A € F;,
/ M, dQ = Eq(1aM,) = Ep (14 MeP0 =3
A
= Ep(Ep[1aM;ecPM-3¢ | Fi])
=Fp (1AMtGCB(t)_%C2t)

:/MtecB“—%czth. (8.4.14)
A

Equation (8.4.14) implies that for any 0 < s <,

2

Eq[M | FJ] = M, <= Ep[MuePO 3| ] = MeeBe) -5,
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or equivalenztly, M; is a martingale with respect to @ if and only if X; =
1

MeB®) =3¢ is 3 martingale with respect to P. Apply Ito’s formula to X; to

find that

¢
X = / (1 + cB(s) — c?s)ecB —3¢%s dB(s),
0

which implies that X; is a martingale with respect to P. Therefore, M, is a
martingale with respect to ). Moreover, note that dM; = dB(t) — c¢dt. Hence
d(M); = (dM;)? = dt or (M); = t. Thus by Theorem 8.4.2 the stochastic
process M; = B(t) — ct is a Brownian motion with respect to the probability
measure ) defined in Equation (8.4.13).

8.5 Multidimensional Brownian Motions

In this section a Brownian motion on R will mean a stochastic process B(t)
satisfying conditions (2), (3), and (4) in Definition 2.1.1. If P{B(0) =z} =1,
then we say that B(t) is a Brownian motion starting at z.

By a Brownian motion on R™, we mean a stochastic process

B(t) = (B1(t), Ba(t), ..., Bu(t)),

where Bi(t), Ba(t), ..., By (t) are n independent Brownian motions on R. This
Brownian motion starts at a point z € R”.

Suppose f : R® — R is a C%-function. Then by Ité’s formula in Equation
(7.5.2), we have

+3 ) o (B0 B ()5 0

B0+ 33 S B0y

=1

0= 5o
-L e

where we have used It6 Table (2) in Section 7.5 to get dB;(t )dB (t) = d;; dt.

The Laplacian of f is defined to be the function Af =" | g { Hence

f(B(t)):f(l‘)-i-Z/ gxfi(B(s))dBi(s)—f—;/o Af(B(s))ds. (8.5.1)

In this section we will need the following fact about the transience of a
Brownian motion B(t) on R™. For the proof and more information, see page
100 of the book by Durrett [11].

Fact. Let n > 2. Then P{B(t) = 0 for some t > 0| B(0) = x} = 0 for any
x € R™
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This fact is related to the property of the corresponding Newton potential
function: lim,_,o p(x) = oo for n > 2. Here p(z) is defined by

| —log x|, if n=2;
PO =\ o a3,

Suppose B(t) starts at a point a # 0. Then Equation (8.5.1) holds for any
C?-function f on the domain R™ \ {0} for n > 2.

Now consider n = 3 and let f(x) = |z|~" = (23 +23+23) /2. The function
f(z) is a C?-function on the domain R3\ {0}. By direct computation, we can
easily check that

of z; 0% f 1 x? )
S AT 370 j=1,2,3.
or; - P a2 P O
Therefore,
1 2 1 ||
=S (-— 3—2> =3 +35L —o.
> EERNEE FERMPE

i=1

Then by Equation (8.5.1) we have

U 3 tL@ i(s
|B(t)| B |CL| ;/0 ‘B(S)|3 de( )

By the above fact, the integrand % is a continuous function of s almost

surely. This implies that the integrand belongs to Laq(£2, L*[0, ¢]) for any ¢ > 0.
Hence by Theorem 5.5.2, the stochastic process m is a local martingale.
We state this conclusion as the next theorem.

Theorem 8.5.1. Let B(t) be a Bmwnian motion on R? starting at a point
a # 0. Then the stochastic process TB@ (t)l t >0, is a local martingale.

Next, consider n > 2 and let B(t) be a Brownian motion on R" starting
at a point @ # 0. The function f(z) = |z| = (z? + 23+ --- +22)/? is a
C?-function on the domain R™ \ {0} with partial derivativeb given by

=2 5= =120
or;  Ja|" 922 o B T 70"

Therefore, we have

n 1 2

A1) = Y- (57~ 155) =37 = 12 = = Dy

B E I o [« ]

Then we can apply Equation (8.5.1) to the function f(x) to get
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Bl =l + Y [ e+ [ s (552

Now we make a crucial observation that we can take the limit as a — O.
For the summation term, taking the limit is justified since each integrand is
dominated by 1. For the last term, the justification is a little bit involved.
Suppose B(t) starts at 0. Then

B 1 ( 1 ) ettt gy,

Bt)]  Jrn /22 + - + 22 \V2nt

Then we use the polar coordinates z = ru with » > 0 and |u| = 1. The
Lebesgue measure becomes dz = "~ ! dr do, where o is the surface measure
on the unit sphere S"~! = {u € R"; |u| = 1}. Hence we get

1 1 1 \m _.2
Eerx = —(——=) e =" tdrdo
|B(t)| /;'71.71/0\ T (\/271'15)

1 n o0 2
=o(S"! / =265 dr. 8.5.3
o )(\/Tmf) ; " %e r ( )

Make a change of variables r = /2ty in order to evaluate the last integral,

o _9 _r* 1 n—1 o n-1_49 _
r"T e 2 dr = 7(\/2t) y 2 e Ydy
0

2 0

- 5(\/ﬂ)”’lr((n ~1)/2), (8.5.4)
where I' is the gamma function defined by
I'la) :/ e dr, a>0. (8.5.5)
0

On the other hand, the total surface measure o(S"~!) is known to be

sty = 2 (8.5.6)
Tn/2)

see, e.g., page 1427 of the the encyclopedia [42]. Put Equations (8.5.4) and
(8.5.6) into Equation (8.5.3) to get

1 _F((n—l)/Q)L
EIB(t)l T I(n/2) Vot (8.5.7)

where I'(m/2) for a positive integer m has the value:

F(@) = <% B 1)!’ if m is even;
2 (%‘1)(%—2)-%%\/%, if m is odd.
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From Equation (8.5.7), we see that the dependence of Eﬁ on t is given

by 1/4/2t for any dimension n > 2 (Observation: when n = 1, the equation
breaks down! cf. Section 8.6.)

Note that f(f 1/\/% ds = /2t < oo for any positive real number ¢. Hence
Equation (8.5.7) implies that fg |B(S)| ds < oo. This shows that the last

integral in Equation (8.5.2) is defined almost surely for a Brownian motion
B(t) starting at 0. Therefore, we can let a — 0 in Equation (8.5.2) to get

_ n tBi<5> (s L_l t; .
t)l_i_zl/o ‘B(S)|dBl( )+ 2 /0 ‘B(S)|da (8.5.8)

where B(¢) is a Brownian motion on R, n > 2, starting at 0. In the next
lemma we show that the summation term is indeed a Brownian motion.

Lemma 8.5.2. Let B(t) = (B1(t), Ba(t),...,Bn(t)) be a Brownian motion
on R™ n > 2, starting at 0. Then the stochastic process

_x [" Bi(s) (s
t);/o By “B) (8.5.9)

is a Brownian motion.

Proof. We will use Theorem 8.4.2 to show that W(¢) is a Brownian motion.
For this purpose, take @ to be the same probability measure P with respect
to which the B;(t)’s are Brownian motions and let {F;} be the filtration given
by F; = o{B;(s); s <t,1 <1i < n}. Since each integrand in Equation (8.5.9)
has absolute value less than or equal to 1 almost surely with respect to P,
the stochastic process W (t) is a continuous martingale with respect to {F;}
by Theorems 4.6.1 and 4.6.2.

Obviously, we have P{W(0) = 0} = 1. Moreover, the compensator of
W (t)? is given by

Z/ o= | o PZB as= [t

Thus by Theorem 8.4.2, W(t) is a Brownian motion. O

Now, by using the Brownian motion W(¢) in Equation (8.5.9), we can
rewrite Equation (8.5.8) as follows:

IB(t)| = W(t) + "T_l/o ‘Bis” ds. (8.5.10)

Definition 8.5.3. Let B(t) = (B1(t), Ba(t), ..., Bn(t)) be a Brownian motion
on R™, n > 2, starting at 0. The stochastic process

Lyp1(t) ()] = V/B1(t)2 + Ba(t)2 + - - + By (t)?

is called a Bessel process with index n — 1.
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From the above discussion, we have proved Equation (8.5.10), which can
be stated as the next theorem.

Theorem 8.5.4. The Bessel process L,,_1(t) with index n—1 is a solution of
the stochastic integral equation

X(t) = W(t) + ”; ! /Ot %S) ds, (8.5.11)

where W (t) is given by Equation (8.5.9).
Theorem 8.5.5. For each t > 0, the density function of L,_1(t) is given by

2

flx) =< ()" (n/2)
0, if <0,

p— 72 .
" le Z/Qt, if x > 0;

where I is the gamma function defined in Equation (8.5.5).
Proof. For x > 0, we have

P{L, 1(t) <x} = P{Bi(t)> +---+ B,(t)* < 2%}

1 n 2 2
_ —(r1+~~+zn)/2td )
/m§+---+m721<x2 (\/ 27Tt> c ;

Then we use polar coordinates as in the derivation of Equation (8.5.3) to
check that

1 \n (" ,
PALua(t) < 2} = o5 (=) [ oo

This equation together with Equation (8.5.6) gives the density function of the
random variable L,,_1(t) for t > 0. O

8.6 Tanaka’s Formula and Local Time

In applying It6’s formula to the function f(z) = |z| on R™ in the previous
section, we mentioned that Equation (8.5.7) breaks down when n = 1. In
fact, a one-dimensional Brownian motion B(t) is recurrent. Hence we cannot
apply It6’s formula to f(B(¢)) for the function f(z) = |z|, x € R. However,
we can modify the function f(x) = |z| a little bit so that Itd’s formula can
be applied to derive an interesting property of the one-dimensional Brownian
motion B(t).

Let a € R be a fixed real number in this section. For each £ > 0, define a
function f. on R by
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g .
|xfa|f§, if |z —al| > ¢
fe(z) = 1

%(x—a)2, if |x —a|] <e.

The first two derivatives of f. are given by

—_

ifx>a+e¢;
' 0, if |z —al| > ¢

M | =

- 7.f - < 5 !.’IJ = 1
(=) ifle—a<s L@=91 0 <.
-1, ifr<a-—ce, €

Note that the function f. is not a C?-function since f/(x) is discontinuous at
x = a £ . However, we can still apply [t6’s formula to the function f. due to
the following fact.

Fact. Let B(t) be a one-dimensional Brownian motion. Then for any real
number ¢, the set {t € R; B(t) = ¢} has Lebesgue measure 0 almost surely.

Therefore, we get the equality
FBO) = £.BO) + [ £B6) B + 5 [ 7B ds

=10+ [ B e 5 [ LB 6o

Obviously, lim._,o f-(B(t)) = |B(t) — a| almost surely, lim._,o f-(0) = |a|, and

" _1 t s))ds
/0 f1(B(s)) ds = / Laeease)(B(s)) ds.

e

Moreover, for each Brownian motion path B(-,w), we can apply the Lebesgue
dominated convergence theorem to see that

e—0

t
lim / | fL(B(s,w)) — sgn(B(s,w) — a)|2 ds = 0.
0
Therefore, we have
t

lim [ |f/(B(s)) —sgn(B(s) — a)|2 ds =0, almost surely.
0

Note that convergence almost surely implies convergence in probability and
that the stochastic process f.(B(-)) belongs to L2,([a,t] x £2). Hence by the
definition of general stochastic integrals in Section 5.3,

lim/O fL(B(s))dB(s) = /0 sgn(B(s) —a)dB(s), in probability.

e—0



8.6 Tanaka’s Formula and Local Time 135

Thus from Equation (8.6.1) we get the equality
t
B(O) — ol = lal + [ sen(B(s) - @) dB(s)
0

1
+ hm—/ La—c,a+e)(B(s)) ds. (8.6.2)
0

e—0 2¢
Note that the equality implies implicitly that the limit in probability exists.

Definition 8.6.1. The local time of a Brownian motion B(t) at a, up to and
including t, is defined to be the random variable

1t
L,(t)(w) = gl_r% %/0 Lia—c,a+e)(B(s,w))ds, in probability. (8.6.3)

Observe that

1 t

1
% La—c,ate)(B(s))ds = Q—Leb{s €[0,t]; B(s) € (a—¢e,a+¢)},
0 e

where Leb(+) denotes the Lebesgue measure. Hence we can interpret the local
time L,(t,w) as the amount of time a Brownian motion path B(-,w) spends
at a up to and including time ¢t. Thus L, (¢,w) is also given by

Lo(t)() = lm 2—1€Leb{s c0,1]; B(s,w) € (a—e,ate)}.  (864)

From Equation (8.6.2) we have the next theorem.

Theorem 8.6.2. (Tanaka’s formula) Let B(t) be a Brownian motion on the
real line starting at 0. Then for any a € R,

IB(t) —a| = |a| + /O sgn(B(s) — a) dB(s) + La(t). (8.6.5)

Note that B(t) — a is a martingale. Hence by the conditional Jensen’s
inequality, the stochastic process | B(t) — al is a submartingale. Thus Equation
(8.6.5) gives the Doob—Meyer decomposition of | B(t) — a|. Moreover, it is easy
to see that the stochastic process

M, = /0 sgn(B(s) — a) dB(s)

is a Brownian motion by the same arguments as those in Example 8.4.4.
We make some comments on Equation (8.6.3). It is a fact in the theory of
generalized functions that

.1
gl_}l’% 2761((L—E,a+6) = 50,7 (866)
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where d, is the Dirac delta function at a. This equation means that for any
continuous function f(z)

lim / e 1(a atey(®) dz = f(a),

e—0

which is true by the fundamental theorem of calculus. Hence the local time
L,(t) can be expressed as
t
1 = / 5u(B(s
0

The integrand d,(B(s)) is called the Donsker delta function. It is a generalized
function on an infinite-dimensional space. Although 0,(B(s)) is not a random
variable, its integral L,(¢) is a random variable. For more information, see the
book [56].

8.7 Exponential Processes

In this section we study exponential processes, which will play a crucial role
for the Girsanov theorem in Section 8.9.
Let h be a deterministic function in L?[0,T]. Then for any t € [0,T],

the Wiener integral fo s) dB(s) has a normal distribution with mean 0 and
variance 02 = fo 2 ds. Hence by elementary computation,
1 > “h(s)2d
FEe f () dB(s / e“e %2 dy = e3 Jo M) ds 8.7.1
\/ 2mo J— ( )

The multiplicative renormalization of ef M) dB() o defined by

ef h(s) dB(s)

Y; = _ f (s)dB( s)ffft h(s)zds.

Eef h(s)dB(s)
By Example 7.4.4, Y; has the representation

t
Yt:1+/ h(s)edo MBI =3[R du gy (8.7.2)
0

Observe that the integrand of the It6 integral in Equation (8.7.2) belongs
to the space LZ,([0,T] x £2). Hence by Theorem 4.6.1 the stochastic process
Y;, 0 <t <T,is a martingale.

For convenience, we introduce the following definition and notation.

Definition 8.7.1. The exponential process given by h € L,q(£2,L?[0,T]) is
defined to be the stochastic process

En(t) = exp [/Oth(s) dB(s) — ;/Oth(s)st], 0<t<T (8.7.3)
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By applying Itd’s formula, we see that d&(t) = h(t)Ex(t) dB(t). Hence
¢
En(t) =1 +/ h(s)En(s)dB(s), 0<t<T,
0
which shows that &, (t) is a local martingale by Theorem 5.5.2. This leads to

the following question.

Question 8.7.2. Let h € L,q(82, L*[0,T]). Is the exponential process given by
h a martingale with respect to the filtration F; = 0{B(s); 0 < s < t}?

The answer to this question is given by the next theorem.
Theorem 8.7.3. If h € Laq(£2, L?[0,T]) satisfies the condition that
E(&n(t)) =1, Vte]|0,T], (8.7.4)
then the exponential process En(t), 0 <t < T, given by h is a martingale.
Remark 8.7.4. Obviously, the converse is valid because
E(&y(t)) = E(E[En(t) | Fo]) = EEL(0)=E1=1, V0O<t<T.

In general, the condition in Equation (8.7.4) is very hard to verify. A stronger
condition, due to Novikov [64], is the following:

FEexp B /OT h(t)zdt] < oo. (8.7.5)

For more information, see the books by Elliott [13], Tkeda and Watanabe [30],
(Oksendal [66], and Protter [68].

Proof. If h(t) is a deterministic function in L2[0,7T], then Equation (8.7.4) is
satisfied in view of Equation (8.7.1). In this case, we have already shown that
En(t) (denoted by Y; above) is a martingale.

By assumption, dQ = &£, (T) dP defines a probability measure. Let @Q; be
the restriction of @ to F;. The condition in Equation (8.7.4) implies that
dQ: = En(t) dP (a fact that seems to be obvious, but the verification is rather
involved and hence omitted). Let s < ¢t and let Ep[-|F;] denote the conditional
expectation with respect to P. Then for any A € Fy,

[ Erlesw|F1ar = [ enwar = [ a0 =) (8.7.6)
A A A
On the other hand, we also have
/Eh(s) P - / 0, = O(A). (8.7.7)
A A

It follows from Equations (8.7.6) and (8.7.7) that Ep[&,(t)|Fs] = En(s). Thus
En(t), 0 <t <T,is amartingale. a
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Ezample 8.7.5. Let h(t) = sgn(B(t)). The corresponding exponential process
is given by

It is proved in Example 8.4.4 that X; = ft sgn(B(s)) dB(s) is a Brownian
motion. Hence

B(En(t)) = e 3 EeXt = e 3tedt =1, VO<t<T.

Thus the condition in Equation (8.7.4) is satisfied. By the above theorem,
& (t) is a martingale. On the other hand, since X is a Brownian motion, we
know from Equation (8.7.2) with h = 1 that &,(¢) = ¢¥*~ 2" is a martingale.

Ezample 8.7.6. Suppose h € L,q(£2,L?[0,T]) is L?>-bounded, i.e., there exists

a finite number C' > 0 such that fOT h(t)?dt < C almost surely. In general,
it is impossible to check whether h satisfies the condition in Equation (8.7.4)
by evaluating the expectation of & (t) directly. However, it is obvious that
h satisfies the Novikov condition in Equation (8.7.5). Hence the associated
stochastic process &,(t), 0 < ¢t < T, is a martingale. For example, when
h(t) = sin(B(t)), we get the martingale

En(t) = exp {/Ot sin(B(s)) dB(s) — ;/OtsiHQ(B(s))ds .

Ezample 8.7.7. Consider the stochastic process h(t) defined by

h) 0, ifo<t<i; 67.8)
| B(R), iti<e<t o

We have [ h(t)? dt = %B(%)Q Hence h is not L2-bounded in the sense of the
previous example. However, it satisfies the Novikov condition since

1 2 o0
el m®rdt _ ptn(3)" _ / 3 Lo o< o
IR

Therefore, we have the following martingale:

1 if

}, i

8.8 Transformation of Probability Measures

o
IN

t

)

exp [B(3)B() - 3(t+ 3)B(3)’

b

En(t) = (8.7.9)
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<
t <
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In this section we will give two examples to explain the background for the
Girsanov theorem in the next section.
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Example 8.8.1. Consider a random variable X having normal distribution
with mean p and variance 1. Suppose we want to find the value of E(X*?).
The first method is to compute the integral

© 1
B(X*) = / x4Te*<I*N>2/2 da. (8.8.1)
o T

The second method is to make a change of random variables. Let Y = X — .
Then Y is a standard normal random variable. Express X in terms of Y as

Xt= (Y + )t =Y+ 4uY3 +6p2Y? + 4°Y + pt. (8.8.2)
Hence we get
E(X*) = E(Y") +4uE(Y?) + 6> E(Y?) + 42 B(Y) + p*
=3+ 6p> + put (8.8.3)

Note that taking the expectation in Equation (8.8.2) corresponds to evaluating
the integral in Equation (8.8.1) by making a change of variables y = x — p.

Ezample 8.8.2. Let B(t) be a Brownian motion and consider the problem to
compute the expectation E(B(t):}eB(l)_%) for 0 < t < 1. The first method
to solve this problem is to express the random variable as the product of two
independent random variables,

E(B(t)BeB(l)_%) _ e_%E [(B(t)BeB(t)) (eB(l)—B(t))]
= 67%E(B(t)geB(t))E(eB(l)*B(t)), (8.8.4)
and then compute the expectations separately. The second method to solve

this problem is to use the probability measure @ defined by Equation (8.4.1).
Observe the following equality:

BB ) = [ Bapestap = [ BPdQ = Eo(BuP).
(] (2]

where Fg is the expectation with respect to the probability measure Q. It
was shown in Section 8.4 that M; = B(t) —t, 0 < t < 1, is a Brownian motion
with respect to the probability measure Q. Therefore,

E(B(t)’¢PW=%) = Eg(B(1)®) = Eq((M; +t)*)
= Eq(M} + 3tM}? + 3t> M, + t°)
=3t> + % (8.8.5)
In fact, we can further explore the ideas in Example 8.8.2 to find the

intrinsic relationship between the two methods. Let F; = o{B(s);s < t}.

Recall that the stochastic process eB®) =2 0 < ¢ < 1, is a martingale. Suppose
a(t) is a deterministic function. Then
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1

E
E
E

_/f(B(t)—a(t))eBW%th. (8.8.6)
2

The last integral can be evaluated by

/f ) — a(t)eP - 3tdp = / flz—a(t ))ex_’t\/%e_%”z dz.

Make a change of variables y = « — a(t) to obtain

1

/Z flz— a(t))e‘]“’*%t\/%6*5“"2 dx
:/oo Fly)eE—au= - a(t))zﬁe 5 gy
/f L (t—a(®) B~ % (t—a()? gp
Therefore, we get
/f (1))eBO-3t gp = /f et =) BO—F (t=a()? gp

(8.8.7)
It follows from Equations (8.8.6) and (8.8.7) that

/f (£))eBO-4 gp — /f o (t—a(®) B~ & (t—a()? gp

In particular, take a(t) =t to get

| s —nero-tap = [ g

Thus we have proved the next theorem.

Theorem 8.8.3. Let B(t), 0 < t < 1, be a Brownian motion with respect to
a probability measure P. Let Q be the probability measure dQ = eB( ~3 dP.
Then for any function f such that Ep|f(B(t))| < co, we have

/Qf(B( )~ 1) dQ = /f (8.8.8)

which can also be expressed as Eqf(B(t) —t) = Epf(B(t)).
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The formula in Equation (8.8.8) involves the transformation of probability
measures from P to Q. Take the function f(z) = ¢* with A € R to get

/ eMBN=D 4Q = / e gp = 8 YA ER.
n 0

This implies that B(t) — ¢ is normally distributed with mean 0 and variance
t with respect to the probability measure ). Actually, one can easily guess
that B(t) — t is a Brownian motion under ). This fact has also been shown
in Section 8.4 using Lévy’s characterization theorem of a Brownian motion.

8.9 Girsanov Theorem

Let (£2,F, P) be a fixed probability space and let B(t) be a Brownian motion
with respect to P. Recall from the previous section that B(t) —¢, 0 <t <1,
is a Brownian motion with respect to the probability measure Q) given by
dQ = eBW~=3 dP. This leads to the following question.

Question 8.9.1. Are there other stochastic processes ¢(t) such that B(t)—¢(t)
is a Brownian motion with respect to some probability measure?

We will show that if (t) = [} h(s)ds, 0 <t < T, with h € Loa(£2, L*[0,T))
satisfying the condition in Theorem 8.7.3, then W; = B(t) — o(t) is indeed
a Brownian motion with respect to the probability measure d@Q = &,(T') dP.
Here &}, is the exponential process given by h as defined by Equation (8.7.3).
The main idea in the proof of this important theorem, due to Girsanov [23], is
the transformation of probability measures described in the previous section
and Lévy’s characterization theorem of Brownian motion in Section 8.4.

In this section we will take the expectation and the conditional expectation
of a random variable with respect to several probability measures. Therefore,
we will use a subindex @} to denote the relevant quantities with respect to
the probability measure Q. For convenience, a martingale under @) (and with
respect to a fixed filtration) will be called a Q-martingale.

Lemma 8.9.2. Let § € L'(P) be nonnegative such that du = 0 dP defines a
probability measure. Then for any o-field G C F and X € L*(p), we have

Ep[X0|G]
E X |G| = ———=, p-almost surely.
Proof. First note that Ep|X6| = [,|X|0dP = [,|X|du < oo, so that the
conditional expectation Ep[X0|G] is defined. For any G € G, use condition
(2) in Definition 2.4.1 and the definition of y to get

/GEP[X9|Q] dP:/GXGdP:/GXd,u:/GEH[XW] dp.  (8.9.1)
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Moreover, write du = 6 dP and then use condition (2) in Definition 2.4.1 and
Property 4 of the conditional expectation in Section 2.4 to derive

/GEN[X|g]dM=/GEH[XMedP:/GEP{EH[X\g}ﬂg}dP
:/GEM[XM Ep[6]G]dP. (8.9.2)

Equations (8.9.1) and (8.9.2) imply the conclusion of the lemma. O

Now suppose h(t) is a stochastic process in L,q(£2, L?[0,T]) satisfying the
condition in Equation (8.7.4). Then by Theorem 8.7.3, the exponential process
En(t) is a P-martingale. Let @ be the probability measure on (2, F) given by
dQ = &,(T) dP, namely,

A) = /A En(T)dP, Ac F. (8.9.3)

Lemma 8.9.3. Assume that h € L,q(£2,L?[0,T)]) satisfies the condition in
Equation (8.7.4). Then an {F:}-adapted stochastic process X (t), 0 < ¢ < T,
is a Q-martingale if and only if X (t)&,(t) is a P-martingale.

Proof. First we make a loose remark on the integrability. As we mentioned
in the proof of Theorem 8.7.3, the restriction of Q) to F; is the probability
measure & (t) dP. This implies that X (¢)&,(T) is P-integrable if and only
if X(¢)&,(t) is P-integrable. Since dQ = &, (T)dP, this means that X (t)
is Q-integrable if and only if X (¢)&,(t) is P-integrable. This provides the
integrability below for taking the conditional expectation.

Suppose X (¢)&(t) is a P-martingale and let s < ¢. Apply Lemma 8.9.2
with p = Q and 6 = &,(T) to get

Ep[ OE(T) | Fs
Eplen(T)| Fs]

Since &, (t) is a P-martingale by Theorem 8.7.3, we have Ep[&En(T) | Fs] =
En(s). On the other hand, we can use Properties 4 and 5 of the conditional
expectation in Section 2.4 to show that

EQ[X(t) | Fs] = (8.9.4)

Ep[X(OE(T)| Fs] = Ep{Ep [X(0)En(T) | 7] [ 7}
= Ep{X(t)Ep[En(T) | Ft] | Fs}
= Ep{Xt)En(t)| s}
= X(s)&n(s).
Therefore, from Equation (8.9.4),

Bolx(0)] 7] = X2 — x),
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This shows that X (¢) is a @Q-martingale.
Conversely, suppose X (t) is a @-martingale and let s < ¢. Then as shown
above we have

Ep{X(t)&n(t)| Fs} = Ep[X(1)E(T) | Fs). (8.9.5)
Moreover, we use Lemma 8.9.2 to get
Ep[X(1EW(T) | Fo] = EQ[X (1) | ] - Bp[En(T) | ] = X(s)€n(s). (8.9.6)
Equations (8.9.5) and (8.9.6) show that X (¢)&(t) is a P-martingale. O
Now, for a stochastic process h(t) in the space L,q(£2, L?[0,T]), consider
the following translation of a Brownian motion:

W(t) = B(t) /Ot h(s)ds, 0<t<T. (8.9.7)

Theorem 8.9.4. (Girsanov theorem) Let h € L,q(£2,L?[0,T)) and assume
that Ep(En(t)) =1 for allt € [0,T]. Then the stochastic process

t
W (t) = B(t) —/ h(s)ds, 0<t<T,
0
is a Brownian motion with respect to the probability measure dQ = E,(T) dP

defined by Equation (8.9.3).

Proof. First note that the probability measures P and @ are equivalent. Hence
Q{W(0) =0} =1 and W (¢t) is a continuous stochastic process. Let {F;} be
the filtration given by F; = 0{B(s); 0<s<t},0<t < T.

First apply It6’s formula to check that

d&n(t) = h(t)En(t) dB(t). (8.9.8)
Then apply the Ité product formula in Equation (7.5.3) to get
d{W (t)En(t) }
= {dW(t) }En(t) + W(){dEn(t)} + {dW (t) }{dEn(t)}
= {dB(t) — h(t) dt}E,(t) + W (t)h(t)En(t) dB(t) + h(t)Ex(t) dt
= {1+ h(t)W(t)}En(t) dB(2),

or, in the stochastic integral form,
t
W (t)Er(t) = / {1 + h(s)W(s)}Eh(s) dB(s). (8.9.9)
0

Therefore, by Theorem 5.5.2, the stochastic process W (t)E,(t), 0 <t < T, is
a local P-martingale. It turns out that W (¢)&(¢) is indeed a P-martingale (a
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fact that can be easily verified when h(t) is a deterministic function in L?[0, T,
but whose proof in the general case is very involved). Hence by Lemma 8.9.3,
W (t) is a Q-martingale.

Next, replace W (t) by W (t)? —t and repeat the same arguments as those
in the derivation of Equation (8.9.9) to show that

(W(t)? —t)En(t) = /Ot {2W (t) + (W (t)* — t) }En(s) dB(s). (8.9.10)

Hence (W(t)2 — t) En(t) is a P-martingale by the same reason as above for the
stochastic process W ()& (t). Then use Lemma 8.9.3 to see that W ()2 — ¢
is a Q-martingale. It follows that the Doob-Meyer decomposition of W (t)? is
given by

W(t)? = (W(t)* —t) +t,

which implies that (W); = ¢ almost surely under the probability measure @
for each t. Hence by Lévy’s characterization theorem (Theorem 8.4.2), W (t)
is a Brownian motion with respect to Q. ]

Corollary 8.9.5. Under the same assumption of Theorem 8.9.4, the following
equality holds for any measurable function f such that Ep|f(B(t))| < oo:

/f(B(t)ffoth(s)ds) dQ:/ f(B(t)) dP. (8.9.11)
2 2

Ezample 8.9.6. Let h(t) be a deterministic function in L?[0,7]. As pointed
out in the beginning of the proof of Theorem 8.7.3, h satisfies the condition
in the Girsanov theorem. Hence the stochastic process

t
W(t) = B(t) —/ h(s)ds, 0<t<T,
0
is a Brownian motion with respect to the probability measure @ given by
T T
dQ _ efo h(s)dB(s)—% fo h(s)?ds dP.

The probability measure @ is the translation of P by the function h. In this
case, the equality in Equation (8.9.11) is called the Cameron and Martin
formula [4] for the translation of Wiener measure.

Ezample 8.9.7. Consider h(t) = sgn(B(t)). As shown in Example 8.7.6, the
function h satisfies the condition in the Girsanov theorem. Therefore, the
stochastic process

W(t) = B(t) - /Ot sen(B(s) dB(s), 0<t<T,

is a Brownian motion with respect to the probability measure @ given by

T
dQ = eJo =B dBE-3T jp
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Ezample 8.9.8. Let h(t) be the stochastic process given by Equation (8.7.8).
As shown in Example 8.7.7, h satisfies the condition in the Girsanov theorem.
Hence the stochastic process

. B(t), if0<t<1/2
(t) = B(t) - (t—1/2)B(1/2), if1/2<t <1,

is a Brownian motion with respect to the probability measure @) given by

dQ — e1?;(1/2)13(1)—513(1/2)2/4 AP,

Exercises

1. Evaluate the stochastic integral fg arctan B(s) dB(s).
2. Let M; = fot sgn(B(s)) dB(s).
(a) Show that the compensator of M? is given by (M), = t.

(b) Show that L; = M2 —t is a martingale without using the Doob—Meyer
decomposition theorem.

(c) Find the compensator of L2.

3. Let X(¢) and Y (¢) be two Itd processes. Prove the following equality for
the Stratonovich integral:

n

X ()
X(t)odY (t —YtifYti_ ,
[ x = dm 3 (Y (t) ~ Y (tin)
in probability, where A,, = {to,1,...,tn—1,tn} is a partition of [a, b].
4. Suppose X1, ..., X, are random variables such that for all A\y,..., A\, € R,

iAp+ A pn)— (Aol + 422 02)

7

Eei(AleJr"'Jr)\an) —e

where 1; € Rand o; > 0 for j = 1,...,n. Prove that the random variables
Xi,..., X, are independent and normally distributed.

5. Check whether X (¢ fo sgn(B(s) — s) dB(s) is a Brownian motion.
6. Use Example 8.4.5 to compute E(B(t)*e?()) for 0 < ¢ < 1. On the other

hand, compute this expectation directly from the definition of a Brownian
motion. Moreover, compute E(B(t)4eB(1)) for t > 1.

7. Consider the local time L, (t) defined by Equation (8.6.3).
(a) Find the expectation EL,(t).
(b) Check that lima_)OO (La(t) + |a]) =limg— oo (La(t) + |a]) = 1.
(c) Show that E[La(t) | Fs] > |B(s)| — |a| — [; sen(B(u) — a) dB(u) for
any s < t. Here F; —O’{B( );0 <u < s}
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8.

10.

11.

12.

13.

14.

15.

8 Applications of the It6 Formula

Prove that if h satisfies the Novikov condition, then h belongs to the space
L2, (la,b] x £2).

Verify that the value of the integral in Equation (8.8.1) coincides with
that of Equation (8.8.3).

Verify without using Theorem 8.7.3 that the exponential process given by
Equation (8.7.9) is a martingale.

Verify that the value of the right-hand side of Equation (8.8.4) coincides
with that of Equation (8.8.5).

Let h(t) be a deterministic function in L?[0, T).

(a) Show that the stochastic process W (t)E(t) in Equation (8.9.9) is a
P-martingale.

(b) Show that the stochastic process (W ()% —t)&x(t) in Equation (8.9.10)
is a P-martingale.

Let B(t) be a Brownian motion with respect to a probability measure P.
Find the density function of B ( %) with respect to the probability measure
dQ = eBM—3 4p.

Let B(t) be a Brownian motion with respect to a probability measure P.

Find a probability measure with respect to which the stochastic process
W(t) = B(t)+t—1t3,0<t<2,is a Brownian motion.

Let B(t) be a Brownian motion with respect to a probability measure P.
Find a probability measure with respect to which the stochastic process
W(t) = B(t) + [, min{1, B(s)} ds, 0 < t < 3, is a Brownian motion.
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Multiple Wiener—Ito Integrals

In 1938, N. Wiener introduced polynomial and homogeneous chaos in his study
of statistical mechanics. He defined polynomial chaos as sums of finitely many
multiple integrals with respect to a Brownian motion. The polynomial chaoses
of different orders are not orthogonal. On the other hand, the homogeneous
chaoses (which are defined in terms of polynomial chaos) of different orders
are orthogonal. However, Wiener did not directly define homogeneous chaos
as integrals. In 1951, K. It introduced new multiple integrals that turn out
to be exactly homogeneous chaos. The new integrals are nowadays referred to
as multiple Wiener-It6 integrals. They are related to the stochastic integral
that K. It6 introduced in 1944. We will follow the original idea of K. It6 to
define multiple Wiener—It6 integrals. Two important theorems in this chapter
are the Wiener—Ito6 theorem and the martingale representation theorem for
square integrable Brownian martingales.

9.1 A Simple Example

Let B(t) be a Brownian motion. The Wiener integral I(f) = fb f(t)dB(t) is

a
defined in Section 2.3 for deterministic functions f in L*[a,b]. The random

variable I(f) is normally distributed with mean 0 and variance f: f(t)?dt. The
mapping I : L%[a,b] — L?*(§2) is an isometry. In view of Riemann integrals
and double integrals one studies in calculus, we ask the following question.

Question 9.1.1. How can we define a double integral f;fab f(t,s)dB(t)dB(s)
for a deterministic function f(¢,s)?

(a) Wiener’s Idea

The process to define the integral consists of two steps. The first step is to
define the integral for step functions. The second step is to approximate an
L?([a, b]?) function by step functions and take the limit of the corresponding
integrals. Suppose f is a step function given by
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n m
= E : § : ti—1,ti)X[s5-1,85)>
i=1 j=1

where {a = to,t1,...,tn—1,tn = b} and {a = s0,51,...,8m—1,8m = b} are
partitions of [a, b]. Then deﬁne the double Wiener integral of f by

// f(t,s)dB(t)dB(s Za” — B(ti—1))(B(sj) — B(sj-1)).

Consider a simple example, f = 19 1)x[0,1]- Obviously, we have

W)/O/O L dB(t)dB(s) = B(1)2. (9.1.1)

The double Wiener integral has the separation property, namely,

b b b b
w) / / F(t)g(s) dB(H)dB(s) = / £(t) dB(1) / o(s)dB(s),  (9.12)

where the integrals in the right-hand side of the equation are Wiener integrals
defined in Section 2.3. In general, the expectation of a double Wiener integral
is nonzero. For example, the one in Equation (9.1.1), being equal to B(1)?,
has expectation 1. Thus a double Wiener integral may not be orthogonal to
constant functions.

(b) Itd’s Idea

There are also two steps in defining a double Wiener—It6 integral. The first
step is to define the integral for “off-diagonal step functions.” The second step
is to approximate an L?([a, b]?) function by “off-diagonal step functions” and
take the limit of the corresponding integrals.

To motivate the notion of an “off-diagonal step function” and its necessity,
consider the example of defining the double integral fol fol 1dB(t)dB(s).

Let A,, = {to,t1,...,ts} be a partition of the interval [0, 1]. If we take the
partition of the unit square [0,1)?,

n

0,1)? = | [ti1.t) x [tj-1.85), (9.1.3)

i,j=1
then we get the following Riemann sum for the integrand f = 1:

n n 2
Z(B(ti) — B(t¢71)) (B(tj) — B(tj71)) :[Z (B(ti) — B(ti71)> 23(1)27
i,j=1 i=1

which is the value of the double Wiener integral in Equation (9.1.1).
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Here is the crucial idea of K. It6 in the paper [34]. Remove the diagonal
squares from [0,1)? in Equation (9.1.3),

n

0,12\ Jlts1,8)% = i1, t:) x [t-1,85)- (9.1.4)

i=1 i£j
Then use the remaining squares in the right-hand side of this equation to form
the sum from the increments of the Brownian motion,

Sn =3 (B(t:) = B(t:i1)) (B(t;) — B(t;-1)). (9.1.5)
i#]

Obviously, we have

Sn= 2 (Blts) = B(ti1) (B(ty) = B(tj-1)) = > (B(t:) - B(t;-1))”

n

= B(1)2 =Y (B(t:) - B(ti-1))".

i=1

Notice that the limit of the last summation is the quadratic variation of the
Brownian motion B(t) on the interval [0, 1] and equals 1. Hence

lim S, =B(1)> -1, in L*(). (9.1.6)
| An]|—0

The limit is defined to be the double Wiener—It6 integral of f =1,

/1/1 1dB(t)dB(s) = B(1)* -1, (9.1.7)
0J0

which is different from the value in Equation (9.1.1). Can this double integral
be written as an iterated integral? We can try to write

/Ol/olldB(t)dB(s):/ol {/OlldB(s)} dB(t)Z/OlB(l)dB(t).

But the last integral fol B(1)dB(t) is not defined as an It6 integral since the
integrand B(1) is not adapted with respect to the filtration {F;;0 <t < 1},
where F; = 0{B(s);0 < s < t}. We can try another way to write

/01/01 1dB(t)dB(s) = 2//09%1 1dB(t)dB(s)
- 2/01 UotMB(s)] dB(t)

_ 2/0 B(t) dB(#)
= 3(1)2 _

L,
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which is the double Wiener-It6 integral in Equation (9.1.7).

In order to find out how in general double Wiener—Ito integrals should be
defined, let us examine more closely the sum in Equation (9.1.5). It is the
double integral of the following “off-diagonal step function”

fn= Zl[tiflvti)x[ti—l,ti)' (9.1.8)
i#j

Observe that as [|A,] — 0,

n

1 p1
/ 1= fult )P deds = St — ti1)* < | Al| = 0. (9.1.9)
0J0

i=1

Hence the function f =1 is approximated by a sequence {f,} of “off-diagonal
step functions” that are supported by squares off the diagonal line. This is
the crucial idea for multiple Wiener—It6 integrals. We will start with double
Wiener—Ito integrals in the next section.

9.2 Double Wiener—Ito Integrals

The object in this section is to define the double Wiener—It6 integral

b pb
/ / f(t.s)dB(®)dB(s), [ € L3(ja,b]2).

This will be done in two steps as in the case of Wiener integrals in Section
2.3. However, there is the new crucial notion of “off-diagonal step functions”
mentioned at the end of the previous section.

Let D = {(t,s) € [a,b]?;t = s} denote the diagonal of the square [a, b]>.
By a rectangle in this section we will mean a subset of [a,b]? of the form
[tl,tg) X [51, 52).

Step 1. Off-diagonal step functions

Definition 9.2.1. An off-diagonal step function on the square [a, b]? is defined
to be a function of the form

f = Zaijl[tifl,ti)x[tj—l,tj)’ (921)
oy
where a =ty <t <tg < -+ <tp_1 <t,=>b.
Note that an off-diagonal step function vanishes on the diagonal D. Hence
the function f = 1 on [a,b]? is not an off-diagonal step function. If A =

[t1,t2) X [s1,82) is a rectangle disjoint from the diagonal D, then 14 can be
written in the form of Equation (9.2.1) by taking the set {¢1,t2, 51,52} as
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the partition points of [a,b]. Hence 14 is an off-diagonal step function. More
generally, suppose Aq, Ao, ..., A, are rectangles disjoint from the diagonal D.
Then the function f = Y7 a;14, is an off-diagonal step function for any
ai,as,...,a, € R. This fact implies that if f and g are off-diagonal step
functions, then af + bg is an off-diagonal step function for any a,b € R. Hence
the set of off-diagonal step functions is a vector space.

For an off-diagonal step function f given by Equation (9.2.1), define

=Y ai;(B(t:) — B(ti-1)) (B(t;) — B(t;-1))- (9.2.2)

i#]
Note that the representation of an off-diagonal step function f by Equation
(9.2.1) is not unique. But it is easily seen that Is(f) is uniquely defined.
Moreover, I is linear, i.e., Iy(af + bg) = alz(f) 4+ bIz(g) for any off-diagonal

step functions f and g and a,b € R.
The symmetrization f (t,s) of a function f(¢,s) is defined by

L ts) + Fs.1)).

fts) =3

Obviously, f is a symmetric function. If f is a symmetric function, then f f
In general, || f || < |If |I- The strict inequality can happen. For example, for the
function f(t,s) =t on [0,1]2, we have f (¢,s) = 1(t+s) and

1,1 1,1
2 _ 2 71 e iy 2 77
117 = [ [ feopaeas =3 17 = [ [ F?aeas =

Notice that the symmetrization operation is linear, i.e., (af+bg)” = a]?—i— bg. If
f is an off-diagonal step function, then f is also an off-diagonal step function.

Lemma 9.2.2. Let f be an off-diagonal step function. Then I5(f) = Ig(f).
Proof. Since I and the symmetrization operation are linear, it suffices to
prove the lemma for the case f = 1p, ¢,)x[s;,s,) With [t1,t2) N [s1,52) = (). The
symmetrization fof f is given by
~ 1
F = 5 (Ut t2)x[s1,52) T Ls,s0) x[t1,22)) -
2
Hence by the definition of I3 in Equation (9.2.2),
Iz(f) = (B(t2) - B(tl)) (B(s2) — B(Sl)),
= *{( t1)) (B(s2) — B(s1))
+(B( 2) — (1)( ( 2) — B(t1)) }
= (B(t2) — B(t1)) (B(s2) — B(s1))-

Therefore, Io(f) = Ig(f) and the lemma is proved. O

)
(
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Lemma 9.2.3. If f is an off-diagonal step function, then E[I2(f)] =0 and

= Q/Gb/abf(t,S)thds- (9.2.3)

Proof. Suppose f is represented by Equation (9.2.1). Then I5(f) is given by
Equation (9.2.2). Since the intervals [t;_1,t;) and [t;_1,t;) are disjoint when
i # j, the expectation of each term in the summation of Equation (9.2.2) is
zero. Hence E[I(f)] = 0.

To prove Equation (9.2.3), first assume that f is symmetric. In this case,
a;j = a;; for all i # j. For convenience, let & = B(t;) — B(t;—1). Then

=D ai&iby =2) aykiE;.
i#] i<j
Therefore, we have
=437 Y aiap B6& ) (9.2.4)
i<j p<q

Let i < j be fixed. By observing the position of intervals, we can easily see
the following implications:

pFi = E(§&68) =0 Yq>p,
q#j = E(&&58) =0 Yp<gq.

Hence for fixed ¢ < j, the summation over p < ¢ in Equation (9.2.4) reduces
to only one term given by p = ¢ and ¢ = j. Therefore,

=4 e} EEE)

1<j

—42(1” — b 1 t tj,1>
1<J

=23 al(ti —ti1)(t; —tj—1)
1#]

:2/ab/abf(t,s)2dtds.

Finally, for any off-diagonal step function f, we have Iy(f) = Iz(f) by Lemma
9.2.2. Hence

E[L(f)%] = _2// (t,5) dtds,

which proves Equation (9.2.3). O
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Step 2. Approzimation by off-diagonal step functions

Recall that || f|| denotes the L2-norm of a function f defined on the square
[a,b]?, ie., ||f]|? = f f f(t,s)%dtds. By Lemma 9.2.3, E[L(f)?] =2||f||? for
any off-diagonal step function f. But ||f]| < ||f||. Hence E[L(f)?*] < 2|fI?
for all off-diagonal step functions. This inequality shows that we can extend
the mapping I to L?([a, b]?) provided that each function in L?([a,b]?) can be
approximated by a sequence of off-diagonal step functions.

Suppose f is a function in L?([a, b]?). Let Ds denote the set of points in
[a,b]? having a distance < § from the diagonal D. For a given € > 0, we can
choose § > 0 small enough such that

/D F(t,s)2dtds < g (9.2.5)

On the other hand, let D§ = [a,b]? \ Ds and consider the restriction of f to
Ds. A fact from measure theory says that there exists a function ¢ of the form
¢ = Z?:l a;14, with rectangles A; C D§ for all 1 <¢ < n such that

// f(t,s) — o(t,s)|* dtds < 5 (9.2.6)

We can sum up the integrals in Equations (9.2.5) and (9.2.6) to get

//|fts o(t,s)|>dtds < e.

Note that the function ¢ vanishes on the set Dgs. Hence the function ¢ is
an off-diagonal step function, as pointed out in the first paragraph following
Definition 9.2.1. Thus we have proved the next approximation lemma.

Lemma 9.2.4. Let f be a function in L?([a,b]?). Then there exists a sequence
{fn} of off-diagonal step functions such that

b rb
n1grolo// If(t,8) — fult,s)|*dtds = 0. (9.2.7)

Now, we are ready to extend the mapping I» to the space L?([a,b]?).
Let f € L?([a,b)?). Choose a sequence {f,} of off-diagonal step functions
converging to f in L?([a, b]?). The existence of such a sequence is guaranteed
by Lemma 9.2.4. Then by the linearity of I and Lemma 9.2.3,

E{(L(fa) = ()"} = 2/ Fa = Ful|” < 200 = Sl 0,
as n,m — oo. Hence the sequence {I5(f,)} is Cauchy in L?(§2). Define
L(f) = lim Iy(f,), in L*(£2). (9.2.8)

n—o0

It is easily seen that I5(f) is well-defined, namely, it does not depend on the
choice of the sequence {f,} used in Equation (9.2.8).
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Definition 9.2.5. Let f € L*([a,b]?). The limit Ir(f) in Equation (9.2.8) is
called the double Wiener—It6 integral of f.

We will also use f(ff(f f(t,s)dB(t) dB(s) to denote the double Wiener—Ito
integral Io(f) of f.

Ezample 9.2.6. Note that the function f =1 on [0,1]? is not an off-diagonal
step function. Hence its double Wiener—It6 integral is not defined in Step 1.
Define f,, by Equation (9.1.8). Then we have Iz(f,) = S, by Equation (9.1.5).
As shown in Equation (9.1.9), f,, converges to f in L2([0,1]?). Therefore, by
Definition 9.2.5 and Equation (9.1.6),

I(f) = lim Ir(fn) = lim S, =B(1)>—1, in L*(1).

n—oo
Hence we have folfol 1dB(t)dB(s) = B(1)? — 1.

Lemmas 9.2.2 and 9.2.3 can be extended to functions in L?([a, b]?) using
the approximation in Lemma 9.2.4 and the definition of a double Wiener—It6
integral. We state the extension as the next theorem without proof since the
verification is routine.

Theorem 9.2.7. Let f(t,s) € L*([a,b]?). Then we have
(1) L(f)= (f) Here f is the symmetrization of f.
(2) Ell2(f)]=0

(3) E[L(f

There is an important relationship between double Wiener—It6 integrals
and iterated Ito integrals. It is given by the next theorem.

~—

2 = 2||f||2 Here || - || is the norm on L?([a,b]?).

v

Theorem 9.2.8. Let f(t,s) € L*([a,b]?). Then

/ab/ab f(t,s)dB(t)dB(s) = 2/; [/at F(t,s) dB(s)] dB(t), (9.2.9)

where f is the symmetrization of f.

Remark 9.2.9. The inner integral X; = ft f t,s dB( ) is a Wiener integral,
defined in Section 2.3. By Theorem 2.3.4, E(X?) = f f (t,s)% ds. Hence

b
[ poda= [ [ [ Fasra)a=J17r < i <o

This shows that the stochastic process X; belongs to L2,([a,b] x £2) and the
integral ff X:dB(t) is an It6 integral as defined in Section 4.3.
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Proof. First consider the case f = 1p, 4,)x[s1,5,) With [t1,t2) N [s1,52) = 0.
The symmetrization of f is given by

~ 1
f= 5(1[t1,t2)><[51752) + 1[51752)><[t1,t2))'

We may assume that s; < sy < t; < to. For the other case t; < ts < 51 < $s9,
just interchange [s1, s2) with [t1,t2). By the definition of I5(f) in Step 1,

b rb
// f(t,s)dB(t)dB(s) = (B(t2) — B(t1))(B(s2) — B(s1)).  (9.2.10)

[ / 1dB(s)] dB()

(B(s2) — B(s1)) dB(1)

On the other hand, we have

LTL%%JMB@LBw

-
S

N = N~ N~

—~

& =
S

T

-

B(sz) — B(s1))(B(t2) — B(t1)). (9.2.11)

Hence Equation (9.2.9) follows from Equations (9.2.10) and (9.2.11).

Next, by the linearity of the mapping I and the symmetrization operation,
Equation (9.2.9) is also valid for any off-diagonal step function. Finally, use
the approximation to extend Equation (9.2.9) to functions f € L?([a,b]?). O

The generalization of the double Wiener—It6 integral to higher order is
almost straightforward except for complicated notation. This will be done in
Section 9.6 after we study homogeneous chaos in Sections 9.4 and 9.5.

9.3 Hermite Polynomials

In this section we will explain Hermite polynomials and their properties to be
used in Sections 9.4 and 9.5.
Let v be the Gaussian measure with mean 0 and variance p > 0, i.e.,

1 —La? d
e 2 .
\2mp

Consider the sequence 1,z,22%,...,2",... of monomials in the real Hilbert

space L?(v). Apply the Gram-Schmidt orthogonalization procedure to this
sequence (in order of increasing powers) to obtain orthogonal polynomials
Py(z), Pi(x),..., Py(z),... in the Hilbert space L?(v), where Py(z) = 1 and
P, (z) is a polynomial of degree n > 1 with leading coefficient 1.

dv(x) =

Question 9.3.1. Is it possible to define the polynomials P, (z) directly so that
they are computable?
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Take the function 0(t,z) = e'*. The expectation of §(t,-) with respect to
the measure v is given by

Bl = [ e

V2mp

The multiplicative renormalization (¢, z) of 8(¢, ) is defined by

0(t,x)
E,[0(¢,-)]

1 2 1 2
e 2% dr = e3Pt

(9.3.1)

_ tm—%ptz

'(/)(tv l‘) =

We can expand the function ¢(t,z) as a power series in ¢. Note that the
coefficient of ¢" in the series expansion depends on 7, x, and p. Let H,, (x; p)/n!
denote this coefficient. Then we have the equality

OoHnJc;
:Z (z;p)

n!
n=0

etv=zptt £ (9.3.2)

On the other hand, we can use the power series e* = Y ° /2" /n! to find the
coefficient of " in another way. Write et~ 2°t" ag ete~ 30t to get

(=p)™
ml2m

%pt2_|_...+ t2m 4|

etw—%pt2:[1+mt+...+xi'tn_k...} [1+
n!
which can be multiplied out to find the coefficient of ¢™:

(—p)*
W+.”7

n—2k

E (n — 2k)!

n! (n—2)! 2

with the last term being an a-term (when n is odd) or a constant (when n
is even). But the coefficient of t" is also given by H,(z;p)/n! in Equation
(9.3.2). Therefore,

" a" % (=p) a2k (—p)F
) =l . (=p) a2 ()t
Hy(z;p) n-(n! 1+(n_2)! 5+ +(n_2k)! ok T )
=" n! n—2 n! R
=2 e T e () T
Observe that '
nt n
T aiNiaL —_ 1\
(n — 2k)!kI2F (%) (2k =D, (9.3.3)

where (2k —1)I! = (2k —1)(2k —3) ---3-1 and by convention (—1)!! = 1. The
number in Equation (9.3.3) represents the number of ways of choosing k pairs

from a set of n distinct objects.

By using Equation (9.3.3), we can express H,(x; p) as follows:

[n/2]

Hy(z;p) = Z

k=0

(50 ) 26 = Dt (=g,

(9.3.4)
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where [n/2] is the integer part of n/2. Note that H,(z; p) is a polynomial in
x of degree n with leading coefficient 1. For example, the first few of these
polynomials are given by

Ho(z;p) =1,

Hy(z;p) =z,

Hy(z;p) = 2° = p,

Hy(x; p) = 2° = 3pa,

Hy(z;p) = a* — 6pa® + 3p%,
Hs(x;p) = 2° — 10pa® + 15p%x.

Definition 9.3.2. The polynomial H,(z; p) given by Equation (9.3.4) is called
the Hermite polynomial of degree n with parameter p.

Theorem 9.3.3. Let H,(x;p) be the Hermite polynomial of degree n defined
by Equation (9.3.4). Then

Hy(z;p) = (—p)™ e /20 Dr =" /20 (9.3.5)
where D, is the differentiation operator in the x-variable.

Remark 9.3.4. Most books, if not all, define the Hermite polynomial H,,(x; p)
by Equation (9.3.5). In that case, Equation (9.3.4) becomes a theorem.

Proof. The exponent in the left-hand side of Equation (9.3.2) can be rewritten
as —3p(t — 22+ %. Hence we have

o0
o220 o= bp(t=2)7 _ Z H,(z;p) o
= n!

Differentiate both sides n times in the ¢-variable and then put t = 0 to get

Hn(I7P) = 6932/217 (D;n 6—%)0(15_%)2)

t=0

Note that D} e 3P=5) = (=p)" D2 e 3P=3), Therefore,

x

Ha(ws p) = e 12 ((—p)" Dyt e=370=3)%)

=0
= (—p)" ot /20 D" e—x2/2p’

which proves Equation (9.3.5). O

Now, what is the relationship between the Hermite polynomial H,(z;p)
and the polynomial P,(z) in Question 9.3.17 If we can show that the Hermite
polynomials H,(x;p),n =0,1,..., are orthogonal, then we can conclude that
H, (z;p) = P,(x). This is indeed the case.
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Theorem 9.3.5. Let v be the Gaussian measure with mean 0 and variance
p. Then the Hermite polynomials H,(z;p), n > 0, are orthogonal in L?(v).
Moreover, we have

(o)
/ H,(z;p)*dv(x) =nlp", n>0. (9.3.6)
Proof. For any t, s € R, use Equation (9.3.2) to get

plt+s)z—5p(t*+5%) _ Z tiHn(I;p)Hm(I;p)' (9.3.7)

By Equation (9.3.1),

o0
/ elt+s)z—3p(t*+57) dv(z) = e~ 5Pt +5%) ogp(t+s)? _ pts

—00

Therefore, upon integrating both sides of Equation (9.3.7), we obtain

& tngm oo
ePts — Z — / H,(z; p)Hp(z; p) dv(z). (9.3.8)
nm=0 77>

Since the left-hand side is a function of the product ts, the coefficient of t™s™
in the right-hand side must be 0 for any n # m, namely,

/_OO H,(z; p)Hp(z;p)dv(z) =0, Vn#m. (9.3.9)

Hence the Hermite polynomials are orthogonal in L?(v). And then Equation
(9.3.8) becomes

oPts — z_% Efj))z /_0:0 H,(x;p)? dv(x).

But we also have the power series expansion

X n
efts = p—' (ts)™.
= nl
Obviously, we get Equation (9.3.6) upon comparing the coefficients of (¢s)™
in the last two power series. O

By Theorem 9.3.5, the collection {Hn(a:;p)/\/n!p”; n = 0,1,2,...} is
an orthonormal system. Its orthogonal complement can be shown to be {0}.
Hence this collection forms an orthonormal basis for L?(v). We state this fact
as the next theorem.
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Theorem 9.3.6. Let v be the Gaussian measure with mean 0 and variance p.
Then every function f in L?(v) has a unique series expansion

oo

_N~, Hnl@ip)
= N (9.3.10)

where the coefficients a.,, are given by

ap, = (z;p)dv(z), n>0.

W/f

Moreover, we have

IF1* = Za

We list below several identities for the Hermite polynomials.
1. Generating function: et*= 3t = Yo % H,(z;p).
Monomials:  x™ ;[“n/OQ]] (53) 2k — 1)1 pF o, g (a3 p).
Recursion formula:  H,y1(x; p) = xHy (x5 p) — pnHp—1(x; p).
Derivative: D,H,(x;p) =nH,_1(z;p).
Eigenfunctions: ( — pD2 + xzD,) H,(z; p) = nH,(z; p).

Rl

6. Product: H,(z;p)H,,(z;p) = Zﬁgl W) (0 P Hypm—2ie (5 p).

7. Partial derivatives: 8%Hn(as;,o) % s Hy, (3 p).

9.4 Homogeneous Chaos

Let v be the Gaussian measure on R with mean 0 and variance p. By Theorem
9.3.6 in the previous section, every function in the Hilbert space L?(v) has a
unique series expansion by the Hermite polynomials H,(x; p), n > 0.

Recall the Wiener space in Section 3.1. Let C' denote the Banach space
of real-valued continuous functions on [0, 1] vanishing at 0 and let u be the
Wiener measure on C. The Wiener space (C,u) is an infinite-dimensional
analogue of the one-dimensional probability space (R, ).

Question 9.4.1. What is the analogue of Equation (9.3.10) for the Hilbert
space L2(u) of square integrable functions on the Wiener space (C, u1)?

By Theorem 3.1.2, the stochastic process B(t,w) = w(t), 0 <t <1, w € C,
is a Brownian motion. To prevent us from being restricted to the interval [0, 1],
we will consider a little bit more general setup for Question 9.4.1.
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Let (£2,F,P) be a fixed probability space and let B(f) be a Brownian
motion with respect to P. We will fix a finite interval [a,b]. Recall that for

a function f € L?[a,b], the Wiener integral f: f(t)dB(t) is measurable with
respect to a smaller o-field than F, namely, the Brownian o-field

FB=0{B(t);a <t <b}

In general, F2 # F. An FB-measurable function on {2 can be referred to as a
Brownian function. Let L% (§2) denote the Hilbert space of P-square integrable
functions on (2 that are measurable with respect to 2. Note that L%(£2) is
a subspace of L?(2).

Question 9.4.2. What is the analogue of Equation (9.3.10) for the space
L% () of square integrable functions on the probability space (£2, FB, P)?

Note that when 2 = C and P = p, we have F = FP = B(C), the Borel
o-field of C. Hence the above question reduces to Question 9.4.1.
First we prove a lemma, which we will need below.

Lemma 9.4.3. Let (£2,G, P) be a probability space and let {G,} be a filtration
such that 0{U,G,} = G. Suppose X € L(R2). Then E[X | G,] converges to X
in L'(§2) as n — oo.

Remark 9.4.4. Actually, it is also true that E[X |G,] converges to X almost
surely. In general, the martingale convergence theorem says that if {X,,} is an
L'(£2)-bounded martingale, then X,, converges almost surely to some random
variable. But the proof is much more involved than this lemma.

Proof. Let € > 0 be given. Since 6{U,G,} = G, there exist S, = Zle aila,,
a; € R, A; € U,G,, such that

| X — Sel1 <e/2, (9.4.1)
where || - ||1 is the norm on L!(§2). For simplicity, let X,, = E[X |G,]. Then
[X = Xulls = I{X = Se} +{S: — E[S:|Gn]} + {E[S: — X[Gn]}1
<X = Selly + [[Se = ElSc|Gn]lls + [ E[Se = X[Gn]ll1- (9-4.2)
Note that |E[S: — X |G,]| < E[|S: — X||Gn] by the conditional Jensen’s

inequality. Then take the expectation to get
IE[S: — X | Gnlllh < E|S: — X| =|S: — X1 < ¢&/2. (9.4.3)

Moreover, observe that A; € U,G, for i = 1,2,..., k. Hence there exists N
such that A; € Gy for all i =1,2,..., k. This implies that

E[S.|Ga] = S., ¥n> N. (9.4.4)

By putting Equations (9.4.1), (9.4.3), and (9.4.4) into Equation (9.4.2), we
immediately see that | X — X,,||1 < ¢ for all n > N. Hence X,, converges to
X in LY(£2) as n — oo. O
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Now we return to the Brownian motion B(t) on the probability space

(02, FB,P). Let I(f f f(t) ) be the Wiener integral of f € L%[a,b]. A
product I(fl)l(fg) I(fx) w1th fl, fg, <oy fx € L?[a,b] is called a polynomial
chaos of order k; cf. Equation (9.1.2).

Let Jo = R and for n > 1, define J,, to be the L%(£2)-closure of the linear
space spanned by constant functions and polynomial chaos of degree < n.
Then we have the inclusions

JoC Ji C - C J, C - C LE(9). (9.4.5)
Theorem 9.4.5. The union |J;—, Jn is dense in L%(£2).

Proof. Let {e,}22; be an orthonormal basis for L?[a,b] and let G,, be the
o-field generated by I(e1),I(e2),...,I(eyn). Then {G,} is a filtration and we
have 0{U,G,} = FB.

Let ¢ € L%(£2) be orthogonal to |J;—, J,. Then for any fixed n,

E{¢ - I(e)"I(e2)* - I(en)"} =0, Vki,ko,... .k, >0.
Observe that I(e;)* I(ex)*2---I(e,)k" is G,-measurable. Hence
E{¢-I(e1)" I(ex)* - I(en)fn}
= EB{I(e)" I(e2)" -+ I(en)"" B¢ | Gnl }-
Therefore, for all integers ky, ko, ..., k, >0,
E{I(e))"I(e2)* -+ I(en)" E[p]Gn]} = 0.

Note that the random variables I(e;1),I(es),...,I(e,) are independent with
the same standard normal distribution. Moreover,

E[¢|gn] = en(I(el)aI(eQ)a-~-,I(€n)) (946)

for some measurable function 6,, on R™ (this fact can be shown by the same
arguments as those in Exercise 13 of Chapter 2). Thus for all k1, ks, ..., k, >0,

/ abrahz o ogkeg (2 2o, 2y) du(z) =0,

where p is the standard Gaussian measure on R™. In view of Equation (9.3.4),
this equality implies that for any integers ki, ks, ..., k, >0,

Hy, (z1; 1) Hy,y (29;1) - - Hy, (23 1)0n (21, 22, . . ., Ty ) du(x) = 0.
]Rn

But it follows from Theorem 9.3.6 that the collection

{Hkl ((El; 1)Hk2(1'2; 1) . ~~Hkn(xn; 1) y kl,kg, . .,kn Z 0}
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is an orthogonal basis for L?(R™, u). Hence 6,, = 0 almost everywhere with
respect to p. Then by Equation (9.4.6), we have

E[¢|G,) =0, almost surely

for any n > 1. On the other hand, by Lemma 9.4.3, E[¢|G,] converges to ¢
in L%(£2) as n — oo. Hence ¢ = 0 almost surely. This proves the assertion
that the union (Jo—, J,, is dense in L%(2). O

Now recall the sequence {J,,} of subspaces of L%({2) in Equation (9.4.5).
Let Ko = R and for each n > 1, define K,, to be the orthogonal complement
of J,_1 in J,, namely,

Jn = Jn—1® K, (orthogonal direct sum).

Then we have the following sequence of orthogonal subspaces of the real
Hilbert space L%(£2):

KOa K17 K2a EREY Kna

Definition 9.4.6. Let n be a nonnegative integer. The elements of the Hilbert
space K,, are called homogeneous chaoses of order n.

The spaces K,,n > 1, are all infinite-dimensional. The homogeneous
chaoses of order 1 are Gaussian random variables. The next theorem follows
from Theorem 9.4.5 and the construction of the homogeneous chaos.

Theorem 9.4.7. The space L%((2) is the orthogonal direct sum of the spaces
K,, of homogeneous chaoses of order n > 0, namely,

L2B(‘Q):K()@KI@KQEB"'EBK”@..._

Each function ¢ in L%(§2) has a unique homogeneous chaos expansion

6= on (9.4.7)
n=0
Moreover,
I611° =" llnll®, (9.4.8)
n=0
where || - || is the norm on L%(2).
Ezample 9.4.8. Let f € L?[a,b] and I(f f f@) ). Obviously,

()2 = |fII> + (I(f)2 - Hf||2)-

Direct computation shows that I(f)? — ||f||* is orthogonal to Ky and Kj.
Hence I(f)? — ||f]|? belongs to Ks. On the other hand, consider the double

Wiener-Ito integral fa fa f(t)f(s)dB(t)dB(s). By Theorem 9.2.8,
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/ab/: f(t)f(s)dB(t)dB(s) = 2/; [0 [/: f(s) dB(S)] dB(t)

=2 / b F(OX, dB(2), (9.4.9)

where X; = f f(s . Then dX; = f(t)dB(t). Use It6’s formula to get
d(X7) =2X,dX; + (dX;)* = 2f (1) X, dB(t) + f(t)* dt

which gives the stochastic integral

b
2 / (X, dB(t) = X2 — X2 — / 0 P2 - I71° (9.4.10)

From Equations (9.4.9) and (9.4.10) we get the double Wiener-It6 integral

/ / F() () dB(t)dB(s) = I(f)* — | f|* (9.4.11)

This equality shows that the homogeneous chaos I(f)? — || f||* is a double
Wiener—It6 integral.

Theorem 9.4.9. Let P, denote the orthogonal projection of L% (82) onto K.
If f1,..., frx are mnonzero orthogonal functions in L*[a,b] and ny,...,ny are
nonnegative integers, then

Po(I(f0)™ - I(fr)™) = Hu, (I(f1)5 12117) -+ Hp (2CF3) 3 L5 1I7),

where n = ny + - - - + ng. In particular, we have

Py(I(H)") = Ha(Z(f): 1% (9-4.12)

for any nonzero function f in L*[a,b].

Remark 9.4.10. Tt follows from the theorem that H, (I(f);| f||*), and more

generally, Ho, (IC£1): [ f1]2) - Huy (ICF) [ ll?) with my +-- 4y = awe
all homogeneous chaoses of order n.

Proof. In order to avoid complicated notation, we will prove only Equation
(9.4.12). First use the second identity in the list of identities for the Hermite
polynomials at the end of Section 9.3 to get

D ()51 - (9413)

I(f)™ = Ha(L(f): I1F1?) +
Observe that all terms, except for the first one, in the right-hand side are
orthogonal to K, because they have degree less than n. Therefore, to prove
Equation (9.4.12), it suffices to prove that
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Ho(I(f)5 IFIIP) L T,

or equivalently, for any nonzero gi, ..., gm € L*[a,b] and 0 <m < n — 1,

E{H,(I(f);|IfII*) - I(g1) - I(gm)} = 0. (9.4.14)

Obviously, we may assume that g1, ..., g, are orthogonal. Moreover, for each
gi, we can write it as g; = ¢;f + h; with ¢; € R and h; L f. Hence in order to
prove Equation (9.4.14), it suffices to prove that for any nonzero hy, ..., hy,
orthogonal to fandp+ ¢ + -+ qm <n—1,

E{H,(I(f): | fII?) - I(f)PT(h1)® -+ I(hp)™ } = 0.

Finally, using Equation (9.4.13), we see that it suffices to prove that for any
0<r+rm+---+rp<n-1,

E{HL(1(£): I11%) - H(1()3 1112) HHTL )illnil®)} =0

Note that the random variables I(f), I(h1),...,I(hy,) are independent. Hence
it suffices to show that for any r <n — 1,

B{H,(I(f): IF1?) HAL): N FI1P)} =
But this is true by Theorem 9.3.6. Hence the theorem is proved. O

Ezample 9.4.11. Let f € L?[a,b] be a nonzero function. In the generating
function in Equation (9.3.2), put z = I(f) and p = ||f||? to get

1 2,2
(=371t Z H )5 1£12). (9.4.15)

By Theorem 9.4.9, H,(I(f);[|f]|?) € K, for each n > 0. Hence Equation
(9.4.15) gives the homogeneous chaos expansion in Equation (9.4.7) for the
function ¢ = et/(=5IF1**

9.5 Orthonormal Basis for Homogeneous Chaos

In this section we will give an answer to Question 9.4.2 raised in the previous
section, namely, what is the analogue of Equation (9.3.10) for the Hilbert
space L%(£2) of square integrable functions on (£2, FZ, P)?

By Theorem 9.4.7, L%({2) is the orthogonal direct sum of homogeneous
chaoses L% (2) = Ko ® K1 @ Ko & - & K,, ® ---. What is the analogue of
this orthogonal direct sum for the standard Gaussian measure on the real
line? Observe that in view of Equation (9.3.10), the corresponding space for
each K, is the one-dimensional space spanned by the Hermite polynomial



9.5 Orthonormal Basis for Homogeneous Chaos 165

H, (z;1). This observation gives us a clue for finding an orthonormal basis
for L%({2) that can be used for series expansion of functions in L%(2). Then
we have the answer to Question 9.4.2. However, in the case of L%(2), every
space K,,n > 1, is an infinite-dimensional Hilbert space. B

Let f € L?[a, b]. For convenience, we will also use the notation f to denote
the Wiener integral of f, namely,

F=1(f) = / £(t)dB(®).

In this section we fix an orthonormal basis {e;}?2, for the space L?[a, b].
For a sequence {n;}%2, of nonnegative integers with finite sum, define

1
1,M2, 1;[\/@ k(k' )

1 - ~
= ————H,, (é1;1)Hp,(e2;1)---. (9.5.1)
nilng!---
Note that Hy(x;1) = 1 and there are only finitely many nonzero ny’s. Hence
the product in this equation is a product of only finitely many factors.

Ezxample 9.5.1. Suppose n1 + ng + - - - = 1. This equation has infinitely many
solutions given by 1,0,0,...; 0,1,0,...; 0,0,1,...; .... Hence we get the
corresponding functions €,, n = 1,2,3,..., which are all in the space K; of

homogeneous chaoses of order 1.

Ezample 9.5.2. Consider the case ny; + ng + --- = 2. The solutions of this
equation are given by either ny = 2 for a single index 1 < k < oo and 0 for
other indices or n; = n; = 1 for two indices 1 < ¢ < j < oo and 0 for other
indices. Then we get the functions

1
—(I(e 2—1,1</€<oo; I(e))I(e;), 1<i<j<oo,
\/ﬁ((k) ) = ()(J) > J

all of which belong to the space K5 of homogeneous chaoses of order 2.

Lemma 9.5.3. For any fized integer n > 1, the collection of functions
{Hni o imi+na+---=n}

is a subset of K, . Moreover, the linear space spanned by this collection of
functions is dense in K,.

Proof. The first assertion follows from Theorem 9.4.9. To prove the second
assertion, notice that the same arguments as those in the proof of Theorem
9.4.5 show the following implication:

El¢ - Hnims,..] =0, Vni,ng,...>20 = ¢=0. (9.5.2)
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Now, suppose ¢ € K, is orthogonal to H,, n,,. for all ni,ns,... with
ny+ng+ - =n. Then P,¢ = ¢ and E(¢ - Hp,y ny,...) = 0 for all such ny’s.
Here P, is the orthogonal projection of L%(§2) onto K,. Moreover, observe
that for any nq,no, ...,

Hnlnz k) ifn1+n2+...:n;
P (H = e 9.5.3
n( nl’nz’”') {O7 otherwise. ( )
Then for any ni,ne,... > 0, we can use the assumption on ¢ and Equation

(9.5.3) to show that

E[d)'thng,...] < nl,nz,...> = <Pn¢a7_[n1,nz,...>
< P, Hm na,.. > = E[¢ (PnHm,nz,...)]
=0,

where (-,-) is the inner product on the Hilbert space L%(2). Therefore, by
the implication in Equation (9.5.2), we conclude that ¢ = 0. This finishes the
proof for the second assertion of the lemma. a

Theorem 9.5.4. For any fixed integer n > 1, the collection of functions
{Hnl,ng,... ;ny+Nng+ = Tl} (954)
is an orthonormal basis for the space K, of homogeneous chaoses of order n.

Proof. In view of Lemma 9.5.3, we only need to show that the collection of
functions in Equation (9.5.4) is an orthonormal system. For each k, we use
Equation (9.3.6) to show that

||H’I’Lk ek‘? / H’I‘Lk 6k‘7 P
*/ H,, (z; 1)2—1 e~ 12 dy
- Nk
o B V2T
=nl.
Moreover, note that the random variables €1, é», ... are independent. Hence

we see easily from Equation (9.5.1) that ||H,, n,....||* = 1. Thus all functions
in Equation (9.5.4) have norm 1.

Next we show that the functions in Equation (9.5.4) are orthogonal. Let
{nr} and {jr} be two distinct sequences of nonnegative integers, regardless
of whether they have the same sum. Then there exists some ky such that
Nk, # Jk,- For simplicity, let

b =

an(gk;l), 9k = ij(gk;l).

1 1
\/nk! ij!
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Use the independence of €1, €3, ... and Equation (9.3.9) to check that

E[Hny g Hjs o] = E[¢k09ko H ¢k9k:|

k+£ko

E(dry 0k, ) { H ¢k0k}
k#ko
=0.
This shows that H,,, n,,... and H;, j, .. are orthogonal. O

Ezample 9.5.5. Suppose f € L?[a, b] has the expansion f =Y | a,e,,, where
an = (f,en). Then the expansion of I(f) € K; in L%(2) is given by

(f) = Z anl(en)

This expansion is a special case of Theorem 9.5.4 when n = 1. But it also
follows from the fact that the mapping I : L?[a,b] — L%(£2) is an isometry
(see Theorem 2.3.4).

Ezample 9.5.6. Let f =Y > ane, € L?[a,b] be as in the previous example.
The orthonormal basis in Theorem 9.5.4 for the case n = 2 is given by

§k5—(ek—1),1§k<oo; Nij =€i€e5, 1 <i<j<oo.

By Theorem 9.4.9, Po(I(f)?) = I(f)? — || f||* belongs to the space K. Note
that (Po(I(f)?), &) = (I(f)?, P2 &) = (I(f)?, &). Hence for each k > 1,

(P2, &) = E[1(f)?6] = E[Zaiajagj\}?(gz -

We can in fact bring the expectation inside the summation sign. Observe that
the expectation is zero except possibly when ¢ = j = k. Hence,

(Py(I(f gk>—fakE[ er(E —1)] =v2a;.

Similarly, we can check that for any 1 <i < j < oo,

<P2(I(f)2)’ 77ij> = 2a;a;.

Therefore, the expansion of Py(I(f)?) is given by

Py Z\/ﬁak\[ I(er)? —1 —|—22azaj (e:)I(e;).

1<J
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Next we give a concrete example for the above expansions of the functions
f and Py(I(f)?) in the spaces L?[a,b] and Ko, respectively. An orthonormal
basis for L2[0, 1] is given by
en(t) = V2 sin (n—3mt), n=1,2,3,...

(see page 50 of the book [55]). Consider a simple function f(¢) = t. Use the
integration by parts formula to get

Gn = /0 tV/2 sin ((n - %)Wt) dt = (‘1)71"& ((n - %)W) _2'

Therefore, f(t) has the expansion

o0

FO =3 (-1)"V2 ((n - H)n) * V2 sin ((n - L)mt)

n=1

and the expansion of P,(I(f)?) is given by

23" ((k—1m) ™" 1) +4 ) (~1)H (- Hm) (G - Dm) e

k=1 i<j

Now we can put together the orthonormal bases in Theorem 9.5.4 for n > 1
to give an answer to Question 9.4.2.

Theorem 9.5.7. The collection of functions
{Huy sy smi+no+--=nn=0,1,2,...} (9.5.5)

is an orthonormal basis for the Hilbert space L% (82). Every ¢ in L%(2) has
a unique series erpansion

(rb: i Z anl,ng,...Hnl,ng,...7 (956)

n=0 ni+nz+---=n

where an, n,,... = E(¢Hn17n2,,,,) = fQ OHnyn,,... dP.

9.6 Multiple Wiener—1t6 Integrals

Recall that B(t) is a fixed Brownian motion and L%(2) is the Hilbert space
of square integrable functions on the probability space (£2, FZ, P). Here FB
is the o-field 7B = o{B(t); a <t < b}. By Theorem 9.4.7, the Hilbert space
L%(2) is the orthogonal direct sum of the spaces K,, n > 0. In Example
9.4.8 the homogeneous chaos I(f)? — ||f||*> for f € L?[a,b] is shown to be
given by a double Wiener—Ito integral. It is reasonable to expect that there
is a one-to-one correspondence between the homogeneous chaoses of order 2
and double Wiener—Ito integrals. This leads to the next question.
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Question 9.6.1. Are all homogeneous chaoses of order n > 2 given by some
kind of integrals?

This was the question considered by K. Itd in 1951. We will follow his
original idea in the paper [34] to define the multiple Wiener—It6 integrals. In
Section 9.7 we will show that there is a one-to-one correspondence between
the homogeneous chaoses and multiple Wiener—Ito integrals.

For simplicity, let T = [a,b]. The first aim in this section is to define the
multiple Wiener—Ito6 integral

. Fti,ta, ... tn) dB(t1) dB(ts) - - dB(t,)

for f € L%(T™). The essential idea is already given in the case n = 2 for
the double Wiener—It6 integral. We will simply modify the arguments and
notation in Section 9.2 to the case n > 3.

Let D = {(t1,t2,...,t,) € T™; i # j such that ¢; = ¢;} be the “diagonal
set” of T™. A subset of T" of the form [tﬁl),t?)) X [tgl), tém) X oo X [tg), 7(12))
is called a rectangle.

Step 1. Off-diagonal step functions

A step function on T™ is a function of the form

= Z ai17i2v~ain1[7'1'1—177'1‘1)X[Ti2—177i2)X'“X[Tin—l»Tin)7 (961)

1<i1in,ennin <k

where a =19 <71 < 7o < --+ < 7 = b. An off-diagonal step function is a step
function with coefficients satisfying the condition

@iy ig,...in, = 0 if i, = i, for some p # q. (9.6.2)

The condition in Equation (9.6.2) means that the function f vanishes on the
set D. The collection of off-diagonal step functions is a vector space.
For an off-diagonal step function f given by Equation (9.6.1), define

I.(f) = Z Qi ig,enin Sir&in iy (9.6.3)

1<in ig, . in <k

where &, = B(7;,) —B(7i,-1), 1 < p < n. The value I,,(f) is well-defined, i.e.,

it does not depend on how f is represented by Equation (9.6.1). Moreover,

the mapping I;, is linear on the vector space of off-diagonal step functions.
The symmetrization f(ty,...,t,) of a function f(t1,...,t,) is defined by

~

1
f(t17t27"'7tn) = HZf(ta'(l)7ta'(2)7'"ata’(n))7

where the summation is over all permutations o of the set {1,2,...,n}. Since
the Lebesgue measure is symmetric, we have
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/ |f(t0(1)77to(n))|2dt1dtn:/ |f(t173tn)|2dt1dtn
TTL n

for any permutation o. Therefore, by the triangle inequality,
~ 1 1
£ < HZ £ = — nt LA =111
g

Thus we have the inequality ||f\| < || f]]- In general, strict inequality can occur
as shown in Section 9.2. If f is an off-diagonal step function, then f is also an
off-diagonal step function.

Lemma 9.6.2. If f is an off-diagonal step function, then L,(f) = In(f)

Proof. Note that I, and the symmetrization operator are linear. Hence it
suffices to prove the lemma for the case

f= L @50 42 o 10 122
1) L2
;b )

where the intervals [¢; , 1 <4 < n, are disjoint. Then we have

= ﬁ (B(t) - BHY)). (9.6.4)

On the other hand, the symmetrization fof f is given by

:*g 1.0 Lo ENe) L L@
nl & [0t 2 ) [0 P ) x 10t )

o(1) o (1 a(2) (2 o(n)’ o(n

Therefore,

In( nl Z H t(2 (tc(rl()z)))

o =1
Observe that [T7, (B(tog)) — B(ti(y) = [Ty (B(”) — B(")) for any
permutation o. Moreover, there are n! permutations of the set {1,2,...,n}.

It follows that

n'ZHl Bty - B(t")) 1:[1 B(tM)).  (9.6.5)

Equations (9.6.4) and (9.6.5) prove the assertion of the lemma. O

Lemma 9.6.3. If [ is an off-diagonal step function, then E[I,(f)] =0 and

E[L,(f)*] =n! /Tn |F (b1, tay o t) [P dbidtsy - di,. (9.6.6)
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Proof. Let f be an off-diagonal step function given by Equation (9.6.1). Then
I,(f) is given by Equation (9.6.3). Since the function f satisfies the condition
in Equation (9.6.2), the coefficient a;, 4,,... ;, must be 0 whenever the intervals
[Tir=1,Tir)s [Tia=15Tiz)s - - -5 [Tin—1,Ti,) are not disjoint. On the other hand,
when these intervals are disjoint, the corresponding product &;,&;, - - - &;,, has
expectation 0. Hence we have E[I,,(f)] = 0.

Note that I,(f) = I,(f ) by Lemma 9.6.2. Hence we may assume that f
is symmetric in proving Equation (9.6.6). In that case,

Qig(1)sia2)riom) — Fitsiz,...in

for any permutation o. Thus I,,(f) in Equation (9.6.3) can be rewritten as

In(f) = n! Z Ay o, in §i1§i2 o £i7z'

1<i <ig < <in <k

Therefore,

E[In(f)2] = (n|)2 Z Z ah,...,inajl,...,an[Sil e gin £j1 e fjn}a

1 <<l J1 <<

where, for simplicity of notation, we have omitted the indices such as is, jo,
etc. Observe that for a fixed set of indices i1 < - - < i,, we have

[ (i, = Tip—1)s i J1 =1,y fn = in;
E[éil--~§infj1-~-£jn]:{ pebte

0, otherwise.

It follows that

ElL(HY =m)? Y a i [[m, -7

i< <dyy
n
2
=n! Z ail,win H(Tip - Tip—l)
il,,..,’in p:].
=nl [ f(t,...,tn)%dt;,---dty,
T’VL
which proves Equation (9.6.6) since f is assumed to be symmetric. O

Step 2. Approximation by off-diagonal step functions

Recall the set D defined earlier in this section. The set D can be rewritten
as D = U;z;[{t; = t;} N D], which means that D is a finite union of the
intersections of (n — 1)-dimensional hyperplanes with D. Hence the Lebesgue
measure of D is zero. This fact allows us to adopt the same arguments as
those in the derivation of Equations (9.2.5), (9.2.6), and (9.2.7) to prove the
next approximation lemma.
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Lemma 9.6.4. Let f be a function in L*(T™). Then there exists a sequence
{fr} of off-diagonal step functions such that

m [ | f(tsta, .o tn) = faltisto, .o tn)|* dirdts - dt, = 0. (9.6.7)

k—o0 Tn

Now suppose f € L?(T™). Choose a sequence {fi} of off-diagonal step
functions converging to f in L?(T™). By Lemma 9.6.4 such a sequence exists.
Then by the linearity of I, and Lemma 9.6.3,

2 ~ ~
E[(In(fr) = In(f))"] = 0l fie = fel* < nlll fi = fel* = 0,
as k,{ — oo. Hence the sequence {I,,(fi)}?2, is Cauchy in L?(§2). Define

L(f) = lim I(fi), in L*(0). (9.6.8)

The value I,,(f) is well-defined, namely, it does not depend on the choice of
the sequence {fi} used in Equation (9.6.8).

Definition 9.6.5. Let f € L*(T™). The limit I,(f) in Equation (9.6.8) is
called the multiple Wiener—Ito integral of f and is denoted by

| (st ta) dB(0) dB(2) -+ dB{tn).

Note that I;(f) is simply the Wiener integral I(f) of f defined in Section
2.3 and I(f) is the double Wiener—It6 integral of f defined in Section 9.2.

Obviously, Lemmas 9.6.2 and 9.6.3 can be extended to functions in L*(T™)
using the approximation in Lemma 9.6.4 and the definition of the multiple
Wiener—It6 integral. We state this fact as the next theorem.

Theorem 9.6.6. Let f € L?(T™), n > 1. Then we have
(1) I(f) = In(f) Here fis the symmetrization of f.

(2) Eln(f)]=0.
(3) E[I.(f)*] =n!||f||?. Here || - | is the norm on L*(T™).

The next theorem gives an equality to write a multiple Wiener—Ito integral
as an iterated Ito integral. It is useful for computation.

Theorem 9.6.7. Let f € L?(T™), n > 2. Then

fltrt, o tn) dB(t) dB(t2) - dB(t)

T
b trn—2 tn—1 R
:n!/ﬂ / U Fltvte, . 1) dB(t)| dB(tn 1) - dB(th),

where f is the symmetrization of f.
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Proof. Tt suffices to prove the theorem for the case that f is the characteristic
function of a rectangle that is disjoint from the set D. By Lemma 9.6.2, we
may assume that f is of the form

F =100 400 g0 42 oo 10 4

where i) < ¢ <t <4 <<t <4l < < 1P Then the
multiple Wiener—Ito6 integral of f is given by

Flt1, ... tn)dB(t)) - dB(t,) = f[ (Bt — BM)). (9.6.9)
r i=1

On the other hand, note that ]? = #f on the region ¢, < t,—1 < --- < t3.
Hence we get

tn—1 ~
/ Ftita, ... ta) dB(ty)

1

— al[tgl),t?))X[tél),t(;))x [t(l) t(2)1) (B(tg?)) — B(t%l))%

n—17

which is ]—' 1y -measurable and can be regarded as a “constant” stochastic

nl

process for integration on the interval [tfllzl,tgi)l] with respect to dB(t,—1).

Hence we can repeat the above arguments to get

/ / - [/ Pty 1) dB(t)| dB(tn1) - dB(th),
_ niﬁ ) - BM)). (9.6.10)

The theorem follows from Equations (9.6.9) and (9.6.10). O

Definition 9.6.8. Let g1, ..., g, € L*[a,b]. The tensor product g; ® - ® g,
is defined to be the function

The tensor product f®”1 R+ ® f,?”’“ means that f; is repeated n; times,
1<j<k.

Theorem 9.6.9. Let f1, fa, ..., fx be nonzero orthogonal functions in L*[a,b]
and let ny,...,ny be positive integers. Then
k
L(ff™ @@ f[7™) H ): 1£51%). (9.6.11)

where n = ny + - - + ng. In particular, for any nonzero f € L?[a,b],

L(fe") = Ho(1()s [1£11%)- (9.6.12)
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Proof. We first prove Equation (9.6.12). The case n = 1 is obvious. The case
n = 2 has already been proved by Equation (9.4.11). For general integer n, we
use mathematical induction. Suppose Equation (9.6.12) is valid for n. Then
by Theorem 9.6.7,

b
/Tn+1 f(t1) - f(tn41)dB(t1) - dB(tn41) = (n + 1)!/ f(t1) Xy, dB(th),

where X; is given by

xi= [ [ " 1) - Fltns) dB(trs)| - dB(e).

By Theorem 9.6.7 and the induction on n,

X, =L / f(t2) - Fltns1) dB(ts) -+ dB(tns1)

n! [a,t]™

t]
= ([ sane): [ g7 as).

Therefore, we have the equality

/T f(t2) - ftnga) dB(ty) - dB(ty 1)

— (1) /abf(tl)Hn(/atl £(s) dB(s);/atl f(s)? ds) dB(tr). (9.6.13)

On the other hand, we can apply It6’s formula to H,,41(z; p) to get

dH, 1 ( / () dB(s) / f5) ds)

1/ 02

_ (%erl)f(t) AB(t) + 5 (55 Hoer ) F(0)7 dt + (%H”“)f(t)zdt'

Recall the following identities from Section 9.3:

9 Ho1(5p) = (0 + 1) Ho(a: ),

ox
0 1 92
%Hn+1($5p) = *iﬁHnH(xEP)

Thus we obtain

it [ F(9) dB(s): / Fo ds)

= s ([ 6a80); [ 0692 as) amo)

a
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which, upon integration over [a, b, gives the equality
Hon (1) 1£17)
b t t
—(n+t 1)/ f(t)Hn</ £(s) dB(s);/ J(s)? ds) dB(1).  (9.6.14)
a a a

Equations (9.6.13) and (9.6.14) show that Equation (9.6.12) is valid for n+ 1.
Hence by induction, Equation (9.6.12) holds for any positive integer n.

Now we prove Equation (9.6.11). Let ]7 = I(f). For any real numbers
71,72, ..., Tk, apply Equation (9.4.15) to get

k

; k

j : il o F_ 1,20 512
exp{ rifi - 2272'2||fi||2} = e simariis

i=1 u

i=1

k oo
=TI S (Falnl?). (96.05)

|
it

S

On the other hand, by Equation (9.4.15) with ¢ =1 and f = Zle riﬁ;,

k 1 k < 4 k 1 k
exp [Zrifi - 22@%‘1 = m,Hm<Z7“ifi; 227“1‘2“]%”2)-
i=1 i=1 m=0 " 1 i=1

1=

Then we apply what we have already proved in Equation (9.6.12) to H,, in
the right-hand side to get

k k

L1
exp [ng -3 _Z;Tflfﬂ}
0o 1 m k
=> W/T 11 [Zrifi(tj)] dB(ty)---dB(ty).  (9.6.16)
m=0 j=1 Li=1
Equation (9.6.11) follows by comparing the coefficient of 7] 75 ---r* in the
right-hand sides of Equations (9.6.15) and (9.6.16). O

Finally we prove a theorem on the orthogonality of I,(f) and I,,(g) in the
Hilbert space L%(£2) when n # m.

Theorem 9.6.10. Let n # m. Then E(I,,(f)1(g)) =0 for any f € L*(T™)
and g € L*>(T™).

Proof. Tt suffices to prove the theorem for f and g of the following form:

:]. 1 2 1 2 1 2
F =13 4@y, 10 @)D 42y

9= 1[551),352))><[sél),s(;))xn»([s(l) 9(2))’

m »9m
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where the intervals satisfy the condition

) <@ <t <t << <o) <oV <o,
sﬁ) < sg) < 87(721 < 37(721)71 <. < sgl) < 552) < sgl) < s§2).

Then I,(f)In(g) is given by

L)) = [H (B(?) - B<t£”>)} [H (B2) ~ BEMY)|. ©617)

i=1 j=1

Now, put these points ¢ and s together to form an increasing set of points
T < Ty < -+ <7 with 7 < n+ m. Then each factor in the first product
of Equation (9.6.17) can be rewritten as a sum of increments of B(t¢) on the
T-intervals. Hence, upon multiplying out the n factors, each term in the first
product []}_; must be of the form

(B(7i,) = B(7i,-1)) -+ (B(7,) — B(7i,-1)), (9.6.18)
where 7;, < .-+ < 7, . Similarly, each term in the second product H;n:1 in
Equation (9.6.17) must be of the form

(B(le) - B(lefl)) T (B(T.jm) - B(Tj'rrbf]-))’ (96'19)

where 7;, <--- <75,

It is easy to see that the product of Equations (9.6.18) and (9.6.19) has
expectation 0 because n # m. Thus we can conclude from Equation (9.6.17)
that £ (I, (f)Im(g)) = 0. O

9.7 Wiener—Ito Theorem

Let Lgym(T") denote the real Hilbert space of symmetric square integrable

functions on T™. Recall the following facts from the previous sections:

1. By Theorem 9.4.7, we have a decomposition of L%({2) as an orthogonal
direct sum LE(2) =Ko & K1 S Ko ® -+ & K, & -+ -.

2. By Theorem 9.5.4, the collection {Hnl,n%._ iny+ng + - = n} is an
orthonormal basis for K.

3. By Theorem 9.6.6, E[I,,(f)?] = n!||f||* for any f € L%, (T"). Hence the

sym
mapping \/% Iy L2, (T™) = L3(£2) is an isometry.

4. By Theorem 9.6.9, multiple Wiener—It6 integrals are related to Hermite
polynomials of Wiener integrals.

Observe from the second and fourth facts that homogeneous chaoses must
be related to multiple Wiener—Ito integrals. In fact, the homogeneous chaoses
of order n are exactly multiple Wiener—It6 integrals of order n.
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Theorem 9.7.1. Let n > 1. If f € L?(T"), then I,,(f) € K,,. Conversely, if
¢ € K, then there exists a unique function f € L2, (T™) such that ¢ = IL,(f).

sym

Remark 9.7.2. Tt follows from this theorem that K, = {I,(f); f € LZ,,,(T™)}.
Moreover, ||I,(f)|| = v/n! || f|| for all f € L2, (T™) by Theorem 9.6.6.

sym

Proof. Let f2™M&f5™® - ®f2™ denote the symmetrization of the function
P @ f9" @ @ f[2™ defined in Definition 9.6.8. Let {ex}2, be an
orthonormal basis for L*(T), T = [a,b]. It is a fact that the collection of
functions

Onie®nagy ... . e =
N er 1®ey @ ny +ng + n} (9.7.1)
forms an orthonormal basis for L, (T").
To prove the first assertion, we may assume that f € L?(T™") is a symmetric

~

function since I,,(f) = I,(f) by Theorem 9.6.6. Then f can be written as

{ vl

Vnl
D mma e
T

where the coeflicients satisfy the condition

IFIP= > an . <co

nitnz+--=n

SMBEmE -,

f=

nit+nz+--=n

Then use Equations (9.5.1) and (9.6.11) to get

Vn! ~
In = ni,mne,... —7 —5 — Hn 5 1
v mﬂ;m:na 2 ynilngl - - ].:[ J(e.7 )

- m Z anl,nQ,...Hnl,ng,...-
nitnz+--=n
Hence by Theorem 9.5.4 we have
AP =nt D af . =nlf]* < oo

nit+nz+--=n

If follows that I,(f) € K,.
Conversely, suppose ¢ € K,,. By Theorem 9.5.4, ¢ can be expanded as

o= E bnlan27~~~Hnlan2w~'
nitnz+-=n

Define a function f on T™ by

1 ~ ~

® ®
f: E bnlan27"' T €1 n1®62n2®.“
Vnping:- -

nitnz+-=n
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Then by the above arguments,

1 1
I£1I” = o] S W, = EWHQ < 0.

" nit+ngt=n

This shows that f € Lfym(T"). Moreover, we see from the above arguments
that I,,(f) = ¢. To show the uniqueness part, suppose f,g € Lgym(T”) and
¢ =1I,(f) = I.(g). Then

1 1
If—gll= N 11,(f = 9)ll = NG 11,(f) = In(9)Il = O,
which implies that f = g. a

The next theorem follows from Theorems 9.4.7 and 9.7.1.

Theorem 9.7.3. (Wiener-1t6 theorem) The space L%(£2) can be decomposed
into the orthogonal direct sum

LQB<‘Q):KO@Kl@KQEB'~'@Kn@...7

where K,, consists of multiple Wiener—Ité integrals of order n. Fach function
¢ in L% (£2) can be uniquely represented by

(b = Zln(fn)a fn S Lgym(T")7 (972)
n=0
and the following equality holds:
617 = > ntll fall*-
n=0

Now we ask the following question.

Question 9.7.4. Given a function ¢ € L%(§2), how can one derive the functions
fn,m >0, in Equation (9.7.2)7

We will give an answer to this question using the concept of derivative from
white noise theory. We state this concept in an informal way. For a rigorous
treatment, see the books [27] and [56].

Definition 9.7.5. Let ¢ = I,(f),f € LZ,,,(T™). The variational derivative
of ¢ is defined to be

0
5= nl,_1 (fn(t, ))7 (9.7.3)
where the right-hand side is understood to be 0 when n = 0. In particular,
)
S1(f) = F(0). (9.7.4)

ot
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Suppose ¢ € L%(£2) is represented by Equation (9.7.2). By applying the
operator d/60t informally n times, we will get

571

—nl
(5t1(5t2~-~(5tn ¢ n.fn(tl,tg,...,tn)

+ (n 4+ DUy (fag1(trsta, oyt ) +---. (9.7.5)

Recall that E(I,(f)) = 0 for all n > 1. Hence by taking the expectation in
both sides of Equation (9.7.5), we obtain the next theorem.

Theorem 9.7.6. Let ¢ € L%(82). Assume that all variational derivatives exist
and have expectation. Put

1 o

(it tn) = —B|—
ICHE ) ! Lot 6ty - - 0t

0).
Then the Wiener-Ité expansion of ¢ is given by ¢ = > oo o In(fn)-

Example 9.7.7. Consider ¢ = e~ B, Obviously, ¢ € L%(£2). Let us find the
first three nonzero terms in the Wiener—It6 expansion of ¢. First we have

1 & 2 2 1
Ee B = —/ e e 2 dy = —.
V2T ) oo V3
Write ¢ as ¢ = exp [ — (fol 1 dB(s))2] and use Equation (9.7.4) to obtain

%¢ —¢-{- 2/01 1dB(s) -1} = ~2B(1) e 50",

Therefore,
)
t1) =F|—
hit) [&1

Differentiate one more time to get

(;s}:o, Vo<t <1

52
Ot1dto

¢ =—2(1-2B(1)%) e PO,

which has the following expectation:

52
0t1dts

2
3V3

The next two variational derivatives of ¢ are given by

f2(t1>t2>:E[ ¢] =-

53
Ot10t20t3
54
Ot16to6t36ty

¢ = 4(3B(1) — 2B(1)%) e POV’

¢ = 4(3—12B(1)% + 4B(1)*) e BV’
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Obviously, f3 = 0. By direct computation, we have

54 4

. = F = .
F(ty tats, ta) 5t16t26t36t4¢ 33

Thus we get the first three nonzero terms in the Wiener—It6 expansion:

eap_ L2 4
e = L) —=Ty(1) 4 -

9.8 Representation of Brownian Martingales

Let B(t) be a Brownian motion and let T' = [a,b] be a fixed interval. As
before, let FB = o{B(t);a < t < b} and FP = o{B(s);a < s < t}. Suppose
f(t) is a stochastic process in L2;([a,b] x §2). Then by Theorems 4.6.1 and
4.6.2, the stochastic process X; = fat f(s)dB(s),a < t < b, is a continuous
martingale with respect to the filtration {FF}. Moreover, by Theorem 4.3.5
we have F(X?) = f: E(f(s)?) dt < oo for all t € [a,b]. In this section we will
show that every square integrable {F2 }-martingale occurs this way. This fact
is a simple application of the Wiener—It6 theorem.
Let n > 1 and consider a multiple Wiener—It6 integral

X = f(ti,ta... ta)dB(t1)dB(ts) - dB(t,),
-

where f € L2 (T™). By Theorem 9.6.7, X can be rewritten as

sym

b ptq tn—1
X:m//.HU”lmhnﬂmmmynw@mmm.
Define a stochastic process 6(t) by
t tn_1
o(t) :n!/ {/ f(t,t2,...,tn)dB(tn)] .- dB(ty), a<t<b.
Then we can write X as a stochastic integral
b
X:/e@w@. (9.8.1)
a
Note that the stochastic process 0(t) is adapted with respect to the filtration

{FPB}. Moreover, we can again use Theorem 9.6.7 to rewrite §(¢) as a multiple
Wiener—It6 integral

9@)7p(nn{la-.Léml1f@¢%.”,%)¢3@n)...dB@g

= n/ ft ta, ... tn) dB(ta) - - - dB(tn). (9.8.2)
la,t]n—1
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Then apply Theorem 9.6.6 to find that

E(0(t)*) =n*- (n— 1)!/ Fltta, . tn)  dty - dty

la,t]n—1

§n~n!/ ft,ta, ... ty)? dty - dty,
[a,b]7—1

which implies that

b
/ E(0(t)?) dt < n-n!/ f(ti,ta, .. ty)dty dty - dty,
a la,b]™

=nE(X?) < c0.

Thus 6 € LZ;([a,b] x £2) and the stochastic integral in Equation (9.8.1) is an
1t6 integral as defined in Chapter 4.
Now we use the above discussion to prove the next theorem.

Theorem 9.8.1. Let X € L%(12) and EX = 0. Then there exists a stochastic
process 0 € L2,([a,b] x 2) such that

X = /bé‘(t) dB(t).

Remark 9.8.2. Suppose X belongs to the domain of 4/d¢. Then by the proof
below, we have the following formula:

o(t) = E[%X’}"ﬂ.

Proof. By the Wiener—It6 theorem, X has the expansion X = > I,(fs)
with f, € L2, (T™). But fo = EX = 0. Hence we have

sym

X = L(fa), IXIP =Y nllfal* (9.8.3)
n=1

n=1

For each n > 1, define a stochastic process

0, () = n! /at- y [/t Fultator i tn) dB(tn)} - dB(ts).

Then by Equation (9.8.1) we get the equality

X = i bﬁn(t) dB(t). (9.8.4)

n=1v9

By Equation (9.8.2) we can rewrite 6, (t) as a multiple Wiener-It6 integral
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0,(1) = n/ Fultotoy ... tn) dB(ts) - - dB(t).
[a,t]™

Hence by Theorem 9.6.10, the 6,,’s are orthogonal. Define
Sn(t) =Y _0k(t), a<t<bh
k=1

Note that I,,(f,) = f O ( ). Hence E(I,(fn)?) = f; E(0,(t)?) dt. Then
for any n > m,

b b
/E(|Sn(t)—5m(t)|2)dt: > /E(ek(t)2)dt
= > E(L(f)?),

which converges to 0 as n > m — oo. This shows that 6 = lim,, .. S, exists
in the space L2,([a,b] x £2). Then by Equation (9.8.4) we have

n b b
X=1m > [ 6B = 1m [ 8. / 0(t) dB(t
k=1 a a
This completes the proof of the theorem. a

Recall from Definition 3.3.5 that a stochastic process X (t) is a version of
X(t) if P{X(t)=X(t)} =1 for each t.

Theorem 9.8.3. (Martingale representation theorem) Let My, a <t < b, be
a square integrable martingale with respect to {FF;a <t < b} and M, = 0.
Then My has a continuous version M(t) given by

M t):/te(s)dB(s), 0<t<b,

where 6 € L2 ([a,b] x £2).

Proof. By assumption M, € L%(£2) and EM, = EM, = 0. Hence we can
apply Theorem 9.8.1 to the random variable M; to get a stochastic process
0(t) in L2;([a,b] x £2) such that

b
M, = / 0(s) dB(s). (9.8.5)

Define a stochastic process M () by
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Mt):/te(s)dB(s), a<t<b.

By Theorems 4.6.1 and 4.6.2, M(t) is a continuous martingale with respect
to the filtration {F2}. Moreover, for each t € [a, b],

M, = E[M, | FF] = E[M(b) | FF] = M (1)

almost surely. Hence M (t) is a version of M; and the theorem is proved. 0O

Exercises

1.

Consider the opposite diagonal squares U ;[ti—1,¢;) X [tn—i,tn—st1) In
Equation (9.1.3). The corresponding Riemann sum is given by

n

T, =Y (B(t:) = B(ti-1))(B(tn-i+1) — Bltn_)).

=1

Show that T, — 0 in L?(£2) as ||A,| — 0.

2. Prove the identities listed at the end of Section 9.3.

The Hermite polynomial of degree n is often defined by
H,(z)= (71)"e$2DZ 6712, n > 0.

Show that H,,(z) = 2"H, (z; 1) and H,(z;p) = 27"/2p"/?H, (z/\/2p).
Suppose f, g € L?[a,b]. Show that the double Wiener—It6 integral of the
function f(t)g(s) is given by

b pb b
/ / f(t)g(s) dB(t) dB(s) = I(f)I(g) — / f(t)g(t) dt

where I(f) and I(g) are the Wiener integrals of f and g, respectively.

. Evaluate the double Wiener—It6 integral folfol tdB(s)dB(t).

Let f be a nonzero function in L?[a, b] and let I(f) be the Wiener integral
of f. Find the homogeneous chaos expansion for the function ¢ = e!(/).

7. Find the homogeneous chaos expansion for the function B(t)* + 2B(t)3.

10.

. Find the homogeneous chaos expansion for the function B(t)eZ®.

Find the homogeneous chaos expansion for the functions sinh(B(t)) and
cosh(B(t)).

Find the homogeneous chaos expansion for the functions sin(B(t)) and
cos(B(t)).
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11. List the orthonormal basis for the space K3 of homogeneous chaoses of
order 3 as given by Theorem 9.5.4.

12. Let p be the standard Gaussum measure on R?, i.e., its density function is
given by f(z,y) = (2m)~! ~(@*+v*)/2_ Find an orthonormal basis for the
Hilbert space L?(p).

13. Let f € L?(T) and g € L*(T™). The tensor product f ® g is defined to be
the following function on 77+1!:

f ®g(t17t27 s 7tn+1) = f(tl)g(tQa s 7tn)‘

The contraction f ® g of f with the kth variable of g is defined to be the
following function on 77!

b
f®kg(t1""’tk7"'7t”):/ f(tk)g(t17"'7tk7'"7tn)dtk7

where #;, means that ¢ is deleted. Prove the equality

La(f®g)=I(f) }:Lllka@

k=1

4. Let 0 <a<c < d < b 1. Flnd the Wiener—It6 decomposition of the
function ¢ = ( ) ( )
15. (a) Suppose 6 € LQ[a, b] has the expansion

x) = Z anHp(
n=0

Let f be a unit vector in L?[a, b]. Show that the Wiener-Itd expansion of
O(I(f)) is given by

=Y aH
n=0

(b) Use the result in part (a) to find the Wiener—It6 expansion of |B(1)].
16. Let X = I,,(f) and f € LZ,,,(T™). Prove that

E[X|FP] /[ - fti,ta, ..., t,)dB(t1) dB(ts) - - - dB(ty).
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Stochastic Differential Equations

A differential equation % = f(t,z) in the Leibniz-Newton calculus can also

be interpreted as an integral equation x(f) = z, + f; f(s,z(s))ds. When
perturbed by the informal derivative B(t) of a Brownian motion B(t), this

equation takes the form %X = o(t, X)B(t) + f(t,X). In the It6 calculus,
B (t) and dt are combined together to form the Brownian differential dB(t).
The stochastic differential equation dX = o(t, X)dB(t) + f(t, X)dt is just
a symbolic expression and is interpreted as meaning the stochastic integral
equation X; = XaJrfi a(s, Xs) dB(s)+fat f(s,Xs)ds, a <t <b. The original
motivation for K. It6 to develop the theory of stochastic integration was to
construct diffusion processes by solving stochastic differential equations.

10.1 Some Examples

First we recall several examples of stochastic differential equations that arose
in the previous chapters.

Ezxample 10.1.1. From Example 7.4.5, we have the Langevin equation
dXt = OédB(t) - ﬂXt dt, Xo = Zg-

The solution is an Ornstein—Uhlenbeck process
t
X, =e Play + a/ e P dB(u).
0

Example 10.1.2. Recall that in Example 7.5.2 we used It0’s formula to derive
an R2-valued stochastic differential equation

0-1

th:[l 0

] VedB(r) - LVidt, Vi = m .

The solution V; is the transpose of [cos B(t), sin B(t)].
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Example 10.1.3. In Example 7.5.3, we again used It6’s formula to derive an
R3-valued stochastic differential equation

dV; = (KVy +q) dB(t) + LV, dt, Vi = vo,

where K, q, L, and vy are given by

0-10 0 -3 00 1
K=]|100f, ¢g=1]0{|, L=] 0 =30/, v=|0
000 1 0 00 0

The solution V4 is the transpose of [cos B(t), sin B(t), B(t)].

Ezample 10.1.4. Let B;(t) and Ba(t) be independent Brownian motions. In
Example 7.5.4, we derived an R3-valued stochastic differential equation

dVy = KV; dBy(t) + CV, dBs(t) + LVidt, Vo = vo,

where K, C, L, and vy are given by

100 0-10 000 1
K=|010|, C={100|, L=|000|, vp=]0
001 000 001 1

The solution V; is the transpose of [eB1(!) cos By(t), eP1(*) sin By(t), ePr®)].
Example 10.1.5. In Example 8.3.6, we have stochastic differential equations
dX; = X1 0dB(t), Xo=1; dY;=Y:dB(t), Yy =1,
where o denotes the Stratonovich integral. The solutions are given by

X, = eB(t); Y, = eB(t)fét.

Ezample 10.1.6. The Bessel process L,_1(t) defined in Definition 8.5.3 is
shown in Theorem 8.5.4 to satisfy the stochastic differential equation

n—1 i
Xt
Ezample 10.1.7. The exponential process &, (t) defined by Equation (8.7.3)

is shown in the proof of Theorem 8.9.4 to satisfy the stochastic differential
equation in Equation (8.9.8), namely,

dX, = dW(t) +

dt, Xo=0.

dX, = h(t)X, dB(t), Xo=1.

Notice that all of the above examples except for Example 10.1.6 are linear
equations. Moreover, almost all sample paths of the solutions are functions
defined on the whole half-line [0, c0).

We give two more examples to show that the solution of a stochastic
differential equation can explode in finite time almost surely and that there
may exist several solutions of a stochastic differential equation.
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Example 10.1.8. Consider the stochastic differential equation
dX; = X?dB(t) + X2 dt, X, =1, (10.1.1)
which means the following stochastic integral equation:
Xt71+/X2dB /X3ds

To solve this equation, apply It6’s formula to find that

1 1 12
d(ft) - _ﬁdXt 2X3 (ax,)’
= X2 (X7 dB(t) + X} dt) + X, dt

= —dB(t).
Therefore, XLt = —B(t) 4+ C. The initial condition Xy = 1 implies that C' = 1.
Hence the solution of Equation (10.1.1) is given by

1

Xe = 1-B(t)

Note that the solution X; explodes at the first exit time of the Brownian
motion B(t) from the interval (—oo, 1).
Ezxample 10.1.9. Consider the stochastic differential equation

dX, =3X2/*dB(t) + 3X,}*dt, X, =0, (10.1.2)

which means the following stochastic integral equation:
t t
X, = 3/ X2/3dB(s) + 3/ X3 ds.
0 0

For any fixed constant a > 0, define a function 6,(z) = (# —a)® L{z>qy. It
is easily verified that the first two derivatives of 6, are given by

0! () = 30, (x)%3, 0"(x) = 60, ()3
By It6’s formula, we have
d(0.(B(1))) = 304(B(t))*/* dB(t) + 30.(B(t))"/* dt.
Moreover, 0,(B(0)) = 0. Hence 6,(B(t)) is a solution of Equation (10.1.2) for
any a > 0. This shows that Equation (10.1.2) has infinitely many solutions.

Observe that the last two examples are in fact simple modifications of
well-known examples in ordinary differential equations for the Leibniz—Newton
calculus. Hence we would expect to encounter similar phenomena in stochastic
differential equations for the It6 calculus. This means that in order to ensure
the existence and uniqueness of a globally defined solution, we need to impose
the Lipschitz and growth conditions.
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10.2 Bellman—Gronwall Inequality

In this section we will prove two inequalities to be used in the next section.
The first one, called the Bellman—Gronwall inequality, covers the following
situation. Suppose we have a function ¢ € L![a, b] satisfying the inequality

o(t) < f(t) +ﬂ/ o(s)ds, Vtela,bl, (10.2.1)

where f € L'[a,b] and 3 is a positive constant.

Question 10.2.1. Given Equation (10.2.1), how can we estimate ¢(t) in terms
of f(t) and 37

Define a new function g(t) by

t
g(t) :ﬂ/ o(s)ds, a<t<h.
Then by the fundamental theorem of calculus and Equation (10.2.1),
g (t) = Bo(t) < Bf(t) + Bg(t), almost everywhere.

Hence we have
g'(t) = Bg(t) < Bf(t).
Multiply both sides of this inequality by the integrating factor e=%* to get

d

(e g(1) = e P (g'(t) = Bg()) < Bf(H)e™,

which, after we integrate from a to t, becomes

e Plg(t) < 6/t F(s)e™Ps ds.
Therefore,
g(t) gﬁ/ f(s)eﬁ(tfs) ds.
Hence by Equation (10.2.1),
t
60 < 1) +90) < FO+5 [ F(6)e ) ds.

Lemma 10.2.2. (Bellman-Gronwall inequality) Suppose ¢ € L'[a, b] satisfies
FEquation (10.2.1). Then

o(t) < £(2) + 8 / £(s)e?¢=) ds,

In particular, when f(t) is a constant o, we have

o(t) < ae’t=9 Va<t<b. (10.2.2)
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For the second inequality needed in the next section, let {6,}52, be a
sequence of functions in L'[a, b] satisfying the inequality

Oni1(t) < F(8) + 6/t 0,(s)ds, Vt€ [a,bl, (10.2.3)

where f € L'[a,b] and f3 is a positive constant.

Question 10.2.3. Given Equation (10.2.3), how can we estimate 6,4;(f) in
terms of f(t), 8, n, and 6;(¢)?

The above trick in proving Lemma 10.2.2 does not work for this case.
Instead, we need to iterate the given inequality and apply induction, which in
fact can also be used to prove Lemma 10.2.2.

Put n =1 in Equation (10.2.3) to get

02(t) < f(t) +5/t 0.(s) ds. (10.2.4)

Put n = 2 in Equation (10.2.3) and then use Equation (10.2.4) to see that

t

O03(t) < f(t)+ B | ba2(s)ds

t t s
<f®)+8 | fls)ds+ p? / (/ 0, (u) du) ds.
Change the order of integration in the above iterated integral to obtain
t t
03(t) < f(t) + ﬂ/ f(s)ds + 32 / (t — )0 (u) du.
Similarly, we have

0a(t) < f(t)+5/ f(s) d5+52/ (t—U)f(u)d“Jrﬁ?’/ : _Qu)291(u) du.

t
a

In general, we can use induction to show that for any n > 1,

busi(t) < F(8) + 3 / £(s)ds + 6 / (t — u)f(u) du
t —u n—2
*"'WH/ (t(n—)Q)! J(w) du
+5”/ (t(;u);_!ﬁl(u)du.

k k
Note that Z:;g B (tkf!u) < ePt=u) Hence we can simplify the estimate
of 0n+1(t) by
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bt —u)nt

(n—1)! 01 (u) du. (10.2.5)

0uir(t) < () + 5 / F(w)ePE du 4 pr /

Thus we have proved the next lemma.

Lemma 10.2.4. Let {0,,}°°, be a sequence of functions in L'[a,b] satisfying
Equation (10.2.3). Then Equation (10.2.5) holds for any n > 1. In particular,
when f(t) = a and 61(t) = ¢ are constants, then the following inequality holds

for anyn > 1:
5n(t _ a)n

Opir(t) < aePt=9 4 ¢
n!

(10.2.6)

10.3 Existence and Uniqueness Theorem

Let B(t) be a Brownian motion and {F;;a < ¢t < b} a filtration satisfying the
conditions given in the beginning of Section 4.3, namely, B(t) is Fz-measurable
for each t and B(t) — B(s) is independent of Fy for any s < t.

Let o(t,z) and f(t,z) be measurable functions of ¢ € [a,b] and = € R.
Consider the stochastic differential equation (SDE)

dX, = o(t, X,) dB(t) + f(t, X,) dt, X, =¢,

which must be interpreted as the stochastic integral equation (SIE)

¢ t
Xy =¢ Jr/ o(s,Xs)dB(s) +/ f(s,Xs)ds, a<t<b. (10.3.1)

First we need to explain what it means that a stochastic process X; is a
solution of the SIE in Equation (10.3.1).

Definition 10.3.1. A jointly measurable stochastic process Xy, a <t < b, is
called a solution of the SIE in Equation (10.3.1) if it satisfies the following
conditions:

(1) The stochastic process o(t, X;) belongs to L.a($2, L*[a,b]) (see Notation
5.1.1), so that f(f o(s, Xs)dB(s) is an Ité integral for each t € [a,b];

(2) Almost all sample paths of the stochastic process f(t, X;) belong to L'[a, b];

(3) For each t € [a,b], Equation (10.3.1) holds almost surely.

As pointed out by examples in Section 10.1, we need to impose conditions
on the functions o (¢, ) and f (¢, z) in order to ensure the existence of a unique
nonexplosive solution of the SIE in Equation (10.3.1). We state the conditions
in the next two definitions.

Definition 10.3.2. A measurable function g(t,x) on [a,b] xR is said to satisfy
the Lipschitz condition in x if there exists a constant K > 0 such that

|g(t,l‘)—g(t,y)‘§K|$—y‘, Vagtgb, l‘7y€R
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Definition 10.3.3. A measurable function g(t,x) on [a, b xR is said to satisfy
the linear growth condition in x if there exists a constant K > 0 such that

lgt, )| < K(1+|x]), Va<t<b, zeR. (10.3.2)
Note the following inequalities for all x > O:
1+22 <(1+4+2)? <201 +2?).

Hence the condition in Equation (10.3.2) is equivalent to the existence of a
constant C' > 0 such that

lg(t,z)* < C(1+2%), Va<t<b xcR.

Lemma 10.3.4. Let o(t,x) and f(t,z) be measurable functions on [a,b] x R
satisfying the Lipschitz condition in x. Suppose & is an F,-measurable random
variable with E(£?) < oo. Then the stochastic integral equation in Equation
(10.3.1) has at most one continuous solution X;.

Proof. Let X; and Y; be two continuous solutions of the SIE in Equation
(10.3.1). Put Z; = X; — Y;. Then Z; is a continuous stochastic process and

. / (o0, 0) oo, Y0) dBs) + (£, X) — £, Y,)) ds.
Use the inequality (a + b)? < 2(a® + b°) to get
2 <2( [ (ot - ot 1) aB(s))
= (7 X) — f(5,Y2) as) ] a0sy

By the Lipschitz condition of the function o(¢,z), we have

2

E(/lt (o(s, Xs) —0(s,Y5)) dB(s)) = /tE[(a(s,Xs) — a(s,Ys))ﬂ ds
< K? /tE(ZSQ)ds. (10.3.4)
On the other hand, by the Lipschitz condition of the function f(¢,x),
t 9 t )
(] (s, = ps ) ds) < (=) [ (76X = 5.2 ds
< (b—a)K? /t 72 ds. (10.3.5)

a

Put Equations (10.3.4) and (10.3.5) into Equation (10.3.3) to see that
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t
E(Z}) <2K?*(14b— a)/ E(Z%)ds.
a

By the Bellman-Gronwall inequality in Lemma 10.2.2, we have E(Z}?) = 0
for all ¢t € [a,b]. Hence Z;, = 0 almost surely for each ¢ € [a,b]. Let {r1,72,...}
be a counting of the rational numbers in the interval [a, b]. Then for each r,,
there exists 2, such that P(£2,) = 1 and Z, (w) = 0 for all w € §2,. Let
=N, 82,. Then P(§2') =1 and for each w € ', we have Z, (w) =0 for
all n. Since Z,; is a continuous stochastic process, there exists 2" such that
P(£22") =1 and for each w € 2", the function Z;(w) is a continuous function
of t. Finally, let 2y = 2’ N 2. Then P({2y) = 1 and for each w € {2y, the
function Z;(w) is a continuous function that vanishes at all rational numbers
in [a, b]. It follows that for each w € (2, the function Z;(w) is 0 for all ¢ € [a, b].
Therefore, X; and Y; are the same continuous stochastic process. O

Theorem 10.3.5. Let o(t,x) and f(t,x) be measurable functions on [a,b] x R
satisfying the Lipschitz and linear growth conditions in x. Suppose £ is an
Fa-measurable random variable with E(£?) < co. Then the stochastic integral
equation in Equation (10.3.1) has a unique continuous solution Xs.

Remark 10.3.6. We point out that the above theorem covers Examples 10.1.1
and 10.1.5. It also covers Example 10.1.7 when h is a bounded deterministic
function. However, it does not cover Examples 10.1.6, 10.1.8, and 10.1.9.

Proof. The uniqueness of a continuous solution follows from Lemma 10.3.4.
We proceed to prove the existence of a solution.

By assumption, there exists a constant C' > 0 such that the following
inequalities hold for all ¢ € [a,b] and z,y € R:

lo(t,z) —o(t,y)l < Clz —yl, |f(t,z) = f(ty)| <Clz—yl;  (10.3.6)
lo(t,z)|> < C(1+22), |f(t,z)]? < COA +22). (10.3.7)

We use a similar iteration procedure as the one for ordinary differential
equations to produce a solution of the SIE in Equation (10.3.1). Define a
sequence {Xt(n) o, of continuous stochastic processes inductively by setting
Xt(l) =¢ and forn > 1,

t
XM = ¢ 4 / o(s, X™)dB(s / f(s,XM)d (10.3.8)
a

Obviously, Xt(l) belongs to L2;([a,b] x £2) (see Notation 4.3.1.) Assume by
induction that the stochastic process Xt(") belongs to LZ([a,b] x 2). Then

by the linear growth condition in Equation (10.3.7),
b b
E/ o(t, X" )2dt < C(b—a) + CE/ | X dt < oo;

1/2

t b /
/ | f(s,X™)|ds < \/C’(b—a)(/ (1+ |Xt(")|2) dt> <00, as.
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Hence the first integral in Equation (10.3.8) is an It0 integral as defined in
Chapter 4, while the second integral is a Lebesgue integral in ¢ for almost all

w € 2. Thus Xt("H) is a continuous stochastic process and is adapted to the
filtration {F;}. Moreover, since |a + b+ ¢|? < 3(a? + b? + %), we have

| x (") < 3{€2+</to(s,Xgn))dB(s))2+(/t f(s,X§">)ds)2], (10.3.9)

which together with the linear growth condition implies that
b 2
E/ | X dt < o
a

This shows that the stochastic process Xt(nH) belongs to L2,([a, b] x £2). Thus
by induction we have a sequence {Xt(n) 129, of continuous stochastic processes
in the space L2,([a,b] x £2).

Next, we estimate E(\Xt(”ﬂ) — Xt(") ), which will be stated by Equation
(10.3.13) below. For convenience, let

t t
YU = [ o(s, X(M)dB(s), 2V = [ f(s, X)) ds.
t s t s

Then X" = ¢ + v;" Y 4+ "™ Since (a + b)? < 2(a® + b?), we have
E(|Xt(n+l) o Xt(n)|2)
< 2{E(|Yt("+1) —Y ")+ E(|20Y - 2™ } (10.3.10)

By the Lipschitz condition in Equation (10.3.6),

t
B = 3P) = [ Bl X0 - e X

a

t
< 02/ E(|X( = XYY ds.  (10.3.11)
Similarly, the Lipschitz condition in Equation (10.3.6) yields that
t
|2~z < (b - a)c2/ X = XD ds. (10.3.12)

Equations (10.3.10), (10.3.11), and (10.3.12) imply that for any n > 2,

t
E(|Xt(n+1) _Xt(n)|2) < 2C2(1+b_ a)/ E(‘Xén) _Xs(n—l)’2) ds.

a

On the other hand, by the growth condition in Equation (10.3.7),
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t
E(|x? - xV*) <202(1 +b - a)/ (1+ E(£?)) ds.

Then by Lemma 10.2.4,
/Bn (t _ a)n

B(|xi) - xR < 2

, (10.3.13)

where p =1+ E(£2) and 8 = 2C%(1 + b — a).
Now note that for any ¢ € [a, b],

|Xt(n+1) . Xt(n)| < |§/t(n+1) . Y;(n)‘ + |Zt(n+1) . Ztgn)|
Hence we have

“+1 +1 n+1
sup |Xt(n ) _ Xt(")| < sup |Yt(" ) _ Y;(n)‘ + sup |Zt( ) _ Zt(n) ,
a<t<b a<t<b a<t<b

which implies that

{ sup ’Xt(nﬂ) — Xt(n)’ > 1}

a<t<b n?

(n+1) (n) 1 (n+1) _ (n) 1
c{ sup Y, Y™ s — Lyl sup |Z —zm s =L
{a§t2b| ! < 2712} {a§t2b| ! a 2712}

Therefore,

P{ sup |Xt("+1) - Xt(n)| > 732} < P{ sup |Yt(n+1) - Yt(n)| > 1}

a<t<b a<t<b 2n

(n+1) _ (n) 1
+ P! sup |Z —zm s =L 10.3.14
{ a§t2b| t t | o2 } ( )

Apply the Doob submartingale inequality in Theorem 4.5.1 and then use
Equations (10.3.6) and (10.3.13) to get

n n 1 n n)|2
P{ sup [¥," — v, >2nz} <4an'B(|Y," " -y

a<t<b
b 2
§4n402/ B(|1x™ - x" V) dt
a

1(b _ a)n

< 4n'C?p p — (10.3.15)

On the other hand, by Equation (10.3.6) using the function f,
t
Zm — zM )P < (b - a)/ X — XD ds,

which immediately implies that
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sup |2~z P < c2(p /yX(" — XY ds.

a<t<b
From this inequality and Equation (10.3.13) we see that

2
P{ sup ’2(n+1 t(n)| > 2;2} S4714]5[{ sup |Z(n+1 t(n)‘} }

a<t<b a<t<b
442 Brb—a)"
< 4n'C2(b— a)p . (10.3.16)
It follows from Equations (10.3.14), (10.3.15), and (10.3.16) that
4 0n b— n
P{ sup ’X("‘*‘l) X(")} > = } SZPM

a<t<b n!

4 on n
It is easy to check that the series > % is convergent. Hence by the
Borel-Cantelli lemma in Theorem 3.2.1, we have

P{ sup ‘X(nﬂ) X(n)‘ > i.o.} =0.

a<t<b

This implies that the series £ + > 7, (Xt("H) - Xt(")) converges uniformly
on [a,b] with probability 1 to, say, X;. Note that the nth partial sum of this
series is Xt("). Hence with probability 1,

lim Xt(n) = X;, uniformly for ¢ € [a, b].

n—oo
Obviously, the stochastic process X; is continuous and adapted to the filtration
{Ft;a <t < b}. Moreover, Equation (10.3.13) implies that

ﬁ”/Q(b _ a)n/Q

BT R

where || - || is the L?(£2)-norm. This inequality implies that for each ¢, the
series € + 320 (X" — X™) converges in L?(£2) and

e ﬁn/2(b—a)n/2
1] < €] +n§:jl¢ﬁ—m .

HXt(n+1) o Xt(n)H < \/[3

It follows that Ef; |X;|?dt < oco. Hence the stochastic process X; belongs
to the space L2,([a,b] X £2) C Laa($2,L?[a,b]). We can easily check that X;
satisfies the conditions (1) and (2) in Definition 10.3.1. Moreover, we can verify
that the limit as n — oo can be brought inside the integral signs in Equation

(10.3.8) to get
=¢ —|—/ o(s,Xs)dB(s) +/ f(s,Xs)ds

Hence X; is a solution of Equation (10.3.1) and the proof is complete. ]
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10.4 Systems of Stochastic Differential Equations

Let Bt(l)7 Bt(2)7 RN Bt(m) be m independent Brownian motions. For 1 <i <n
and 1 < j <m, let 0;;(t,z) and f;(¢,z) be functions of ¢ € [a,b] and = € R".
Consider the following system of stochastic differential equations for 1 < ¢ < n:

dx{” =3 ot XV, Xy dBY + fit, XV, XM dt, (10.4.0)
j=1
with the initial condition X(Si) = ¢;. If we use the matrix notation
Xt(l) O11 *** O1m B,fl) fi &
Xt: , 0= aBt: af: 752 )
Xt(") Onl *** Onm Bgm) fn gn
then Equation (10.4.1) can be rewritten as a matrix SDE by
dX, = o(t, X)) dB(t) + f(t, X)) dt, X, = €. (10.4.2)

For an n x 1 column vector v in R™, let |v| denote the Euclidean norm of v.
The Hilbert-Schmidt norm of an n x m matrix o = [0;;] is defined by

ol = <iiafj>l/2. (10.4.3)

i=1 j=1

The multidimensional generalization of Theorem 10.3.5 is given in the next
theorem.

Theorem 10.4.1. Let the matriz-valued function o(t, x) and the vector-valued
function f(t,z) in Equation (10.4.2) be measurable. Assume that there exists
a constant K > 0 such that for allt € [a,b] and x,y € R",

(1) (Lipschitz condition)
lo(t,z) —o(t,y)ll < K|z —yl, [f(t,2) = f(ty)] < K|z —yl;
(2) (Linear growth condition)
lo(t, @)1 < K+ [2?), [f(t2)]* < K1+ |z).

Then for any F,-measurable random vector & with E(|¢|?) < oo, the stochastic
integral equation

t t
Xt=£+/a(s,Xs)st+/ f(s,Xs)ds, a<t<hb,

has a unique continuous solution.

This theorem can be proved by exactly the same arguments as those in
the proof of Theorem 10.3.5 with simple modifications of notation. We point
out that Examples 10.1.2, 10.1.3, and 10.1.4 are covered by this theorem.
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10.5 Markov Property

In this section we explain the Markov property, an important concept that
will be needed in the next two sections.

Let X,Y1,Ys,...,Y, be random variables. Let 0{Y1,Ys,...,Y,} denote
the o-field generated by Y7, Y5, ..., Y,,. The conditional expectation of X given
c{Y1,Ys,...,Y,} will also be denoted by F[X |Y1,Ya,...,Y,], namely,

EIX |1, Ya,.... Yl = BIX | 0{Y1,Ya,..., Vo).
Then there exists a Borel measurable function 8 on R™ such that
E[X|Y1,Ys,...,Y, ] =0(Y1,Ys, ..., Y,).

Notation 10.5.1. We will use E[X | Y] = y1,Y2 = y2,..., Y, = y,] to denote
9(y17y27"'ayn)7 i'e'a
E[X|Y1 :y17}/2 :y%---aYn = yn] = 0(y1,y27~-~7yn)

= BX VY2 Yallyy v vz

The function @ is characterized as the unique, up to the joint distribution of
Y1,Ys5,...,Y,, Borel measurable function such that

E{Xg(Y1,Ys,...,Y,)} = E{6(11,Y2,....Y,) g(V1,Y2,...,Y,)}  (105.1)
for all bounded measurable functions g on R™.

Definition 10.5.2. The conditional probability of an event A given a o-field
G is defined by
P(A]G) = E[14]4],

where 14 is the characteristic function of A, i.e., la(x) =1ifzx € A and =0
if ¢ ¢ A. In particular, we have

P(X§$|Y17Y2,...7Yn) ZE{I{XSI}|Y17Y2...,Y,L},
P(XS.’E‘Yl :ylaaYn:yn):E[{l{XSx}‘Yl :yla;Yn:yn}

Ezample 10.5.3. Let f(x,y1,¥2,---,yn) be the joint density function of X, Y7,
Ys,...,Y,. Then we have
PX<z|Yi=y1,Y2=92,..., Y0 =n)
B 1
le,Yz,...,Y,L(y17y2a---vyn)

/ f(u7y17y27---7yn) du, (1052)

where fy, v,,..y, is the marginal density function of ¥7,Y5,...,Y,. This fact
can be easily verified using Equation (10.5.1).
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Consider a Brownian motion B(t). Let 0 < t; < to < -+» < t, < t.
Using Equation (10.5.2) and the marginal density function of B(¢) in Equation
(3.1.2), we immediately see that

P(B(t S (E|B tl :yl,B(tg) :yg,...,B(tn) :yn)

\/27Tt7t t_tn)
Observe that the right-hand side does not depend on y1,¥s, ..., y,—1. In fact,
we also have

P(B(t) < x| B(tn) = (u y”)) ] du.

n ex

) = ,/2m—t / p{ 2t —1

Therefore, a Brownian motion B(t) satisfies the following equality:
P(B(t) <z|B(t;) =vi,i=1,2,...,n) = P(B(t) < 2| B(tn) = yn)-

Now, if we use this property of a Brownian motion as a condition, then
we come to a new concept and an important class of stochastic processes in
the next definition.

Definition 10.5.4. A stochastic process Xy, a < t < b, is said to satisfy the
Markov property if for any a <t <ty <--- <t, <t <b, the equality

P(Xt S 117|Xt1,Xt2,...,th) :P(Xt S $|th)
holds for any © € R, or equivalently, the equality
P(X;<z|Xy, =y,i=1,2,....,n) =P(X; < | Xy, =yy) (10.5.3)

holds for any x,y1,y2,...,yn € R. By a Markov process, we mean a stochastic
process Xy, a < t < b, satisfying the Markov property.

Remark 10.5.5. We can interpret t,, as the present time, t1,to,...,t,—1 as
the past, and ¢ as the future. Then the Markov property in Equation (10.5.3)
means that given the past and the present, the future depends only on the
present. Equivalently, it means that given the present, the future and the past
are independent.

Obviously, a Brownian motion B(t) is a Markov process. Below we give
more examples to illustrate the Markov property.

Ezxample 10.5.6. Let X, be a stochastic process with independent increments
and Xg = 0. Then for any t; <ts <--- <t, <tand x € R,

P(Xt §x|Xt17Xt27...7th) :P((Xt —th)—f—th S-T|Xt17Xt27~~'7—th)
= P((X¢ = Xp,) + X, < 7| Xs,)
=P(X; <z|X,,).

This shows that X; is a Markov process.
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Example 10.5.7. Let ¢ be an increasing function on R. Consider the stochastic
process X; = ¢(B(t)). For any 1 < ts < --- <t, <t and z € R, we have

P(X;<x|Xy =y,i=1,2,...,n)
=P(B(t) < ¢~ (2)|B(ti) = ¢~ (yi),i = 1,2,...,n)
= P(B(t) < ¢7'(2) | B(tn) = ¢~ (yn))
= P(Xt <z|X:, = yn)
Therefore, X; = ¢(B(t)) is a Markov process.

Example 10.5.8. LethLZ[a bl and X; = f f(s ),a <t <b. Then for

any t1 < tg < --- < t, <t, the random variable ft dB (s) is independent
of Xy, for i =1,2,...,n. Hence for any z € R,

P(X, < x| Xy, Xy, ... Xy,) = P(Xo,+ [ f(5)dB(s)| Xy, Xoy, .., Xy,
= P(Xy,+ [} f(s)dB(s)| Xy,)

This shows that the stochastic process X; = f f(s ,a <t < b isa
Markov process for any f € L*[a, b].

In the next section we will need the following lemma.

Lemma 10.5.9. Suppose a stochastic process X, a <t < b, is adapted to a
filtration {F;; a <t < b} and satisfies the condition

P(X; <x|F,)=P(X, <z|X,), Vs<t zekR. (10.5.4)
Then Xy is a Markov process.

Proof. Let t1 <ty < --- < t, <tand x € R. Use Property 5 of conditional
expectation in Section 2.4 and the assumption in Equation (10.5.4) to get

P(X; <a| Xy, Xy, Xy,) = E[P(Xy < x| F) | Xey, Xigs oo, Xa, |
= E[P(Xt < £L’|th) |Xt13Xt27"'7th]
Hence X, satisfies the Markov property. Thus X; is a Markov process. ]

Recall that by Kolmogorov’s extension theorem, a stochastic process can
be defined as a collection of marginal distributions satisfying the consistency
condition. This leads to the following question for Markov processes.

Question 10.5.10. How can we describe the Markov property by the marginal
distributions of a Markov process?
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Let X;, a <t <b, be a Markov process. Let a = t; < t3 and ¢1,co € R.
Then using the conditional probability, we get

c1
P(Xy, <c1, X4, <o) = / P(Xt, < ca| Xy, = 71) Px, (dz1)

Cc1 Cc2
= / / P(Xt2 € dx2 |Xt1 = 56'1) V(dacl),
—00 J —00

where Px denotes the distribution of a random variable X and v = Px, is
the initial distribution of the Markov process X;.

Next, consider a =t < t3 < t3. In this case, we need to apply the Markov
property to get

P(th S cl,XtQ S 023Xt3 é 03)
Cc1 Cc2
- / / P(X,, < 3| Xy, = 21, X, = 1) Py, x,, (drdas)
—0o0J —O0

C1 C2
=/ / P(Xt3 <c3 |X't2 = 1) PXt17Xt2 (dz1dxs)

C1 Cc2 C3
/ / / P(th S dxg |Xt2 = $2)P(Xt2 S diEQ ‘th = 1'1) I/(dxl),

where Px y denotes the joint distribution of X and Y.

Now, observe from the above marginal distributions that the conditional
probability P(X; € dy | Xs = x) for s < t is a very special quantity. Thus we
give it a name in the following definition.

Definition 10.5.11. The conditional probability P(X; €dy| Xs = x) is called
a transition probability of a Markov process X;.

Notation 10.5.12. For convenience, we will use Ps(t,dy) to denote the
transition probability P(X, € dy | X5 = z).

If X, is interpreted as the position of an object at time ¢, then the quantity
P, ,(t, A) represents the probability that this object, being at x at time s, will
be in the set A at time ¢.

Using the transition probabilities, we can find the marginal distributions
of Xy. Let a =t <ty < --+ < t,. Use the same arguments as those in the
above derivation to get

P(th S Cl,Xt2 S CQ,...,th S Cn)

C1 Cc2 Cn
= / / / Ptn—1,mn—1(tnvdxn)
—o0 J—o0 —o0

X Ptn_g’mn_Q(tnfl, d"En,l) v Ptlyml (tQ, dl’g) I/(dxl). (1055)

Conversely, suppose {Ps,(t,");a < s < t < b,z € R} is a collection
of probability measures and v is a probability measure. Does there exist a
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Markov process X; with transition probabilities given by this collection of
probability measures and having the initial distribution v/?

First of all, note that this collection of probability measures must satisfy
some condition. For any s < u < ¢, we have

P(XSSOé,XtSﬂ):P(XSSO[,—OO<XH<OO7X15SB).

Therefore, by Equation (10.5.5),

o 63 « 0o B
/ / Py (t, dy) Px.(dz) — / / / Pu . (t,dy) Ps.o(u, dz) Py, (dz),

which implies the equality

Psyx(t,A):/m Pu.(t, A) Py o (u, dz) (10.5.6)

for all s <u<t, z€R, and A € B(R), the Borel field of R.

Definition 10.5.13. The equality in Equation (10.5.6) is referred to as the
Chapman—-Kolmogorov equation.

Now, from the given {Ps ,(¢,-)} and v, we can use the right-hand side of
Equation (10.5.5) to define a family of probability measures for Kolmogorov’s
extension theorem. Then using the Chapman—Kolmogorov equation, we can
easily check that the consistency condition in Theorem 3.3.2 is satisfied. Hence
by Kolmogorov’s extension theorem, there is a stochastic process X; such that
for any a < s <t < b,

P(X, € A|X,=1) =P, (t,A), Yz eR, AcBR).

The resulting stochastic process X; is in fact a Markov process. This can
be seen as follows. Use conditional probability and Equation (10.5.5) to get

Xt <z Xt1 <Clet2 <02a"'7Xt <Cn)

/ / PXt<$|Xt1—$1,...7Xn:a’,‘n)Pth}””th(dl'l-~'d$(}n)

C1 Cn
/ PXt<.T|Xt1—,Il,...,th:LL’n)
X Ptnflyxn—l (tna dl‘n) T Pthwl (tQa de) V(d$1). (1057)
On the other hand, from Equation (10.5.5), we have

P(X, <z, Xy, <c1, Xy, e, Xy, <)

c1 Cn T

X Py, ) gy (tnyday) -+ Py gy (t2, dze) v(day). (10.5.8)
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By comparing Equations (10.5.7) and (10.5.8), we immediately see that

n

P(Xt SIlth :Il,...,Xt :LE”):/ Ptn,xn(tady)'

—0o0
Obviously, this implies the Markov property of X;, namely,
PX:<z|Xi, =x1,..., X, =ap) = P(Xis < 2| Xt, = xp).
Hence X, is a Markov process. Thus we have proved the next theorem.

Theorem 10.5.14. If X, a <t < b, is a Markov process, then its transition
probabilities

Poo(t,)=P(X. € ()| Xs=2), a<s<t<bh zeR, (10.5.9)

satisfy the Chapman—Kolmogorov equation. Conversely, if v is a probability
measure on R and {Ps (¢, );a < s < t < b,z € R} is a collection of
probability measures on R satisfying the Chapman—Kolmogorov equation, then
there exists a Markov process Xy with initial distribution v such that Equation
(10.5.9) holds.

From this theorem, we see that a Markov process is determined by its initial
distribution and transition probabilities satisfying the Chapman—Kolmogorov
equation. We give one example to illustrate this point.

Example 10.5.15. Let v be the probability measure on R given by

{1} = (-1} = %

Define a collection {P; ,(¢,-); s < ¢,z € R} of probability measures as follows.
For x = +1, and s < t, define

Po1(t,{1}) = %(1 + e M=)y,
Paa(t,{=13) = 31— e X9),
Po1(t,{1}) = %(1 _ A=)y,

1
Pocilt {=1)) = 5(1+¢7X),

where A > 0. For « # =£1, define Ps ,(t,) = 0, the Dirac delta measure
at x. In fact, we can replace §, by any probability measure. It turns out
that this collection {P; ,(t,-)} satisfies the Chapman—Kolmogorov equation.
Hence there is a Markov process X; with initial distribution v and transition
probabilities { P ; (¢, -)}. This Markov process X, is called a random telegraph
process with parameter \. It can be easily checked that for any ¢,

P(X,=1)=P(X,= 1) = .
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A Markov process X; with ¢t > 0 is said to be stationary if its transition
probabilities Ps ,(t, -) depend only on x and the difference t—s, or equivalently,
Py, o (t+ h,-) does not depend on h. In that case, we will use the notation

P(x,A) =Py (t+h,A), t>0, zeR, AecB(R).

Then the Chapman-Kolmogorov equation takes the form

o0
Psji(z, A) = / P(z, A) Ps(z,dz) (10.5.10)
—0o0
for all s,t >0, x € R, and A € B(R).

For example, a Brownian motion B(t) is a stationary Markov process. The
Ornstein—Uhlenbeck process in Example 7.4.5 is also a stationary Markov
process since the conditional probability in Equation (7.4.7) depends only
on t — s as a function of s and ¢ and the resulting P;(z,-) satisfies Equation
(10.5.10). The above random telegraph process is also stationary. On the other
hand, it is easy to check that the stochastic process X; = f(f H% dB(s) is a
nonstationary Markov process.

10.6 Solutions of Stochastic Differential Equations

In this section we will study some properties of the solution of the stochastic
differential (or rather integral) equation in Equation (10.3.1), namely,

t t
Xt:§+/ a(s,Xs)dB(s)—i—/ F(s,X.)ds, a<t<b

where o and f satisfy the Lipschitz and linear growth conditions. We first
prove that the solution X; is a Markov process.

Let {F:; a <t < b} be the filtration given by the Brownian motion B(t),
namely, F; is defined by F; = o{B(s);s < t}. Obviously, the solution X, is
adapted to this filtration.

Let s € [a,b] and z € R be fixed and consider the following SIE:

t t
Xi=x —|—/ o(u, X,)dB(u) +/ flu, Xy)du, s<t<hb. (10.6.1)

To avoid confusion with the solution Xy, we use X;"* to denote the solution
of the SIE in Equation (10.6.1). Since the initial condition x of Equation
(10.6.1) is a constant, we see from the approximation procedure in the proof
of Theorem 10.3.5 that the solution X;** is independent of the o-field F; for
each t € [s,b]. If follows that for any F-measurable random variable Z, we
have the equality

P(Xp7 <y|F) =P(X;" <y)| Vy e R.

=27’
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In particular, put Z = X in this equation to get
P(XPY <y|F)=P(X7" <y)|._. YyeR (10.6.2)

Now, since X is a solution of the SIE in Equation (10.3.1), we have
¢ ¢
X=X, —|—/ o(u, X,) dB(u) —|—/ flu, Xy)du, s<t<hb.

But X} X ig also a solution of this SIE. Hence by the uniqueness of a solution,
we must have X; = X;***. Thus Equation (10.6.2) can be rewritten as

P(Xy <y|F) =P(X;" <y Yy €R,

r=X,"’
which is measurable with respect to the o-field generated by X,. Therefore,
we can conclude that
P(Xy <y|X,) = E[P(X; <y|F) | X]
=P(X; <yl|F,), Vs<t,yeR (10.6.3)

Then by Lemma 10.5.9, the stochastic process X; is a Markov process. Hence
we have proved the next theorem.

Theorem 10.6.1. Let o(t,z) and f(t,z) be measurable functions on [a,b] x R
satisfying the Lipschitz and linear growth conditions in x. Suppose £ is an
Fa-measurable random variable with E(£%) < 0o. Then the unique continuous
solution of the stochastic integral equation

¢ ¢
Xt:§+/ G(S,XS)dB(s)Jr/ f(s,Xs)ds, a<t<hb,

is a Markov process.

Observe that the solution X satisfies Equation (10.6.3), which is stronger
than the Markov property of X; in view of Lemma 10.5.9. As a matter of fact,
the solution X, satisfies even a stronger property than Equation (10.6.3),
which uses the concept of stopping time introduced in Section 5.4. Let 7 be
a stopping time with respect to the filtration {F;;a < t < b} given by the
Brownian motion B(t). The o-field F, associated with 7 is defined by

Fr={A; An{r <t} € F,Vt € [a,b]}.

It can be proved that for any stopping time 7 with respect to the filtration
{F:}, the stochastic process X; satisfies the following equality:

P(Xro <y|Fr) =P(Xrgw <y| X:), Yv>0,y€eR, (10.6.4)
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where it is understood that X, ()4, (w) = Xp(w) if 7(w) +v > b. Equation
(10.6.4) is called the strong Markov property of X;. Notice that when 7 = s
and v = t—s, Equation (10.6.4) reduces to Equation (10.6.3). Thus the strong
Markov property implies Equation (10.6.3), which in turn implies the Markov
property by Lemma 10.5.9.

Next consider a stochastic integral equation with the functions o and f
depending only on the variable x. In this case, observe that the Lipschitz
condition |g(z) — ¢g(y)| < K|z — y| implies that

l9(z)] < lg(x) = g(0)] + |g(0)] < Kla| + |g(0)] < C(1 + =),

where C' = max{K,|g(0)|}. Hence the linear growth condition automatically
follows from the Lipschitz condition.

Theorem 10.6.2. Assume that o(x) and f(x) are functions satisfying the
Lipschitz condition and let xg € R. Then the unique continuous solution of
the stochastic integral equation

Xt:x0+/ta(XS)dB(s)—i—/tf(Xs)ds, £>0, (10.6.5)
0 0

is a stationary Markov process.

Proof. Let s > 0 and = € R be fixed and consider the following SIE:

X, = m+/t o(X,)dB(u) + /75 f(Xy)du, t>s.

Let X;" denote the unique continuous solution of this equation. Then

t
Xf"'”:x—k/ o(X5) dB(u /fX”

Make a change of variables u = s + v to get

t—s
X :er/ o(XJF,)dB(s+v) / F(X25) (10.6.6)
0

Let B,(t) = B(s+t)— B(s). By Proposition 2.2.3, the stochastic process Bi(t)
is a Brownian motion for each fixed s. Moreover, the increments of By(t) and
B(t) are related by By(ts) — By(t;) = B(s + t2) — B(s + t1). Thus Equation
(10.6.6) can be rewritten as

t—s
th,z = $+/ U( ;—i—mv dB / f 6+U

0

Make a change of variables t = s + w to get
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w
xig,=ot [CotxizyaB + [0z
0
Then replace the variable w by t:

t
Xy =a+ [ o) dBo) + f( M), 120 (10.67)
0

Now, Equation (10.6.7) means that for any fixed s > 0, the stochastic process
X35, t >0, is a solution of the following SIE:

Y, = 1:+/ta(Yu)d§s(u)+/tf(Yu)du, t>0.
0 0

From the approximation procedure in the proof of Theorem 10.3.5, we see
that the distribution of its solution X7, is independent of s. Therefore,

P(X)h € A)=P(X)" € A), VAcBR). (10.6.8)

Let Ps ;(t,-) denote the transition probability of the solution X; of Equation
(10.6.5). Then Equation (10.6.8) can be rewritten as

Psy(s+t,A)=Py,(t,A), Vs>0, AeB(R).

This means that for any ¢ > 0 and x € R, the probability measure P, ;(s+t,-)
is independent of s > 0. Thus the stochastic process X, is stationary. ]

Ezample 10.6.5. Consider the simple stochastic differential equation

By Theorem 10.6.2, the solution of this SDE is a stationary Markov process.
On the other hand, we can solve Equation 10.6.9 explicitly as follows. Apply
1t6’s formula to check that

d(e PW+3ty,) = e PO+ (dX, — X, dB(t)) = e POF3t gt

Integrate both sides from s to ¢ to get
t
X, = BO-BE)-30-9) y, +/ S(BO=Bu) =1 (t—w) g, (10.6.10)
In particular, the solution of Equation (10.6.9) is given by

¢
X, =zelB®-3¢ _|_/ e(BO)—=B(u) =3 (t—u) g,
0

Moreover, by Equation (10.6.10),
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s+t
X5 = g Blt=Bo)= bt +/ o (Bs+0)~Bw)— (s+t—u) gy,
S
which, after making a change of variables u = s + v, becomes

t

X558, = ¢ Plet0-Be)I~3t 4 / ((Bls+0) = Bls+)) =} (t-0) gy,
0

Observe that B(s+t)— B(s) is a Brownian motion for any fixed s > 0. Hence
the distribution of X[}, is independent of s. This shows that the stochastic
process X; is a stationary Markov process.

Next, we consider the dependence of a solution of a stochastic differential
equation on its initial condition. It is given by the next theorem.

Theorem 10.6.4. Let o and f be functions satisfying the Lipschitz condition
in x, namely, there exists a constant K > 0 such that

|0(t,l‘) - U(tvy)| < K|:L‘—y|, |f(t,$) - f(tuy)| < K|x_y|7

for all t € [a,b] and z,y € R. Let &, € L*(2) be F,-measurable. Assume
that Xf and X| are two solutions of the stochastic differential equation

dXt = O'(t, Xt) dB(t) + f(t, Xt) dt
with initial conditions & and n, respectively. Then
E(|Xf — X[]?) < 3B(jg — ) K70 -a0l=0 g <y <,

Remark 10.6.5. There is another part of the Doob submartingale inequality
in Lemma 4.5.1, which states that if Y;, a < ¢t < b, is a right continuous
submartingale, then

EK sup |Y;t|>p:| < PE([Y]?),

a<t<b

where p > 1 and p~! 4+ ¢~! = 1. Using this inequality with p = 2 and similar

arguments to those in the proof below, we can obtain the following stronger
estimate for any a <t < b:

2
EK sup | X5 — Xs"|> ] <3E(|¢ —n|?) BK2(A+b—a)(t—a)
a<s<t
Proof. By assumption we have

X§=§+/: (s, X§) dB(s) /stf

t
Xt":n—i—/ o(s, X7)dB(s) /st”
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Therefore,

|Xf - X/ <|E—n|+ / (U(S,Xf) — o(s,Xs”)) dB(s)

+ ‘ /at (f(s,X5) = (s, X0)) ds

Use the inequality (|a| + |b] + |c[)? < 3(a? + b? + ¢?) to find that

t 2

}

< 3{|€ —n* + ‘ /: (o(s, X5) = o(s, XI)) dB(s)

+‘ / (f(s,X5) = f(s,X1)) ds

2

t
+(b— a)/ |f(s,X§) — f(s,Xg)|2ds}.
Then take the expectation and use the Lipschitz condition to get

B(X; - X]?) < 3{E(|§—77|2) +E/t o (s, X5) —a(s,Xg)|2ds
—|—(b—a)E/t |f(s, XE) —f(s,XQ)]st}

t
<3E(|¢—n*) +3K*(1+b— a)/ E(|1X5 - X7?) ds.

This inequality and Lemma 10.2.2 yield the assertion of the theorem. ]

Finally, we mention that for a system of stochastic differential equations
in Section 10.4 we have similar results to those in Theorems 10.6.1, 10.6.2,
and 10.6.4. It requires only straightforward modifications to write down the
statements of the corresponding theorems.

10.7 Some Estimates for the Solutions

In this section we will prove some estimates for It6 integrals and the solutions
of stochastic differential equations. The last estimate will be needed in the
next section.

Lemma 10.7.1. Suppose h(t) is an adapted stochastic process satisfying the
condition that fabE(|h(s)\4) ds < 0o and let Yy = fat h(s)dB(s). Then

t

E(|Y|*) <2(17 +4V17)(t - a)/ E(|h(s)|*)ds, a<t<b.

a
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Proof. Apply It6’s formula to get
t t
Y72 = 2/ Y,h(s)dB(s) +/ h(s)*ds.

The assumption on h(t) implies that Y;h(t) belongs to L2,([a,b] x §2). By the
inequality (a + b)? < 2a% + 202,

Y4<8</Yh )dB(s >+2(/h )

Then use Theorem 4.3.5 to show that

E(Y}) < S/GtE(th(s)z) ds+2E(/at h(s)2d5)2

< 8[/:E(Y84)dsr[/:E(h(s)“) ds] i
+2(t —a) /:E(h(s)‘*) ds. (10.7.1)

Integrate both sides and use the Schwarz inequality to get

/ E(Y] ds<8{// E(Y; duds] [// duds]é

+2/ (sfa)/ E(h(w)?*) duds. (10.7.2)

Change the order of integration to show that

// ) duds = /:(t—u)E(Yj) du
<(t—a) [E(Yf) du. (10.7.3)

Similarly, we have

// )duds < (t —a) /atE(h(u)‘*) du (10.7.4)
/a(s—a)/a E(h(w)*) duds < ;(t—a)2/:E(h(u)4) du. (10.7.5)

Now put Equations (10.7.3), (10.7.4), and (10.7.5) into Equation (10.7.2) and
change the variable u to s to obtain the inequality

/atE(YS“) ds < 8(t—a) U:E(Yj) ds] ' [/:E(h(s)‘*) ds}

+(t —a)? /tE(h(s)"‘) ds. (10.7.6)

2
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Let © = f;E(Y;l) ds and y = fatE(h(s)4) ds. We may assume that y # 0.
Otherwise, we have nothing to prove for the lemma. Let w = y/2/,/y. Then
Equation (10.7.6) becomes w? < 8(t — a)w + (t — a)?, which can be easily
solved to yield w < (4 ++/17)(t — a). Tt follows that

t t
/ E(YY),ds < (4+V1T)(t - a)2/ E(h(s)") ds. (10.7.7)

a a
Then put Equation (10.7.7) into Equation (10.7.1) to get the lemma. O

Theorem 10.7.2. Let o(t,x) and f(t,x) satisfy the Lipschitz condition in x
and the following growth condition:

lo(t,2)|> <O +2?), |f(t,x)]* <C(1+z?). (10.7.8)

Suppose & is an F,-measurable random variable with E(£*) < oo. Then the
solution X; of the stochastic integral equation

t t
X :£—|—/ o(s,Xs)dB(s) —|—/ f(s,Xs)ds, a<t<hb,
satisfies the inequalities
E(|X,*) < {27E(E") + C1(b—a)} D179, (10.7.9)
E(|X: — &*) < Co{1+27E(¢*) + C1(b—a) }(t — a)? e“* (79 (10.7.10)
where the constants C1 and Cy are given by
Cy = 54{2(17 + 4V17) + (b — a)? } (b — a)C?,
Co = 16{2(17 + 4V17) + (b — a)*} C*.

Proof. Use the inequality (a + b+ ¢)* < 27(a* + b* + ¢*), Lemma 10.7.1, and
the Holder inequality to get

E(1X|*) < 27TE(¢*) + 27C(t — a) /t BE(a(s, X,)*) ds

+27(t — a)? /t E(f(s7 XS)4) ds
< 2TE(EY) +27C (b — a) /t E(a(s, X)) ds
+27(b— a)? /t E(f(s,Xs)*) ds, (10.7.11)

where C' = 2(17 + 4y/17) is the constant from Lemma 10.7.1. Then use the
growth condition in Equation (10.7.8) and the inequality (14+2%)? < 2(1+x%)
to show that
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t
E(IX,J*) < 27B(¢Y) + 01/ [1+ E(1X.]")] ds.

where C} = 54{C + (b — a)?} (b — a)C?. Therefore, we have

t

E(IX|*) <27TE(EY) + Ci(b—a) + Cy / E(|1X,]*) ds,

a

which implies Equation (10.7.9) by the Bellman—Gronwall inequality.
Next, use the inequality (a + b)* < 8(a* + b*), Lemma 10.7.1, and the
Holder inequality to show that

E(1X: - €Y
t

§85’(t—a)/ E(o(s, Xs)*) ds+8(t—a)3/ E(f(s, X)) ds

a a

t

<8(t—a) (é /at E(o(s, X)) ds + (b— )’ /: B(f(s, X.)%) ds).

Then by Equation (10.7.8) and the inequality (1 + z%)% < 2(1 + 2%),

E(1X; —¢*) <16{C + (b—a)?}C2(t - a) /t (1+ B(]X,|*) ds. (10.7.12)

a

Moreover, by Equation (10.7.9) and the inequality e* — 1 < ze® for z > 0,
t
/ E(IX.[4) ds < {27E@EY) + Ci(b— )}t — ) <. (10.7.13)
a

Finally, put Equation (10.7.13) into Equation (10.7.12) to get the inequality
in Equation (10.7.10) and the theorem is proved. O

10.8 Diffusion Processes

Let x = (z1,22,...,2,) and y = (y1,%2,-..,Yn) be two vectors in R™. The
notation y < x means that y; < x; for all 1 < ¢ < n. By adopting this notation,
we can use the same formulation as in Definition 10.5.4 to define the Markov
property of an R™-valued stochastic process Xy, a < t < b. Moreover, we can
define the transition probability Ps ,(t,-) of an R"-valued Markov process in
the same way as in Definition 10.5.11, namely,

P, ,(t,A)=P(X, € A| X, =z), AeBR"),
where a < s <t < b and = € R™. The Chapman—Kolmogorov equation is the
following equality:

P, ,(t,A) = P, .(t, A) Ps 5 (u,dz) (10.8.1)
Rn

forall s <u<t, z€R"” and A € B(R"), the Borel field of R™.
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Ezample 10.8.1. Let B;(t),i=1,2,...,n, be independent Brownian motions.
The stochastic process B(t) = (B1(t), B2(t),. .., Bn(t)) is called an R™-valued
Brownian motion. It is a Markov process with transition probabilities

P, (t,A) = (2n(t — 5)) " / e~ lv=al/2(-5) gy,
A
where s < t, x € R”, and A € B(R”) The norm of x = (w1, 22,...,%,) is
given by |:E| = (m% +l’% 4+t )1/2

Ezxample 10.8.2. Consider the n-dimensional analogue of Equation 7.4.7 with
a = [ =1, namely, let

— e (t=5)p|2
o 2(t=s) -n/2 _ ly —e |
P, (t, A) = {=(1 )} /Aexp [ BT dy,
In view of the fact that a one-dimensional Ornstein—Uhlenbeck process is
a Markov process, we see that the above collection {Ps . (¢,-)} satisfies the
Chapman—Kolmogorov equation in Equation (10.8.1). The resulting Markov
process X; is called an R™-valued Ornstein—Uhlenbeck process.

A special class of R™-valued Markov processes, called diffusion processes,
is specified in the next definition.

Definition 10.8.3. An R"™-valued Markov process X;, a < t < b, is called a
diffusion process if its transition probabilities {Ps ,(t,-)} satisfy the following
three conditions for any t € [a,b], z € R™, and ¢ > 0:

1
1) lim - P (t+e,dy) =0.
) el0 € Jiy—z|>c t,;c( y)
1
(2) lim - (yi — i) Pr o (t +e,dy) = pi(t,x) exists.
el0 € Jiy—z|<c ’
1
3) lim — (yi — i) (y; — xj) Pro(t +¢,dy) = Qij(t, x) exists.
el € ly—z|<c

Remark 10.8.4. Condition (1) implies that the stochastic process X; cannot
have instantaneous jumps. Moreover, observe that for any c; > ¢; > 0,

1 1
7/ ‘yi*xi‘Pt@(t+€7dy)§027/ Ptaﬁ(t+€7dy)7

€ Jei<ly—z|<ca € Jiy—z|>c1

which tends to 0 as e — 0 by condition (1). It follows that the limit in condition
(2) is independent of the constant c. Similarly, the limit in condition (3) is
also independent of the constant c. Hence p;(t,z) and Q;;(t,x) are given by

o1
pi(tvx) = lim — (yZ 7‘ri)Pt7x(t+€7dy)7
EJ,O 13 R

1
Qij(t,x) =lim = [ (yi — x:)(yj — 25) P o(t +,dy).
el0 € Rn
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Definition 10.8.5. The vector p(t,z) = (p1(t,x), p2(t,z), ..., pn(t,x)) and
the matriz Q(t,x) = [Qs(t,x)];; are called the drift and diffusion coefficient,
respectively, of the diffusion process X;.

A point x € R™ will be denoted by either one of the notations

Ty
$=(x1,...,xn), Tr =

Tn

The transpose of x is a row vector 7 = [z, 29, ..., 2,]. Then the drift p(¢, )
and diffusion coefficient Q(t,x) are given by

1
p(t,r) = 15%1 EE{XHE —z| Xy =z}, (10.8.2)
1 T

Ezample 10.8.6. An R™-valued Brownian motion B(t) is a diffusion process.
To check condition (1), note that for any ¢ > 0,

%P(\B(t Le)—al 2| Bit) =) éP(|B(t 1e)— B(t) = 0)

1

—B(BE)Y)

1
:cjn(n+2)5—>0, as € — 0.

Here we have used the fact that E(|B(e)[*) = n(n + 2)e2, which can be
checked by direct computation. Hence condition (1) is satisfied. Then we use
Equations (10.8.2) and (10.8.3) to find the diffusion coefficient and drift,

Qt,x) =1, p(t,x)=0,
where [ is the identity matrix of size n x n and 0 is the zero vector in R™.

Ezxample 10.8.7. The Ornstein—Uhlenbeck process X; in Example 10.8.2 is a
diffusion process with the diffusion coefficient and drift

Q(ta .TZ‘) = I7 p(tvx) =T,

which can be verified using the transition probabilities Ps ,(¢,-) of X; given
in Example 10.8.2.

Ezxample 10.8.8. Consider the random telegraph process X; with parameter
A > 0 defined in Example 10.5.15. Take x = 1 and ¢ = 1 to check whether
condition (1) in Definition 10.8.3 is satisfied:
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1 1 1
f/ Pai(t+e,dy)==-Pa1(t+e,{-1})=—(1- e_/\e),
ly—1]>1 €

€ 2e
which converges to 2\ # 0, as ¢ — 0. Hence condition (1) is not satisfied.
This shows that the random telegraph process is not a diffusion process.

A special class of diffusion processes is given by the solutions of stochastic
differential equations. In order to avoid complicated notation, we first consider
the one-dimensional stochastic integral equation

t t
X =¢ +/ o(s,Xs)dB(t) —|—/ f(s, Xs)ds, a<t<b, (10.8.4)

where o(t,z) and f(¢,x) satisfy the Lipschitz and linear growth conditions.
By Theorem 10.6.1, the solution X; of this equation is a Markov process.

Let {Ps . (t,-)} be the transition probabilities of the solution X;. Then for
any t € [a,b], x € R", and ¢ > 0, we have

/ P o(t+e,dy) = P(|Xiqe — 2| > ¢| Xy = )
ly—z|>c

= P(IX —a > ¢)

= P(|IXp — 2t > &),

where X;'" is the solution of Equation (10.8.4) with initial condition X = .
First apply the above Chebyshev inequality and then use the estimate in
Equation (10.7.10) to show that for any 0 <t < 1,

P, 1 1
/ ot +e,dy) < S B(IX[E —alt) < - Le? e,
ly—=z|>c c ¢

where L = Cy(1 + 272* + C) with C; and Cs being given in Theorem 10.7.2
for a =t and b =t 4+ 1. Obviously, this inequality implies that

1
lim — P, x(t+¢e,dy) =0.

N0 € Jly—a|zc

Thus the Markov process X; satisfies condition (1) in Definition 10.8.3. If in
addition o(t,z) and f(t,x) are continuous functions of ¢ and x, then we will
see from the next theorem that X, is a diffusion process.

Let B(t) be an R™-valued Brownian motion. Consider the R™-valued SDE
in Equation (10.4.2), namely, the STE

X, =€+ /ta(s,Xs) dB(s) + /t F(s,X.)ds, a<t<b  (10.8.5)

where the matrix-valued function o(t,x) and vector-valued function f(t,z)
satisfy the Lipschitz and linear growth conditions in Theorem 10.4.1. As we
remarked at the end of Section 10.6, the solution X; of Equation (10.8.5) is a
Markov process.
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Theorem 10.8.9. Let o(t,z) and f(t,x) be functions specified in Theorem
10.4.1. Assume that o(t,x) and f(t,z) are continuous on [a,b] x R™. Then the
solution X; of Equation (10.8.5) is a diffusion process with diffusion coefficient
Q(t,x) and drift p(t,z) given by

Qt,z) =o(t,x)o(t,2)’, p(t,z) = f(t,z), (10.8.6)
where AT denotes the transpose of a matriz A.

Proof. When n = m = 1, we have already proved in the above discussion that
X satisfies condition (1) in Definition 10.8.3. For the multidimensional case,
we have the equality

E(]/:a(s,xs)dB(t)f) :/atE||a(s,Xs)|2ds, (10.8.7)

where ||o| is the Hilbert—Schmidt norm of o defined by Equation (10.4.3).
Thus in view of Theorem 10.4.1, we can apply the same arguments as those
for the case n = m = 1 to show that multidimensional X; also satisfies
condition (1) in Definition 10.8.3.

To find the drift of X, note that for any ¢ > 0,

t+e t4e
Xeemat [ ol XdBe)+ [ fsX)ds
t t

It follows from the estimates in Theorem 10.7.2 that the stochastic processes
o(t, X¢) and f(t, X;), a <t < b, belong to the space L2;([a,b] x 2). Hence we
can take the expectation to get

t+e
E{Xire — | Xy =2} = BE(Xpye — ) :/ E(f(s, X)) ds.

Thus by Equation (10.8.2), the drift is given by
1 1 t+e
tx)=lim-E{X; . —a|X; =2} = lim - E(f(s,X.)) ds.
p(t, ) 8%15 { t+ fE‘ t 33} Elﬁ)ls ; (f(s )) §

Since f(t,x) is continuous by assumption, the expectation E(f(t,Xt)) is a
continuous function of ¢. Hence by the fundamental theorem of calculus, we
see that p(t,z) = f(t, z).

Next, we will use Equation (10.8.3) to find the diffusion coefficient of X;.
Apply the It6 product formula to derive

(Xige — o) (Xige — x)T

t+e t+e
_ /t o (s, X) dB(s) (Xs — 2)T + /t (s, X2)(Xs — )T ds
t+e t+e
—I—/t (X —:c)dB(s)Ta(s,Xs)T—F/t (X, —x)f(s, X,)T ds

t+e
+/ o(s, Xs)dB(s)dB(s)" o(s, Xs)T.
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Note that the first and third integrals have expectation 0. Moreover, by the
Ito6 Table (2) in Section 7.5, we have dB(t)dB(t)T = Idt (I is the n x n
identity matrix). Thus upon taking the expectation, we get
E((Xeve = 2)(Xpge —2)7)
t+e t+e
— f(s,Xs)(Xs—:r)Tder/ (Xsf:r)f(s,Xs)Tds
t

¢
t+e
—|—/ o(s, Xs)o(s, Xs)T ds.
t

Under the condition X; = z, by the fundamental theorem of calculus,

1 t+e 1 t+e
lslﬁ)lg t f(s,XS)(XS—x)Tds:leiﬁ)lg ) (Xs—2)f(s,Xs) ds = 0.

Therefore, by Equation (10.8.3) the diffusion coefficient of X; is given by

o1
Qt,z) = 161&)1 EE{(Xt-FE —2)(Xpye — )" | Xy = 2}
1 t+e

. T

= lim — o(s,Xs)o(s, Xs)" ds
el € Jy

=o(t,z)o(t,z)T.

Thus we have completed the proof of this theorem. a

By this theorem, the solutions of the first five examples in Section 10.1
are diffusion processes. Their diffusion coefficients and drifts can be obtained
using Equation (10.8.6). The solution of Example 10.1.7 is also a diffusion
process if h(t) is a continuous function. We give one more example.

Ezample 10.8.10. The functions o(z) = sinz and f(z) = cosz satisfy the
conditions of Theorem 10.8.9. Hence the solution X; of the SDE

dX; =sin Xy dB(t) + cos Xy dt, Xo=1,
is a diffusion process with the diffusion coefficient and drift given by
Q(z) =sin®z, p(x) = cosz.

Note that by Theorem 10.6.2 the diffusion process X; is stationary.

10.9 Semigroups and the Kolmogorov Equations

In this section we briefly describe semigroups and the Kolmogorov equations
for diffusion processes without going into the technical details.

Suppose X; is a diffusion process. Its drift p(t, z) and diffusion coefficient
Q(t,x) are given by Equations (10.8.2) and (10.8.3), respectively. Then we
can ask the following question.
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Question 10.9.1. Given a matrix-valued function Q(¢,z) and a vector-valued
function p(t,z), does there exist a diffusion process X; that has diffusion
coefficient Q(t,x) and drift p(t,z)? If so, how does one find the diffusion
process?

Obviously, we must impose some conditions on the function Q(¢,z). For
example, the matrix Q(¢,z) must be symmetric in view of Equation (10.8.3).
In fact, Q(¢,x) is a positive matrix, namely,

vIQ(t,2)v >0, VoveR",

where vT is the transpose of v. This fact can be seen as follows:
1
T . T T
t =lim-F Xite —2)( Xige — X, =
v Q(t, x)v ;ﬁr)l 5 {0 (Xpge — ) (Xpye — )" 0 | ¢ =x}

o1
i L {6 o X = 0)
>0,

where | - | is the Euclidean norm on R™.
There are three approaches to answer this question. We first outline these
approaches for comparison.

1. Semigroup approach (Hille-Yosida theory)
X, t>0 «— {P((z,)} +— {T;} +— A
2. Partial differential equation approach (Kolmogorov equations)
Xi,a<t<b +— {Pt-)} «— A
3. Stochastic differential equation approach (Ito theory)
X, a<t<b +— A

Here the operator A is to be defined below in terms of @ and p. But first
we want to point out that the Ito theory gives the shortest and most direct
way to construct diffusion processes from the operator A. In fact, this was the
original motivation for K. It6 to introduce his theory of stochastic integration.

(1) Semigroup Approach

For simplicity, consider only stationary diffusion processes. Let X, t > 0,
be such a diffusion process taking values in R™. Then its diffusion coefficient
Q(t,x) and drift p(t,z) depend only on x and are given by

Qz) = lim %E{(Xt —2)(X, — )" | Xo =z}, (10.9.1)
p(z) = lim 1E{Xt — x| Xo ==} (10.9.2)

tl0 t
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Note that for each € R™, Q(x) is an n x n matrix and p(x) is a vector in
R™ denoted by either p(z) = (p1(x), p2(z), ..., pn(z)) or a column vector.

In order to continue further, we need to introduce the concept of semigroup
and its infinitesimal generator.

Definition 10.9.2. A family {Ti; t > 0} of linear operators on a Banach
space B with norm || - || is called a (Cp)-contraction semigroup if it satisfies
the following conditions:

1. limy o Ty h = h for all h € B (strong continuity);

2. T k|l < ||h]| for allt >0 and h € B (contraction);

3. To =1 and Tsqy =TTy for all s,t > 0 (semigroup).

Definition 10.9.3. Suppose {T;;t > 0} is a (Cp)-contraction semigroup on a
Banach space B. Its infinitesimal generator is defined to be the operator

1
Ah = lgfg;(Tth— h)

with the domain consisting of all vectors h such that the limit exists in B.

The infinitesimal generator A is a densely defined operator, namely, its
domain is dense in B. For the proof, see page 237 of the book by Yosida [89].
In general, an infinitesimal generator A is not defined on the whole space B
and is an unbounded operator.

Ezample 10.9.4. Consider the Banach space C3[0,00) of bounded uniformly
continuous functions on [0, 00) with the sup-norm || f|loc = sup,eg o0y | f(2)]-
For f € ([0, 0), define

(Tif)(x) = f(x +t) (translation by t).

Then {T};t > 0} is a (Cp)-contraction semigroup on Cy[0, 00). Its infinitesimal
generator A is given by Af = f’(x), namely, A = d/dz, the differentiation
operator. The domain of A consists of all functions f in C3[0,00) such that
[’ € Cy[0,00). Note that A is an unbounded operator.

Now, we go back to the discussion of stationary diffusion processes. Such
a process X; has diffusion coefficient Q(x) and drift p(x) given by Equations
(10.9.1) and (10.9.2), respectively. Assume that the transition probabilities
{P;(z,-)} satisty the following conditions:

(A1) For any t > 0 and ¢ > 0, limy_o Ps(z,{y;|y| < c}) = 0;
(A2)
(A3)

For any ¢ > 0, lim; o P,(z,{y; |y — x| > ¢}) = 0 uniformly on =z € R";
For any bounded continuous function f and t > 0, the function

(Tif)(x) = - f(y) P(x,dy), =xe€R", (10.9.3)

is also continuous.
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Let Cy(R™) denote the space of continuous functions f on R™ vanishing
at infinity, i.e., lim|;|— o f(2) = 0. The space Cy(R™) is a Banach space with
the sup-norm || f||cc = sup,egn |f(x)]-

For each t > 0 and f € Cy(R"), define a function Ty f on R™ by Equation
(10.9.3). By assumption (A3), the function T} f is continuous. We show that
T;f vanishes at infinity. Given any € > 0, since f vanishes at infinity, there
exists ¢ > 0 such that |f(y)| < &/2 for all |y| > c. Therefore,

(T ) ()] < / VIR + /| UL

< e/2+ [fllooPr(, {ys [yl < c}).

We may assume that || f||cc > 0. By assumption (A1), there exists K > 0 such
that Py(z, {y; |ly| < c}) <e/(2||f|leo) for all |z| > K. Then

(T f)(x) <e/2+¢e/2=¢, V]z|>K.

This shows that T;f vanishes at infinity. Thus T;f € Co(R™). Hence T; is a
linear operator from Cy(R™) into itself.

Let Ty = I. We show that the family {T3;t > 0} is a (Cp)-contraction
semigroup on Cy(R™). It is easily verified that the equality Ty = TsT; for
all s,t > 0 is equivalent to the Chapman—Kolmogorov equation in Equation
(10.5.10). Hence condition 3 in Definition 10.9.2 holds. Condition 2 can be
easily checked as follows:

T4 flloe = sup [(T3f)(x)| < sup / |F )| P, dy) < [[f]]oo-
zER™ n

zER™

To check condition 1, we need to point out that every function f in Cy(R™)
is uniformly continuous. Hence for any £ > 0, there exists ¢ > 0 such that

lx —yl <o = |f(x) = fly)] <e/2.

Therefore, we have

T f ()
—‘/n (2)) Py (z, dy)‘
<[ M- i@+ [ 1) @) Ry
ly—z|<é ly—z|26
<e/24 2| fllooPe(, {y; ly — x| = 6}). (10.9.4)

Again we may assume that || f|lcc > 0. Then by assumption (A2), there exists
to > 0 such that for any 0 < t < £,

Pi(z, {y;ly — x| = 0}) < /(4] fll), V@ eR™ (10.9.5)
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Equations (10.9.4) and (10.9.5) imply that ||T3f — f]lec < € for all 0 < ¢ < to.
Hence condition 1 in Definition 10.9.2 holds. This finishes the proof that
{T};t > 0}, defined by Equation (10.9.3), is a (Cp)-contraction semigroup
on the Banach space Cy(R™).

Next, we give an informal derivation for the infinitesimal generator of
{Ti;t > 0}. Let ¢ be a twice continuously differentiable function on R™. Then
it has the Taylor expansion

Bly) = 9(x) + (y — ) Vo(a) + Str(y — )y — 2) D?o(x) + -+,

where the first “-” denotes the dot product on R", V¢ is the gradient of ¢,
trA denotes the trace of a matrix A, and D?¢ is the second derivative of ¢.
Put y = X; and then take the expectation to get

(Tig)(x) — o(x)
E[p(X1) [ Xo = 2] — ¢(fﬂ)

=E(X;—z) - Vé(r) + §trE((Xt —2)(Xy —2)")D*p(z) + - -

Hence by Equations (10.9.1) and (10.9.2), we have

~

lim 1 {(T,6)(x) — 6(x)} = plr) - Vo) + 3 1r Qx) D),

tl0 t

which is the infinitesimal generator of {T;t > 0}. From the above discussion,
we have shown the next theorem.

Theorem 10.9.5. Assume that a diffusion process X; satisfies the conditions
in (A1), (A2), and (A3). Then the family {Ty;t > 0} of linear operators defined
by Equation (10.9.3) is a (Cy)-contraction semigroup on the Banach space
Co(R™) with infinitesimal generator A given by

(Ag)(x) = %tr Q(2)D*¢() + p(z) - Vo(w), (10.9.6)

or equivalently, in terms of partial derivatives of ¢,

Z Ql] 817 8£EJ sz(fﬁ) 81‘1‘7

1,j=1

where Q;j(x) are the entries of Q(x) and p;(x) are the components of p(x).

In general, if a stationary diffusion process X; satisfies certain conditions,
then the associated family {T};t > 0} of linear operators is a semigroup on
some space of functions defined on R™. Moreover, its infinitesimal generator
A is determined by the diffusion coefficient Q(x) and drift p(z) of X; as in
Equation (10.9.6).
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Ezample 10.9.6. The infinitesimal generator of a Brownian motion B(t) on
R™ is given by

Ad(x) = 5 Ab(a),

where A¢ is the Laplacian of ¢. On the other hand, the infinitesimal generator
of an Ornstein—Uhlenbeck process on R" (see Example 10.8.2) is given by

Agla) = 3A0(x) — - Vo ).

Now consider the reverse direction, namely, given an operator A in the
form of Equation (10.9.6), how can we construct {T;}, {P:(z,-)}, and X; so
that A is the infinitesimal generator of X;7 Recall that this is the question
raised in the beginning of this section.

Observe that we can use the semigroup property to show that

d Tive — T T. -1

g [t =l ————— =T; lim

:Tt.A:ATt, t>0.

Thus it looks like 7, = e'A. This is indeed the case when A is a bounded
operator and e* is the bounded operator defined by the power series

X in

etA = *'An

e
However, when A is an unbounded operator, we cannot use the above series
to define e*. Hence the operator T, can be thought of as a substitute for e‘A.
The existence of {T;} is given by the next theorem.

Theorem 10.9.7. (Hille-Yosida theorem) Let A be a densely defined linear
operator from a Banach space into itself. Then A is the infinitesimal generator
of a (Cy)-contraction semigroup if and only if (I —n~LA)~! exists such that
the operator norm ||(I —n=tA)~| <1 for any natural number n.

Suppose we are given a differential operator A of the form

(A6)(x) = tr Q)D?6(x) + plz) - V().

where the matrix Q(z) is symmetric and v7Q(z)v > 0 for any nonzero v € R™.
We can take a Banach space B to be either C,(R™) of bounded uniformly
continuous functions on R™ or Cy(R™) of continuous functions vanishing at
infinity. We need to make sure that .4 is densely defined on B. Then we proceed
to find {73}, {Pi(x,-)}, and X; as follows:

1. Check whether the operator A satisfies the condition in the Hille-Yosida
theorem. If so, then there is a (Cp)-contraction semigroup {7Ty; ¢t > 0}
whose infinitesimal generator is A.
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2. Check whether the semigroup {T};¢ > 0} has the properties (i) T31 =1
and (ii) T3f > 0 for any f > 0 in B. If so, then we can apply the Riesz
representation theorem to obtain a family {Pt( it > O x € R"} of
probability measures on R™ such that (7;f)(x fR" y) Pi(x, dy) for
any t >0, x € R, and f € B.

3. The family {P;(z,-); t > 0,2 € R™} satisfies the Chapman—Kolmogorov
equation because of the semigroup property of {T;; ¢ > 0}. Then we can
apply the n-dimensional analogue of Theorem 10.5.14 to obtain a Markov
process X;. Check that X; is a diffusion process.

This concludes the first approach via the Hille-Yosida theory of semigroups for
constructing diffusion processes from the infinitesimal generators. For further
information, see volume 1 of Dynkin’s books [12] and the book by Ité [39].

(2) Partial Differential Equation Approach

Suppose Xy, a <t < b, is a diffusion process. We will informally derive
partial differential equations that are satisfied by transition probabilities of
X;. To avoid complicated notation, we consider the one-dimensional case. Let
{P;sz(t,"); a < s <t <b,z € R} be the transition probabilities of a diffusion
process Xy, a <t < b, with diffusion coefficient Q(t, z) and drift p(¢, x).

Let F ;(t,y) denote the distribution function of X; given X, = z, i.e.,

Fs,z(ta y) = Ps,x(tv (—OO, y])

Then the Chapman—Kolmogorov equation takes the form

Fuultyy) = / Fus(t,y) dFy o (u, 2). (10.9.7)
R
Let to € (a,b] and yo € R be fixed and consider Fj ,(to,yo) as a function of

s € [a,tp) and = € R. By Equation (10.9.7) with ¢t =tg,y = yo, and u = s+ ¢
for small € > 0, we have

Fs,z(th yO) = / Fs+8,z(t0a yO) dF.s,aL(S + g, Z)
R
The integrand has the following Taylor expansion:
0
Frves(to,y0) & Farean(to. yo) + (5 Fotea(to, o) ) (= = 2)
1/ 07
+ By (@Fs-ﬁ—e,w(th yo)) (z — )
Hence we have the approximation
0
Fs,x(t07 yO) ~ Fs+e,x(t07 yO) + (%Fs-ﬁ-E,x(tOv yO)) 6/)(8, JJ)

1/0°
+ 5(@Fs+s,x(t07y0)) e Q(s, ).
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Bring the first term in the right-hand side to the left-hand side, then divide
both sides by € and let € — 0 to get

2

0 0 1 0
—%Fs,x(to, Yo) = p(s, x)%Fs,:c(tmyO) + 5@(3%)@}%@(%790)- (10.9.8)

The terminal condition for this equation is

1, if x < yo;

lim Fs . (to, yo) = 10.9.9
stto (to, o) {07 if z > yo. ( )

Equation (10.9.8) is called the Kolmogorov backward equation. The term
refers to the fact that the time variable s moves backward from tg.

Theorem 10.9.8. Suppose Q(t,x) and p(t,x) are continuous functions of t
and x and satisfy the Lipschitz and linear growth conditions in x. In addition,
assume that there exists a constant ¢ > 0 such that

Q(t,x) >c, Va<t<b zeR (10.9.10)

Then the Kolmogorov backward equation in Equation (10.9.8) has a unique
solution satisfying the condition in Equation (10.9.9). Moreover, there exists
a continuous Markov process X, a <t < b, with transition probabilities given

by Ps,m(tO; dyO) = dFs,m(th yO)

Remark 10.9.9. In the multidimensional case, the inequality for Q(¢,z) in
Equation (10.9.10) takes the form

vTQ(t, x)v > cv]?, Vv eR™

This theorem and Theorem 10.9.10 below can be easily formulated for the
multidimensional case.

When the diffusion process X, is stationary, Fs ;(s+t,y) does not depend
on s. Hence we have a well-defined function

Fi(z,y) = Fs»(s +t,y), t>0.

Since Fy (s +t,y) does not depend on s, %F&m(s + t,y) = 0. This implies
the second equality below:

0 0 0
g Fue ) = g Faals ) = (= g Faalww))|
Then use Equation (10.9.8) to get
0 0 1 0?
5 L@ m0) = p(2) 5 Fi(w,yo) + 5 Q) 55 Fe(w, o), (10.9.11)
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which is the Kolmogorov backward equation for stationary diffusion processes.
The initial condition is given by
1, if x < yo;
lim F; =
lim F (2, o) {

0, if z > yo.

For a reasonably regular function f(z) on R, define

u(t,2) = | f(y) Pule, dy) = / f(y) dF,(z.y).
R R
(

It follows from Equation (10.9.11) that w satisfies the following equation:

13}
371; = Au, u(0,z) = f(x),
where A = p(z) L + 1Q(z )% is the infinitesimal generator of X;.

Next, we derlve another partial differential equation for Markov processes.
This time we assume that the transition probabilities of a Markov process X;
have density functions

Ps,:c(tv dy) - ps,m(t, y) dy

Then the Chapman—Kolmogorov equation takes the form

Ds,z(t,Y) :/Rpu’z(t,y)psﬁw(u,z) dz. (10.9.12)

Let sg € [a,b) and 2o € R be fixed and consider ps, 4, (¢, y) as a function
of t € (s0,b] and = € R. For a reasonably good function ¢, define

t) = /]R E(Y)Pso,0 (T, y) dy. (10.9.13)

Let £ > 0 be a small number. By Equation (10.9.12),

psu,ro (t + 57 y) = / pt,z(t + 63 y)ps[),rg (t7 Z) dZ
R

Use this equation for 0(t+¢), change the order of integration, and then expand
& to derive the estimate

0(t+e) /5 [/ptzt-i-Ey)psom(tz)dz}dy

- /R {‘/Rf(y)pt’z(t-i-ff,y) dy}pso,mo(tz) dz
~ [ [{ea+e0u-2+ 3¢ 102

X pra(t+e,y) dy] Pso,ao (t, 2) dz.
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Note that the integral with respect to the variable y produces the drift and
diffusion coefficient. Hence we have

Oft+e)~ [ (66 + ) 2p(t,2) + 57(:) Q) ()
= 0(t) +< / (€GIn(t2) + 3E" (IR 2) ) Pagay (1) =

Therefore,

o) = [ (£Wn(t.) + 56 0QE1) )pun(:0) .

Then use the integration by parts formula to get

00 = [ )] = 5 (e 0) + 3 s (@t 1) o

On the other hand, we can find ¢’(t) from Equation (10.9.13) by bringing the
differentiation inside the integral,

)= [ &) (Gypra(t.0)) do

Hence the last two integrals are equal for all reasonably good functions £. This
can happen only when the other factors in the integrands are equal, i.e.,

2

0 0 10
Epsowo (t7 y) - _871/ (p(t7 y)pso,wo (t’ y)) + 5 aiyg (Q(ta y)pSOJO (tv y)) .

(10.9.14)
The initial condition for this equation is
gmp&),mo (t,y) = 0uy (¥), (10.9.15)
50

where d,, is the Dirac delta function at xo.

Equation (10.9.14) is called the Kolmogorov forward equation. The term
refers to the fact that the time variable ¢t moves forward from sg. The equation
is also called the Fokker—Planck equation.

Theorem 10.9.10. Let Q(t,x) and p(t,x) satisfy the conditions in Theorem
10.9.8. In addition, assume that the partial derivatives Op/0z, 0Q/0x, and
0%Q/0x? satisfy the Lipschitz and linear growth conditions in x. Then the
Kolmogorov forward equation in Equation (10.9.14) has a unique solution sat-
isfying the condition in Equation (10.9.15).

The solution ps, 4, (t,y) is often referred to as the fundamental solution
of the Kolmogorov forward equation. Observe that the backward equation
is for the transition distribution functions, while the forward equation is for
the transition density functions. Thus naturally the assumption in Theorem
10.9.10 is stronger than that of Theorem 10.9.8.
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(3) Stochastic Differential Equation Approach

Suppose the given diffusion coefficient Q(t, z) and the drift p(¢,z) satisfy
the conditions in Theorem 10.9.8. Define

o(t,z) = V/Q(t,x).

The function o (¢, x) satisfies the Lipschitz condition because

Q) — Q(t, ) 1 _
lo(t,z) —o(t,y)| = N NGO < 2ﬁ|Q(ta$) Qt,y)|-

Moreover, it is obvious that o(t, x) satisfies the linear growth conditions.

Theorem 10.9.11. Assume that Q(t,x) and p(t,z) satisfy the conditions in
Theorem 10.9.8. Let o(t,x) = \/Q(t,x). Then the unique continuous solution
X, of the stochastic integral equation

X, =€+ /ta(s,Xs) dB(s) + /tp(s,Xl.)ds (10.9.16)

is a diffusion process with diffusion coefficient Q(t,x) and drift p(t,z). The
transition distribution function Fs.(t,y) of Xy, with fized t and y, is the
unique solution of the Kolmogorov backward equation. Furthermore, if the
additional condition in Theorem 10.9.10 is also assumed, then the transition
probabilities of X have density functions ps.(t,y) and, with fived s and z,
Ds.z(t,y) is the unique solution of the Kolmogorov forward equation.

Remark 10.9.12. In the multidimensional case, o(t, x) is taken to be a matrix
such that

o(t,z)o(t,z)T = Q(t,x).

Note that if o(¢,x) is such a matrix, then o(t,z)U is also such a matrix for
any matrix U such that UUT = I. Thus the choice of o(t,z) to be used in
the multidimensional case of Equation (10.9.16) is not unique. However, since
UB(t) is also a Brownian motion, the transition probabilities of X; do not
depend on the choice of o (¢, x).

We give below a simple example to compare the above three different
approaches for constructing diffusion processes.

Example 10.9.13. Consider the problem of constructing a diffusion process X;
having the infinitesimal generator

(Ag)(x) = ¢"(x) — x4/ (x).

The corresponding diffusion coefficient Q(z) and drift p(x) are given by

Q@) =2, p(z)=—a.
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If we want to use the semigroup approach, then by Theorem 10.9.7 we need
to check that the inverse (I —n='.A4)~! exists such that ||[(I —n~1A)71|| <1
for any natural number n. The verification of this fact is not so easy.

If we want to use the partial differential equation approach, then we can use
either Theorem 10.9.8 or 10.9.10. Suppose we decide to use Theorem 10.9.10.
Then we need to solve the Kolmogorov forward equation

2

%pt(xo,y) = a% [ype(z0,y)] + a?[pt(xo,y)] (10.9.17)

with the initial condition
ltif(r)lpt(fo»y) = 0z, (y)- (10.9.18)

It is reasonable to expect that the limit p(y) = lims oo pe(20,y) exists
and is independent of the initial position xg. The function p(y) is the density
function of the so-called invariant measure of the diffusion process X;. Since
%p(y) = 0, Equation (10.9.17) for p(y) becomes

p(y) +yp'(y) +p"(y) =0,

which can be easily solved to be

1 2
_ eV /2

, —oo <y <.

Now we can use p(y) to solve Equation (10.9.17). Again it is reasonable to
expect that p:(zg,y) is of the form

1 2
_ —(y=A(t)zo)"/20(¢)
To,Y) = e , 10.9.19
pe(wo,y) 5 9(t) ( )

where the functions 0(t) and A(¢) are to be determined. It is straightforward
to check that

0 0’ o’ A zo)2
e (@oy) = pt(xo,y){ - 29((?) * (t)(yze(t)gt) o)
N(t)xo(y — A(t)zo)

0 } (10.9.20)

On the other hand, we can easily find that
0 0?
a*y[ypt(l’oyy)] + 2 [pt(Ian)]

Az A za)2
pt(l’an){l ¥y e(Atgt) o) , 9’232 oS _ eé)} (10.9.21)
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Put Equations (10.9.20) and (10.9.21) into Equation (10.9.17) to get

0'(t) OOy~ At)zo)* | N(B)zo(y — AH)zo)

W 20 70
—q_ y(y = AB)wo) | (y = A(t)wo)? 1
0(t) 0(t)2 108

By comparing the coefficients of 2 and 3 and the constant terms in both sides
of the equation, we see that this equation holds if and only if 6(t) and A(¢)
satisfy the equations

0'(t) = =20(t) + 2, —0(OAL) +20(H) N (t) = —2X(¢).

The initial condition in Equation (10.9.18) yields the initial conditions

Then it is easy to derive the solutions
Oty =1—e2 At)=e "

Put 6(t) and A(t) into Equation (10.9.19) to get the solution

_ 1 (Y —e'wo)?
pe(wo,y) = s P { = } (10.9.22)

for the Kolmogorov forward equation in Equation (10.9.17). Note that p;(zo, y)
coincides with the density function given by Equation (7.4.7) with s = 0 and
x = xo. Thus the resulting stochastic process X; is an Ornstein—Uhlenbeck
process given in Example 7.4.5.

Finally, we use the stochastic differential equation approach to construct a
diffusion process X; having diffusion coefficient Q(z) = 2 and drift p(z) = —=x.
By Theorem 10.9.11, o(z) = v/2 and we need to solve the following stochastic
integral equation:

t t
X, :x0+/ V2dB(s) 7/ X, ds.
0 0
This equation can be written as a stochastic differential equation,

dX; =V2dB(t) — X, dt, X, = o,

which we solved in Example 7.4.5 using 1t6’s formula. From Equation (7.4.6),
we have the solution

t
Xy =elzg+ \/5/ e~ W dB(u).
0
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Thus for each ¢ > 0, X, is Gaussian with mean e~!z and variance

t
2/ e 2= gy = 1 — 2,
0

229

Hence the density function of X; is the same as the one in Equation (10.9.22).
From this example, it is clear that the It6 theory provides a very powerful

tool to construct diffusion processes.

Exercises
1. Let Xp,+1(f) be defined as in the proof of Theorem 10.3.5. Prove that

B(X{VE) < opecatmn  BUZa gy

where C; = 3E(£2) +3C(1 +b—a)(b—a) and Cy = 3C(1 + b — a).

2. Show that the pinned Brownian motion

t
1
Xt:(t—l)/ dB(s), 0<t<1,
o S— 1
is the solution of the stochastic differential equation
1
dX; =dB(t) + t—lXt dt, Xo=0.

3. Prove that Equation (10.5.1) is equivalent to the equality

E(X eM1Y1+~~+MnYn) — E((g(yl, . Yn) eiA1Y1+~'+i>\nYn)

for all A1,..., A, € R. Hence this equality also characterizes the function

9(?/17 e ,yn)

4. Suppose X and G are independent and Y7, Ys,...,Y, are G-measurable.

Let (X, Y1,Ya,...,Y,) have expectation. Prove that

E{?j)(X, Y1,Y2,...,Y,) | g}
= E(¢(X, Y, Y2, -+, yn)) ‘ylzyh?ﬂ:ymm’yn:yn'

In particular, let X be independent of the random variables Y7, Y5, ..., Y.

Suppose ¥ (X, Y1, Ys,...,Y,) has expectation. Then
E{w(XaYIa}/Q7 "7le) |Y17Y27--~7Yn}

= E(w<'X7 y17 ?/27 A 7y’n)) |y1:Y1,y2:Y2,...,yn:Yn'
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10.

11.

12.

13.

14.

15.
16.

17.

18.
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Let B(t) be a Brownian motion. Check whether the stochastic process
X; = B(t)? is a Markov process.

Let N (t) be a Poisson process and N (t) the compensated Poisson process.
Check whether N(t) and N(t) are Markov processes.

Let B(t) be a Brownian motion. Derive the following conditional density
function of B(1) given B(2):

By B2)(x|y) = 76

and show that E{B(1)| B(2)} = 1 B(2).
Let Z be a random variable independent of Y7, Y5, ...,Y,,. Show that

P(Y,+Z<a|Y1,Ya,....Y,) =P, + Z < xz|Yy).

Let f € L?[a,b] and X; = ff ,a<t<b. For s <t,define
P, .(t,A) =P(X, € A| X, = x).

Show that the collection {P; ,(t,-);a < s < t < b,z € R} satisfies the
Chapman—Kolmogorov equation. Hence X; is a Markov process.

Suppose X; is a Markov process. Show that the Chapman—Kolmogorov
equation can be stated in terms of conditional expectation as

E{l{XtGA} ’XS = .Z'} = E|:E{1{Xt€A} ‘Xu} ‘Xs = l‘}

for any s < u < t.

Prove that the collection {P; ,(t,-)} of probability measures in Example
10.5.15 satisfies the Chapman—Kolmogorov equation.

Find the expectation and variance of X; in Equation (10.6.10) for fixed ¢.
Let X; be the Ornstein—Uhlenbeck process in Example 10.8.2. Show that
X is a diffusion process with the diffusion coefficient p(¢,z) = I and the
drift f(¢t,x) = —z.

Let B(t) be an n-dimensional Brownian motion. Prove that E(|B(t)[*) =
n(n + 2)t2.

Prove the equality in Equation (10.8.7).

Check that the differentiation operator d/dz is an unbounded operator on
the Banach space ([0, 00) defined in Example 10.9.4.

Let B(t) be a Brownian motion on R™ and let U be an n x n matrix such
that UUT = I. Show that UB(t) is also a Brownian motion on R™.

Solve the stochastic differential equation dX; = X; dB(t) + AX; dt with
the initial condition Xy = x for any real number A. Find the transition
density of the diffusion process X;.
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Some Applications and Additional Topics

In this last chapter we will give several concrete examples to show just a few
applications of stochastic integration in applied fields. We will also discuss
some additional topics related to applications.

11.1 Linear Stochastic Differential Equations

In this section we will derive explicit solutions of linear stochastic differential
equations to be used in Sections 11.2 and 11.3.
Consider a first-order linear ordinary differential equation

% = fa+g(t), a<t<b, z,=uz, (11.1.1)

where f(t) is a continuous function. To solve this differential equation, bring
the term f(t)x; to the left-hand side and then multiply both sides by the
integrating factor

h(t) = ¢~ J F(2)ds (11.1.2)

to obtain the following equation:

h(t) (% - f(t)xt) = h(t)g(t). (11.1.3)
Now note that p i
= (k) = h(t)(% - f(t)xt). (11.1.4)

From Equations (11.1.3) and (11.1.4) we see that

d

S (h(0)ze) = h(D)g(0),

which has the solution
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h(t)zy =+ / h(s)g(s)ds.

Therefore, the solution x; of Equation (11.1.1) is given by
t
xy = xh(t) ™! +/ h(t) " h(s)g(s) ds

t t t
= ;vefa f(s)ds +/ g(s) efs Fwdu g

a

Now, by a linear stochastic differential equation, we mean a stochastic
differential equation of the form

dX, ={o(t) X, +0(t)} dB(t) + {f() X + g(t) } dt, Xo==z, (11.1.5)

which is the symbolic expression of the linear stochastic integral equation

Xt:x+/ {¢>(3)Xs+0(s)}dB(s)+/ [F(8)X, +g(s)} ds

for a <t < b. Several special cases of this equation have already appeared in
Examples 10.1.1, 10.1.5, and 10.1.7.

In view of the integrating factor in Equation (11.1.2) and the exponential
processes in Section 8.7, we can guess that an integrating factor for Equation
(11.1.5) is given by H; as follows:

= vie | fls)ds+ / o) dB(s) - 3 / () ds.

We need to find d(H;X;) just as in the ordinary differential equation case. By
the It6 product formula, we have

d(H,X;) = Hy dX; + Xy dH,y + (dHy)(dX,). (11.1.6)
Apply Itd’s formula to find dH, as follows:
dH; = —H;dY; + %Ht (dY;)?
= i, (— F(0) di — 6() AB() + 5O dt) + 3 Hu (1) dt
= Hy{ — f(t)dt — ¢(t) dB(t) + ¢(t)* dt }. (11.1.7)
It follows from Equations (11.1.5) and (11.1.7) that
(dH,)(dXy) = —Hyp(t){p(t) X, + 0(t) } dt. (11.1.8)

Put Equations (11.1.7) and (11.1.8) into Equation (11.1.6) to get
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d(H, Xy) = H{dX, — f(t)X¢ dt — ¢(t) X, dB(t) — 0(t)p(t) dt}.  (11.1.9)

Observe that the quantity inside {---} is not quite what we would obtain by
moving the terms involving X; in Equation (11.1.5) to the left-hand side. It
has the extra term —60(¢)¢(t) dt. But we can take care of this extra term rather
easily, namely, Equations (11.1.5) and (11.1.9) imply that

d(H, Xy) = H {0(t) dB(t) + g(t) dt — 0(t)p(t) dt},

which yields that

H.X, = er/ H,0(s) dB(s) +/ H{g(s) = 0(s)¢(s)} ds.

Upon dividing both sides by H; we get the solution X; of Equation (11.1.5).
We state this result as the next theorem.

Theorem 11.1.1. The solution of the linear stochastic differential equation
dX; = {o(t) X, +0(t)} dB(t) + {f(O) X, + g(t) } dt, X, =z,

is given by

X, = ze¥ —|—/ eYt=Ys 9(s) dB(s) +/ eV Y {g(s) = 0(s)o(s)} ds,

a

where Y; = fat o(s)dB(s) + f(j {f(s) — 16(s)*} ds.

In general, suppose Z; is an Ito process and consider a linear stochastic
differential equation

dX; ={o(t) X, +0(t)} dZ, + {f() Xy + 9(t) } dt, X, =2  (11.1.10)

To solve this equation, we can of course rewrite this equation in the form
stated in the above theorem and apply the formula in Theorem 11.1.1 to
get the solution, which is expressed in terms of the Brownian motion B(t).
However, in applied problems, it is often desirable to express the solution in
terms of the Ito process Z;.

To find a formula for the solution of Equation (11.1.10) in terms of Z,
we can simply go through each step in the above derivation to modify the
computation. The solution X; is given by

t t t

X, = ze’ —|—/ et Y0(s)dZ, —|—/ eVt Yeg(s) ds —/ e Y2 0(5)¢(s)(dZs)?,
‘ ‘ ‘ (11.1.11)

where Y; = fat o(s)dZs +f; f(s)ds—3 fat #(5)%(dZs)? and (dZs)? is computed

according to the Ité Table (1) in Section 7.4.
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Ezample 11.1.2. Let dZ; = adB(t)—[Z; dt be an Ornstein—Uhlenbeck process
and consider the stochastic differential equation

dXt = (Xt -+ 1) dZt —+ Xt dt, Xo =X.

We can apply the formula in Equation (11.1.11) to find the solution
t
X, = erH—(l—%)t +/ eZt—ZS-Q-(l—%az)(t—s) dZ,
0

t
7a2/ ethZSJr(lf%aQ)(tfs) ds.
0

11.2 Application to Finance

In this section we will follow the book by @ksendal [66] to briefly explain the
Black—Scholes model [2] for option pricing,.

Let Bi(t), Ba(t),..., Bn(t) be m independent Brownian motions defined
on a probability space ({2, F, P). Let {F;;t > 0} be the filtration given by
Fi=0{Bj(s);1 <j<m,s <t}

(1) Nonexistence of an Arbitrage

A market is an R"*!-valued It6 process X; = (Xt(o),Xt(l), ... ,Xt(")) for
0 <t < T and the components are specified by

ax{” =X dt, X =1; (11:2.1)
) m

dX" =" oy(t)dB;(t) + fi(t)dt, 1<i<n, (11.2.2)
j=1

with adapted stochastic processes v(t), 04;(t), and f;(t) satisfying conditions
to be specified later. Here Xt(o) refers to the unit price of the safe investment
and Xt(z), 1 < i < n, refers to the unit price of the i¢th risky investment. In

practical problems, the stochastic processes Xt(l),l < i < n, are solutions of
stochastic differential equations. Since the solutions are It6 processes, they can
be written in the form of Equation (11.2.2). By Theorem 11.1.1, the solution
of Equation (11.2.1) is given by

XO = ooreds s (11.2.3)

Recall that a vector in R™ can be written as either (x1,za,...,2,) or an
n X 1 column vector with the corresponding components. Define

X=XV, X2 xM), (11.2.4)
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which is the risky part of the investment. Let o(t) be the n x m matrix with
entries o;;(t) and let f(t) be the column vector with components f;(¢). Then
Equation (11.2.2) can be rewritten as a matrix equation

dX;, = o(t)dB(t) + f(t) dt, (11.2.5)

where B(t) = (Bi(t), B2(t), ..., Bn(t)). In view of Equations (11.2.3) and
(11.2.5), a market X, is specified by the stochastic processes v(t), o(t), f(t),
which we indicate by the relationship

Xy «— {y(@), ot), F(t)}.

A portfolio in the market X; is an {F; }-adapted stochastic process

p(t) = (po(t), p1(t), - .., pn (),
where p;(t) represents the number of units of the ith investment at time ¢.
The walue of a portfolio p(t) is given by

Vo(t) =3 i) XY = p(t) - X,

=0

where “-” is the dot product on R**1.
A portfolio p(t) is said to be self-financing if its value V,,(t) satisfies the
following equality

t
V()= V,(0) + [ p(s) - dX.
0
which can be written in a stochastic differential form as
dv,(t) = p(t) - dX;. (11.2.6)

This equation means that no money is brought in or taken out from the system
at any time, a fact suggesting the term self-financing for the portfolio.
Note that if we single out po(t), then Equation (11.2.6) can be written as

n

d(pot)X{”) + 3 d(p:i (1) X)) = po(t) ax{* + ipxt) dx;".

i=1

This shows that if p;(¢),i = 1,2,...,n, are given, then we can always find
po(t) such that p(t) = (po(t), p1(t), ..., pn(t)) is self-financing.

A self-financing portfolio p(t) is called admissible if its value V,,(¢) is lower
bounded for almost all (¢,w) in [0,T] x {2, i.e., there exists a constant C' > 0
such that

Vp(t,w) > —C, for almost all (¢,w) € [0,T] x £2.

The lower boundedness of a portfolio indicates the fact that there is a debt
limit that the creditors can tolerate. Mathematically, it is a condition to ensure
that a local martingale is a supermartingale.
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Definition 11.2.1. An admissible portfolio p(t) is called an arbitrage in a
market X;, 0 <t <T, if its value V,(t) satisfies the conditions

Vp(0) =0, Vu(T) >0, P{V,(T)>0}>0.

The next theorem gives a sufficient condition for the nonexistence of an
arbitrage in a market. We will sketch the proof below.

Theorem 11.2.2. Assume that there exists an m X 1 column-vector-valued
{F:}-adapted stochastic process h(t) satisfying the following conditions:

(a) o(t,w)h(t,w) = v(t,w) X (w) — f(t,w) for almost all (t,w) € [0,T] x £2;
(b) Eexp (g IS \h(t)|2dt) < .
Then the market X;, 0 <t < T, has no arbitrage.

Remark 11.2.3. The matrix o(t,w) defines a linear transformation from R™
into R™ by the multiplication = — o(t,w)z. Hence condition (a) means that
the vector y(t,w)X;(w) — f(t,w) belongs to the range of o(t,w) for almost
all (t,w) € [0,T] x £2. As for condition (b), it can be replaced by the weaker
condition that

Eexp [/Oth(s) - dB(s) ;/Oth(s)|2ds] —1, vte[0T], (11.27)

where “-” is the dot product in R™ (cf. Lemma 8.7.3 and the remark following
the lemma). On the other hand, it has been proved by Karatzas [48] that if
a market has no arbitrage, then there exists an m x 1 column-vector-valued
{F;}-adapted stochastic process h(t) such that condition (a) holds.

Here is the main idea in the proof of the above theorem. First of all, it is
easy to check that a portfolio p(t) is an arbitrage for a market X if and only
if it is an arbitrage for the normalized market

X, = (XX, 0<t<T, (11.2.8)

where Xt(o) is the first component of X; and is given by Equation (11.2.3).

Hence without loss of generality we may assume that Xt(o) = 1, or equivalently,
~ = 0. Next, use the given h(t) to define a stochastic process

¢
Bu(t) = B(1) —/ h(s)ds, 0<t<T.
0
Then by condition (b) or even the weaker condition in Equation (11.2.7), we

can apply the Girsanov theorem to see that By (t) is a Brownian motion with
respect to the probability measure

T 1 T
dQ = eJo MOABO=3 [T IROFdt gp (11.2.9)
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In fact, the Girsanov theorem we have just used above is the multidimensional
version of Theorem 8.9.4. Then by Equation (11.2.5) and condition (a),

= o(t){dBx(t) + dt} + f(t)dt

= o(t)dB(t) + {a + f(t)}dt

= o(t)dBy(t) + v (t) X, dt

= o(t) dBy(t). (11.2.10)

Now, suppose p(t) is an arbitrage in the normalized market X;. Then its
value V,, is given by

Vp()/ -dX, / -dX, / s)dBy(s)),

where p(s) = (p1(8),p2(8),...,pn(s)). The first equality is due to the fact that
V,(0) = 0 and the self-financing property, the second equality holds because

Xt(o) = 1, while the third equality follows from Equation (11.2.10). Thus by
the multidimensional version of Theorem 5.5.2, the stochastic process V,(t) is
a local martingale with respect to . On the other hand, by the admissibility
of p(t), V,(t) is lower bounded for almost all ¢ € [0,7] and w € £2. It follows
that V,,(¢) is a supermartingale. Therefore, we have

Eq(Vy(T)) = Bq(Ea{Vo(T) | Fo}) < Bq(Vp(0)) =0. (11211

Note that the probability measure @) defined by Equation (11.2.9) is equivalent
to P. Hence the conditions for p(¢) being an arbitrage are equivalent to

Vp(0) =0, V,(T) >0, Q-as., and Q{V,(T) >0} >0,

which imply that Eq(V,(T)) > 0. Obviously, this is a contradiction with
Equation (11.2.11). Therefore, there is no arbitrage in the market X;.

(2) Completeness of a Market

A lower-bounded Fr-measurable random variable @ is called a T-claim.
A T-claim @ is said to be attainable in a market X;, 0 < ¢ < T, if there exist
a real number r and an admissible portfolio p(¢) such that

T
@:V,,(T):r+/0 p(t) - dX;. (11.2.12)

Such a portfolio p(t) is called a hedging portfolio for the T-claim ¢. Let ‘N/p(t)

be the value of the portfolio p(¢) in the normalized market X, defined by
Equation (11.2.8). By the self-financing property,

V,(t) =r+/0tp(s).d)?s :r+/0t(X§°>)—1§(s)-d)?5. (11.2.13)
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Suppose the market X; satisfies the conditions in Theorem 11.2.2. Then
we can put Equation (11.2.10) into Equation (11.2.13) to obtain

Vp(t) :r+/0 (X 75(s) - (a(s) dBr(s)). (11.2.14)

Obviously, this equality shows that ‘~/p(t) is a local martingale with respect to
Q defined by Equation (11.2.9). For reasons of integrability, the portfolio p(t)
in Equation (11.2.12) is often assumed to have the property that the associated
stochastic process %(t) in Equation (11.2.14) is actually a martingale with
respect to Q.

Definition 11.2.4. A market is said to be complete if every bounded T'-claim
is attainable.

Theorem 11.2.5. Let X;, 0 <t < T, be a market satisfying the assumption
in Theorem 11.2.2. In addition, assume that

o{Bn(s); 0<s<t}=0{B(s);0<s<t}, VO<t<T. (11.2.15)

Then the market Xy, 0 < t < T, is complete if and only if the matriz o(t,w)
has a left inverse for almost all (t,w) in [0,T] x 2, namely, there exists an
{F:}-adapted m x n matriz-valued stochastic process L(t,w) such that

L(t,w)o(t,w) = L, for almost all (t,w) € [0,T] x £2,
where I, is the m x m identity matriz.

We will sketch the proof of the sufficiency part of the theorem. At the
same time, we will show how to find a hedging portfolio for a T-claim.

Let & be a bounded T-claim. We need to find » € R and an admissible
portfolio p(t) such that Equation (11.2.12) holds. By Equation (11.2.14), we
can easily see that the p(t) part of Equation (11.2.12) is equivalent to

() "8 = (Xf7) V(1) = V(D)
:H/T (X)) - (o(t)dBu(t)).  (11.2.16)
0

Hence we will first find » and p(¢) such that Equation (11.2.16) holds. Then
we find po(t) to get an admissible portfolio p(t) satisfying Equation (11.2.12).

Notice that the random variable (X{")) '@ is bounded. Moreover, it is
.7-'? "-measurable since the filtration given by By, (t) is assumed to be the same
as the underlined filtration {F;} given by B(¢). Hence (X}O))_lé belongs to
L%, (£2). Apply Theorem 9.8.1 to (X(TO))AQZS - E{(X;O))flsﬁ} to obtain a
stochastic process 0(t) in L2,([0,T] x £2) such that
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(X)) 7' = E{(x) o) + /OT o(t) - dB(t). (11.2.17)
By comparing Equations (11.2.16) and (11.2.17), we see that
r=E{(x")"'9}
and p(t) is a solution of the following equation:
(Xt(o))_lﬁ(t) . (o(t)v) =0(t)-v, VveR™. (11.2.18)

Note that v - v = u*v for u,v € R™. Here we use A*, rather than A7 as in
Chapter 10, to denote the transpose of a matrix A in order to avoid confusion
with the terminal time T in this section. Then Equation (11.2.18) is equivalent

-1

to the matrix equation (Xt(o)) p(t)* o(t) = 0(t)*, or equivalently,
o(t)*p(t) = X V0(t). (11.2.19)
By assumption, L(t)o(t) = I. Hence o(¢t)*L(t)* = I. Thus if we put
pt) = xOL@)* o(¢), (11.2.20)
then we have
o(t)" B(t) = o(t)" (X{" (1) (1) = X;0(0).

This proves that p(t) given by Equation (11.2.20) is a solution of Equation
(11.2.19). Finally, we need to find po(t) such that p(t) = (po(t), p(t)) is a
hedging portfolio for the given T-claim @. Since p(t) is self-financing, its value
Vp(t) must satisfy the equation

dVy(t) = p(t) - dXz,
which is the same as the following equation:
d(po()X") +d(p(t) - Xo) = (1) po(t) X dt + (1) - dX,.
Put Y; = po (t)Xt(O). Then the above equation can be written as
dY; = ~(t) Yy dt + p(t) - dX, — d(p(t) - X;). (11.2.21)

Notice that we have already derived p(¢) in Equation (11.2.20) and X, is
the given market. Hence Equation (11.2.21) is a linear stochastic differential
equation for Y;. Then we can use Theorem 11.1.1 to find the explicit formula
for the solution Y;. Thus we get the solution

pO(t) = (Xt(O))_IY;g — fo v(s) dsY;.

The portfolio we have derived can be shown to be a hedging portfolio for the
given T-claim ®. Hence the market X, is complete.

Obviously, the above discussion also gives a procedure on how to find a
hedging portfolio for a given T-claim .
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(3) Option Pricing

Let @ be a T-claim. An option on @ is a guarantee to be paid the amount
&(w) at time t = T. From the viewpoint of a buyer, the maximal price for
purchasing such an option at time ¢t =0 is

T
©p(P) = sup {:c; dp(t) such that —x +/ p(t) - dX; + P >0 a.s.}.
0

Since @ is a T-claim, it is lower bounded. Suppose —C' is a lower bound for @,
i.e., @ > —C almost surely. Then the number z = —C' belongs to the above set
{z;---} by taking p(t) = 0. It follows that the above set {x;---} is nonempty
and essinf @ < (D).

On the other hand, from the viewpoint of a seller, the minimum price for
selling such an option at time t = 0 is

T
ps(P) = inf {y; Ip(t) such that y +/ p(t) - dXy > P a.s.}7
0

if the set {y;---} is not empty. Otherwise, define p;(®) = co.

Suppose the market X;, 0 < ¢t < T, satisfies the assumption in Theorem
11.2.2, i.e., there exists an mx 1 column-vector-valued {F; }-adapted stochastic
process h(t) satisfying conditions (a) and (b) in the theorem. Then we have
the following inequalities for any T-claim &:

op(D) < Eq[(XY) 7' 0] < (@), (11.2.22)

where E( is the expectation with respect to the probability measure () defined
by Equation (11.2.9). We only prove the second inequality since the first one
can be proved by similar arguments. If ps(®) = oo, then we have nothing
to prove. So assume that p,(P) < co. In that case, the above set {y;---} is
not empty. Let y be an element in this set. Then there exists an admissible
portfolio p(t) such that

T
Vpo(T)=y +/ p(t) - dX; > P, almost surely.
0
Multiply both sides by (XZSP))_1 and use Equation (11.2.14) to show that
(0))-1 ’ (0))-1
(XY (T) =y + /0 (XO)"15(s) - (o(s) dBu(s)) > (X9) ',
Then take the expectation with respect to the probability measure @ to get

y > Eo[(x{V) 2],

which is true for any y in the set {y;---}. This implies the second inequality
in Equation (11.2.22).
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In general, strict inequalities in Equation (11.2.22) can occur. Obviously,
the price of a T-claim can be well-defined only when ¢, (®) = ps(P). This is
the rationale for the next definition.

Definition 11.2.6. The price of a T-claim @ is said to exist if pp(P) = ps(P).
The common value, denoted by p(P), is called the price of ¢ at time t = 0.

Theorem 11.2.7. Let X, 0<t<T, be a complete market and suppose there
exists an m X 1 column-vector-valued {F,}-adapted stochastic process h(t)
satisfying conditions (a) and (b) in Theorem 11.2.2. Then for any T-claim

@ with EQ{(X:(FO))_IQ} < 00, the price of @ at time t = 0 is given by
p(@) = Eo{(x{") "o}, (11.2.23)

fOT h(t)-dB(t)—1 fOT h(®)? dt

where @ is the probability measure dQ = e

Equation (11.2.23) follows from Equation (11.2.22) and the inequalities
~1
0s(P) < Eo[(X{V) 0] < o4(@). (11.2.24)
To prove the first inequality, let @ be a T-claim. For each n > 1, define

] P(w), if P(w) < m
Pn(w) = {n, if &(w) > n.

Since @ is a T-claim, it is lower bounded. Hence for each n, ®,, is a bounded

T-claim. Then by the completeness of the market, there exist y, € R and a
portfolio p,(t) such that

T
Yn + / pn(t) dXy = Dy, (11225)
0

which, by Equation (11.2.14), is equivalent to

T
RPN -1
Yn + / (X1 5(s) - (o(s) dB(s)) = (X)) s,
0
Take the expectation with respect to @ to get
_ (0)y—1
Un = EQ[(X7)) @) (11.2.26)
On the other hand, by the definition of p,, Equation (11.2.25) implies that
0s(Pn) < Yn. (11.2.27)

Now observe that the definition of p, implies that p(®) < ps(O) for any
T-claims © < & almost surely. Since &,, < @, we have
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ps(P) < ps(Pn)- (11.2.28)
It follows from Equations (11.2.26), (11.2.27), and (11.2.28) that
0:(®) < Bo[(X7”) ' #u).
Let n — oo and use the monotone convergence theorem to conclude that
p.(®) < Eo[(Xf") 9],

which proves the first inequality in Equation (11.2.24). The second inequality
in this equation can be proved by similar arguments.

(4) Black—Scholes Model

We now explain a simplified version of the Black—Scholes model due to
Black and Scholes [2] and Merton [60]. Suppose a market X; = (Xt(o),Xt(l))
is given by

ax® =) xVat, x =1, 11229)
dxM = a)XV dB(t) + J() X dt. -
By Theorem 11.1.1, the solutions are given by
t
X© _ oJy s (11.2.30)

Xt(l) = 11 exp {/Ota(s) dB(s) + /Ot (J(s) - %a(s)2> ds]. (11.2.31)

Hence the market X;, 0 <t < T, in Equation (11.2.29) is specified by

with Xt(l) being given by Equation (11.2.31). The equation in condition (a)
of Theorem 11.2.2 becomes

at)XVh(t) = vt XD — T X,

which has the obvious solution for h(t)
ey = 20— IO, (11.2.32)

Thus we need to assume the following condition in order for condition (b) of
Theorem 11.2.2 to hold:

Eexp B /OT (W)th] < . (11.2.33)
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Under this assumption, we can apply Theorem 11.2.2 to assert that the market
has no arbitrage.

For the completeness of the market, we need to assume the condition in
Equation (11.2.15). On the other hand, the condition in Equation (11.2.33)
implies implicitly that «(¢) # 0. Hence o(¢) ™! exists. Then by Theorem 11.2.5,
the market is complete.

Assuming the conditions in Equations (11.2.15) and (11.2.33), we can use
Theorem 11.2.7 to compute the price p(P) of a T-claim @. In order to obtain
an explicit formula for computing p(®), we need to impose conditions on
{7(t), a(t), J(t)}, which specifies the market, and the form of .

So, we impose the condition that «(¢) and «(t) are deterministic functions.
Moreover, we consider a T-claim & of the form

1
&= F(x{).
Use Theorem 11.2.7 and Equation (11.2.30) to find the price p(P),
T
p(@) = Bo{(X{) '@} =l "M Bo{p(x()}. (11.234)

By Equation (11.2.31), we have
EQ{F(X(TD)} _ EQ{F(xl efoT a(t) dB(t)-l—foT (7t~ La(t)?) dt) } (11.2.35)

Now we use Bj(t) with h being given by Equation (11.2.32) to rewrite the
exponent in the above equation as

T T
/ a(t) dB(t)+/ (J(t) — 2a(t)?) dt
0 0
T T
- / a(t) (dBu(t) + h() de) + / (J(t) — La(t)?) dt
0 0
T T
:/ a(t) ch(t)+/ [v(t) — La(t)?] dt. (11.2.36)
0 0

Observe that the stochastic process J(t) disappears from the last equation.
Moreover, the last integral yields a constant since the functions 7(t) and «(t)
are assumed to be deterministic functions.

From Equations (11.2.34), (11.2.35), and (11.2.36) we get

(@) = e~ Jo 10t {F(ml eJo A BT [T~ a)? “) }

Note that By (t) is a Brownian motion with respect to @, and «(t) is assumed
to be a deterministic function. Hence fOT a(t) dBp(t) is a Wiener integral and
so it has a normal distribution with mean 0 and variance ||a||? = fOT a(t)? dt
with respect to (). From the last equation, we immediately obtain the formula
for p(®P) given in the next theorem.
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Theorem 11.2.8. Let Xy, 0 < t < T, be a market specified by Equation
(11.2.29) with v(t) and a(t) being deterministic functions in L'[0,T] and
L2[0,T], respectively. Assume that the condition in Equation (11.2.33) holds.
Then the price () of a T-claim & = F(X(Tl)) at time t = 0 is given by

T T
_ S a1 vt [ O =Fa®)?dt) Ly
p(@)=e Jo a1 F(xle 0 2 )e 2¢Y dy,
\/271’6 R

where ¢ is the constant ¢ = fOT a(t)? dt.

It is worthwhile to point out that the price p(®) does not depend on the
randomness part J(t) of the market.

Next, we will derive a hedging portfolio for the T-claim ¢ = F(X(Tl)).
Assume that the functions v(t) = v and «(t) = « are constants. Then the
market is given by

XO ot xW Z g eeBaO 300, (11.2.37)

By Equation (11.2.19), p1(t) of a hedging portfolio p(t) = (po(t), p1(t)) is a
solution of the equation

e iy (t) aX P = 0(t), (11.2.38)

where 6(t) is a stochastic process satisfying Equation (11.2.17), i.e.,

T
e TRy = E{e T F(X(V)) + / 0(t) dBy(t).

0

By Theorem 9.8.1, (t) is given by

)
_ O/ a1 (1) ’ B
o(t) EQ{& (e F(x{] )) F } (11.2.39)

where §/dt is the variational derivative defined by Equation (9.7.3).
Assume that F is a C!-function. Then we can use the explicit form of Xj(}

from Equation (11.2.37) to find that

éF(Xél)) = QF (e PH D+ 07300 g BT+ (= 500T,

ot

Write the exponent as a{B(T) — By(t)} + aBp(t) + (v — 3a*)T and then

use Exercise 4 in Chapter 10 with X = o{By(T) — Bx(t)}, Y1 = aB(t), and
G= .7-"tB " to derive the following equality:

)

EQ{EF(Xg)) ’EB’L} =

)

2n(T —t)

[P (ot oPhOH0=400T) gy gortona 040~ o g,
R
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which can be simplified using Xt(l) from Equation (11.2.37),
0 poxy| £B a (1)
Eo{ 5 P(X{) | 7P} = X
AEY (X77) | Fe (T — 1) t

5 / F/(Xt(l) eozy+('yf%a2)(Tft)) 6ozy+(’yf%oz2)(Tft) eiﬁ?ﬁ dy.
R

Put this equality into Equation (11.2.39) to find 6(¢):

0(t) = e T XM (30T ___ %
27(T —t)
x / FI(XW) eovt=30")(T 1) gov=zi=v" gy (11.2.40)
R

From Equations (11.2.38) and (11.2.40), we get the value of p;(t). Once we
have p;(t), then we can derive po(t) for a portfolio p(t) = (po(t),p1(t)) using
Equation (11.2.6), which in the present case reduces to

dpo(t) = —e "XV dpi (1) — a e XY (dp (1)) (dB(2)).
We summarize the above discussion as the next theorem.

Theorem 11.2.9. Let X3, 0 < t < T, be a market specified by Equation
(11.2.29) with v(t) = v and a(t) = « being constant functions. Assume that
the condition in Equation (11.2.33) holds. Then for a C'-function F, a hedging

portfolio p(t) = (po(t), p1(t)) for the T-claim & = F(X;l)) is given by

D1 (t) = C/ F (Xt(l) eay+(’7*%a2)(T7t)) eay—myz dy.
R

t t
po(t) =~ [ XOdps) ~a [ XD (dp(s) (B().
0 0
_ —%az(T—t) 1
where C = e 7\/27?@74)

Example 11.2.10. Take a simple Black—Scholes model specified by constant
functions v(t) = v, a(t) = «, and an adapted stochastic process J(t). Then

the market X; = (Xt(o), Xt(l)) is given by
Xt(O) _ eryt7 Xt(l) =1 eaB(t)+fo J(s) dsféoﬁt.
Let F(xz) = 2™, n even, and consider the corresponding T-claim ¢ = (Xq(}))n.

We can use Theorem 11.2.8 to derive the price of @ at time ¢t = 0,

§(8) = sheln DT Hn-Da’T,

Note that when (n — 1)y + in(n—1)a? > 0, p(®) increases to oo as T — oco.
This reflects the fact that as time passes, predictions become less reliable.
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We can use Theorem 11.2.9 to find a hedging portfolio p(t) = (po(t), p1(t))
for the T-claim @ = (X;l))n7

t -
po(t) = —n(n — 1)0@?/ enaBn(s)=gna’st(n=1ys gp, (g).
0

(n—1)o¢Bh(t)-i—(n—1)')/T+%n(n—1)azT%(n?—l)azt7

Te

p1(t) = nx

11.3 Application to Filtering Theory

In this section we explain very briefly the Kalman-Bucy linear filtering. For
more information, see the books by Kallianpur [45] and by @Qksendal [66].

The state & of a system (input process) at time ¢ is specified by a linear
stochastic differential equation

dé, = a(t) dB(t) + B(t)& dt, t>0, & att=0, (11.3.1)

where a(t) and ((t) are deterministic functions, B(t) is a Brownian motion,
and the initial distribution &j is assumed to be independent of the Brownian
motion B(t).

On the other hand, the observation Z; (output process) of the system at
time t is given by the stochastic process

dZ, = f(£)dW(t) + g(t) & dt, t>0, Zy=0, (11.3.2)

where f(t) and g(t) are deterministic functions and W (t) is a Brownian motion
assumed to be independent of B(t) and &,. Note that the input & appears in
Equation (11.3.2) and is being filtered out by the observable output Z;.

Here is the filtering problem: Based on the observed values Zs, 0 < s <,
what is the best estimator & of the state & of the system at time t?

There are several ways to define the meaning of being the best estimator.
The one that is the easiest to handle mathematically is the least mean square
error, namely, we seek & to minimize the mean square error

R, = B{(& - &)?} < B{(& - Y)?}

for any square integrable random variable Y that is measurable with respect
to the o-field
Ff=0{Zy; s <t}

Note that such an estimator ag is the orthogonal projection of & onto the
Hilbert space L%(F#) consisting of square integrable random variables that
are FZ-measurable. This estimator turns out to coincide with the conditional
expectation of & given the o-field FZ, namely,
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& ZE{§t|ftZ}. (11.3.3)

Therefore, in the sense of the least mean square error, the conditional
expectation in Equation (11.3.3) is the best estimator for the state & based
on the observation Z;, 0 < s < t.

Next comes the real question: How to compute E{ft |]~"tZ}

Consider a very simple example with the following functions specifying
Equations (11.3.1) and (11.3.2):

Oé(t) :ﬁ(t) =0, f(t) :g(t) =1, gONN(O’1)7

where N(0, 1) denotes the standard normal distribution. In this case, & = &
is a constant stochastic process and Z; = W (t) 4+ t&,. By assumption W ()
and £ are independent. One can carry out a rather lengthy computation to
find the conditional expectation

1

7,
1+¢7F

BE{&| 2.} =
On the other hand, using the next theorem, it is rather easy to derive the
equality {gt | FZ } = %HZ,&, which implies the above equality.

Theorem 11.3.1. (Kalman—Bucy [46]) Let the state & of a system be given
by Equation (11.3.1) with deterministic functions a(t) and B(t). Assume that
the initial distribution &y is independent of the Brownian motion B(t) and has
mean po and variance o3.

Suppose the observation Z; of the system is given by Equation (11.3.2) with
deterministic functions f(t) and g(t), and a Brownian motion W (t). Assume
that W (t) is independent of B(t) and &o.

Then the conditional expectation fAt = E{gt ‘ ftZ} is the solution of the
linear stochastic differential equation

~  g(t)Ry Cg(t)PRey 2~ 2 _
A= A (8 s )&t & = o, (11.3.4)
where Ry is the solution of the Riccati equation
dR; 9(t)
= a(t)? + 26(t) Ry — f(t)QR?’ Ry = . (11.3.5)

Moreover, R; equals the mean square error, i.e., Ry = E{(ft — a)2}

For a rather nice proof of this theorem and some examples, see the book
by @ksendal [66]. Here we give two simple examples.

Ezxample 11.3.2. Consider a linear filtering problem with the state & of the
system and the observation Z; specified by
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dgt - 07 E£0 = ko, Var(fo) = 0—87
dZ, = cdW (t) + & dt, Zo =0,

where ¢ # 0. Hence we have the corresponding functions

at)=0, B{#)=0, f(t)=e¢, gt =1

Note that & = &y for all ¢, so that & is a constant stochastic process. First

we need to solve the Riccati equation
dR; 1 5 9
@ - el fo=oo

The solution is easily found to be given by

2,2
ccog

Ri= 2%
YT 2+ 02t

Put R; into Equation (11.3.4) to get the following linear equation:

d&; = % % & dt, & =
t 2+ olt t 62+Ugtt » S0 = Ho-

Then we use the formula in Equation (11.1.11) to get the solution

2
~ Ho )

éht:02—|—0(2)t 02+a(2)t

t-

Ezxample 11.3.3. Let the state & of a system and the observation Z; in a linear
filtering problem be specified by

1+4+1¢
dgt:dB(t)_ ;_é-tdfw /'LO:07 0'0:1,
A2 = —— AW () + ——¢ dt, Zo—=0
t_1+t 1+tt ) 0o— VY.

Hence we have the corresponding functions

141 1
=1 )= ——— ) =g(t) = —.
o) =1, B = -3, S =g() = 1
Put these functions into Equation (11.3.5) to get the Riccati equation
dR
d—;=1—<1+t)Rt—R§, Ro=1.

The solution of this equation is given by

1
Ri=——.
Tt
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Then put this function Ry, together with the above §(t), f(t), and g(t), into
Equation (11.3.4) to get the linear stochastic differential equation

. 1+t 1 \~ .
déy = dZ; — (T+m)§tdt> & =0.

Finally we use the formula in Equation (11.1.11) to obtain the solution

t
& = 1 e*%(t%tg)/(1+s)e%(s+%82)dZs~
0

11.4 Feynman—Kac Formula

Consider a nonrelativistic particle of mass m moving in R under the influence
of a conservative force given by a potential V. In quantum mechanics, the
state of the particle at time ¢ is specified as a function u(t,x), t > 0, z € R,
satisfying the Schrédinger equation

A2

ih % =5 Au+V(z)u, u(0,2)=1(z), (11.4.1)
where 7 is the Planck constant and [ [¢)(z)|* dz = 1. In 1948, Feynman [16]
gave an informal expression for the solution u(t, x) as follows:

m

attea) =N [ e [£ [ (550602 = V) ds]wlut0) Dl

where NV is a symbolic renormalization constant, C, is the space of continuous
functions y(¢) on [0,00) with y(0) = z, and D§°[y] is a symbolic expression
for the nonexistent infinite-dimensional Lebesgue measure. Since then, this
informal expression has been called a Feynman integral. However, it is not
really an integral, namely, there exists no measure that gives this integral.
Consequently, there has been a vast number of research papers in the literature
with the aim to give a mathematical meaning to the Feynman integral. Among
the many approaches, white noise theory has been quite successful; see the
books [27] and [56].

On the other hand, suppose we adopt the imaginary time, i.e., replace ¢
in Equation (11.4.1) with —it. Moreover, put i = m = 1 for simplicity. Then
the Schrédinger equation becomes

ou

1
o = 5 Adu=V(@u, u(0,2)=v().

The corresponding u(t, z) was shown by Kac [44] in 1949 to take the form

u(t,x) = {u(B(t)) e~ fJV(B(SWS}, (11.4.2)
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where E7¥ is the conditional expectation given that the Brownian motion starts
at x, or equivalently, the expectation when we use B(t) + z for a Brownian
motion B(t) with B(0) = 0. The representation u(t, z) in Equation (11.4.2) is
known as the Feynman—Kac formula. Below we sketch a heuristic derivation
of this formula for It6 processes.

Let B(t) be an R"-valued Brownian motion. Consider an R™-valued
stochastic differential equation

where the matrix-valued function o(z) and the column-vector-valued function
f(x) satisfy the Lipschitz condition. Then by the multidimensional version of
Theorem 10.6.2, the unique continuous solution X; is a stationary Markov
process. Moreover, by Theorems 10.8.9 and 10.9.5, X; is a diffusion process
with infinitesimal generator given by

(A0)(w) = gtro(a)o(n)" D*6(x) + f(x) - Vo(a). (11.4.4)

Now, let ¢(x) be a C2-function on R™ with compact support, namely,
it vanishes outside a bounded set. Let V(z) be a lower-bounded continuous
function on R™. Define a function wu(t,z) by

ult,2) = B*{p(X) e~ fJWXs)dS}, (11.4.5)

where E” is the conditional expectation given that Xy = x.
It follows from the assumptions on ¢ and V that w(t,z) is a real—valued
function on [0, 00) x R™. Moreover, both (X}) and exp fg are

It6 processes. Hence the product ¢ (X;) exp[— fo s)ds] is an Ito process.
This implies that u(¢, z) is differentiable in the ¢ varlable

Let ¢ > 0 be fixed and consider the function g(x) = u(t, z). The function
Ag is defined to be the limit

(.Ag)(x) — lim E* [g(Xe)] - g(x) .

11.4.6
€10 € ( )

In order to find out the limit, first note that
B [g(Xg)] . [EXE {"/)(Xt) = fo/ V(Xs) ds}:| )

Then we use a crucial argument, i.e., the one we used in the proof of Theorem
10.6.2, to show that
£}

EXE {w(Xt) e fo V(Xs)ds} _ Ez{w(Xth) e fo V(Xsye)ds

Therefore,
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B [g(X.)] = B {(Xppe) e Jo VX100

t+e

= Em{w(Xt-'rE) e fo VI(X;)ds efo6 V(Xs)ds}
t+e €
=u(t+e,12)+ Ez{w(Xt-l—e) o fo V(Xs)ds (efo V(Xs)ds 1) }
Recall that g(z) = u(t,x) with ¢ fixed. Thus we have

E® [g(XE)] —g(x) =ult+¢,2) —u(t,z)

t+e

B {u(Xip) e o VDS (VO L )

But as remarked above, the function u(t, z) is differentiable in ¢. Hence

lalﬁ)lé(u(t +e,x) —u(t,z)) = %(t, x). (11.4.8)

On the other hand, by the continuity of V,

1 Jovix,)ds _
lalﬁ)lg(e 0 — 1) =V(x),

which, together with the continuity of v, implies that

1 _ t+e s £ ‘ s
11$EE${¢(XH€)@ Jo Tvixaa (efo V(X:)d ,1)}
E.

_ V(SE’)Ex{Q/J(Xt) e~ fo V(Xs) ds}
= V(x)u(t, x). (11.4.9)
Putting Equations from (11.4.6) to (11.4.9) together, we get

du
ot

Moreover, it is obvious that u(0, z) = ().
We summarize the above heuristic derivation as the next theorem.

Au(t,z) = (Ag)(z) = —(t,2) + V(z)u(t, x).

Theorem 11.4.1. (Feynman—Kac formula) Let X, be the continuous solution
of the stochastic differential equation in Equation (11.4.3) and let A be its
infinitesimal generator. Suppose ¥(x) is a C?-function on R™ with compact
support and V(x) is a lower-bounded continuous function on R™. Then

t

u(t,z) = Ew{zp(xt)e* Js V<Xs>d8}, t>0, zeR",
is a solution of the partial differential equation
ou

i Au—Vu, t>0, u(0)=71. (11.4.10)
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Remark 11.4.2. A solution of Equation (11.4.10) is unique in the space of
C12-functions v(t,x) such that v is bounded on K x R™ for any compact set
K C [0,00). For the proof of this fact, see the books [49] and [66].

A good application of this theorem is the derivation of a formula, known
as the arc-sine law of Lévy, that answers the following question.

Question 11.4.3. Let L] be the amount of time that a Brownian motion is
positive during [0,¢]. What is the distribution function of L, ?

Let sgn™ denote the positive part of the signum function, namely,

1, ifx > 0;

sen” (v) = {o ifz<0

Then the random variable L; can be expressed as the following integral:

L = [ sgn™ (B(s)) ds. (11.4.11)

In order to find out the distribution function of L/, consider the case of
one-dimensional Brownian motion in the Feynman-Kac formula with ¢ = 1
2
and V =asgn™, a > 0. Then A= dd? and we have the function

t
ult,z) = Ef{e‘“fo Sgll+(3<s))ds}. (11.4.12)

By Theorem 11.4.1 and its remark, u(t,z) is the solution of the following
partial differential equation:

ou - 1 7 + —
5 = gt~ (asen®)u, u(0,2) =1, (11.4.13)

where u” denotes the second derivative of u with respect to z.
Let U((,x) be the Laplace transform of u(¢, x) in the ¢ variable, i.e.,

U, x) = (Lu(-,))(¢) = /OOO e Stu(t,x)dt, ¢>0. (11.4.14)

Use the property (E%)(C) = (U —u(0) and the condition u(0) = 1 to get the
Laplace transform of Equation (11.4.13),

1
CU—-1= §U” — (asgn™)U,
which, for each fixed (, is a second-order differential equation in the x variable
and can be rewritten as follows:
{U"—Q(a+g)U= -2, if z > 0;

, . (11.4.15)
U" — 20U = -2, if z < 0.



11.4 Feynman—-Kac Formula 253

These two equations have particular solutions a—ic and 1 & respectively. The

first equation has characteristic equation r? — 2(a + ¢) = 0, which has two
roots r = £+/2(a + ¢). The positive one should be discarded because the
corresponding exponential function goes to co as  — oo. On the other hand,
the characteristic equation of the second equation has two roots r = #+/2¢
and the negative one should be discarded. Hence the solution of Equation
(11.4.15) is given by

)

Ae~*V2at0) 4 %C if x> 0;
a

U.x) = 1

Bew‘/i—i—z, if x < 0.

The continuity of U and U’ at z = 0 implies that
g Vatrc—ve o VC-Vait(
VC(a+Q) (Va+¢

Hence we have the value of U((, ) at = 0,

U(¢,0) = ¢>0.

{la+¢)

Now we have the following facts for the Laplace transform:

RNV RS | 1
iV T Y e

where f * g is the convolution of f and g defined by

t):/of(th)g(T)dT, t>0.

Hence the inverse Laplace transform of U((,0) is given by the convolution

[xg— (Lf)(Lg),

(L71U(-,0))(t) = %/0 tl_T e—w\% dr.

On the other hand, recall that U((,z) is the Laplace transform of u(t,z).
Therefore, we conclude that

(11.4.16)

/ m

It follows from Equations (11.4.11), (11.4.12), and (11.4.16) that

EO{e—aLj} _ 1

dr, YVa>0,0<7<t.
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This equality implies that the random variable L, has a density function

1 1

—— . 0<T <
firy=L T™/T(t—1)

0, elsewhere.

Hence for 0 < 7 < t, we have

P

1 1
(Lj’gT):/O T

Make a change of variables = = ty? to get

2 [Vt 2
P(Lf ST) = — ——dy = Zgin~t \/j

™ Jo 1—92 ™
Thus we have proved the following theorem.

Theorem 11.4.4. (Arc-sine law of Lévy) Let L = fot sgnt(B(s))ds be the
amount of time that a Brownian motion is positive during [0,t]. Then

11.5 Approximation of Stochastic Integrals

In this section we will describe a relationship between the Leibniz—Newton
calculus and the It6 calculus due to Wong and Zakai [87] [88].

Let B(t) be a Brownian motion. Suppose h(t,z) is a continuous function
on [a,b] x R. Then the stochastic integral ff h(t,B(t))dB(t) is defined in
Chapter 5. For the numerical analysis of this integral, we need to replace the
Brownian motion B(t) by a sequence {®,(t)} of stochastic processes that are
reasonably smooth so that we can use the ordinary calculus. For simplicity,
we fix an approximating sequence {®,(t)} satisfying the following conditions:

(a) For each n and almost all w, @,,(-,w) is a continuous function of bounded
variation on [a, b];
(b) For each t € [a,b], §,,(t) — B(t) almost surely as n — oo;
(¢) For almost all w, the sequence {®,(-,w)} is uniformly bounded, i.e.,
sup sup |P,(t,w)| < oco.
n>1 a<t<b

For example, let {A,} be an increasing sequence of partitions of [a,b]
such that [|A,]| — 0 as n — oo and let @, (¢,w) be the polygonal curve with
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consecutive vertices the points on B(t,w) given by the partition points of A,,.
Then the sequence {®,(t)} satisfies the above conditions.

When we replace B(t) by @,(t), then the Itd integral f; h(t, B(t)) dB(t)

becomes fab h(t, @, (t)) ddy(t) which, by condition (a), is a Riemann—Stieltjes
integral. Obviously, it is natural to ask the following question.

Question 11.5.1. Does the sequence f; h(t, Pn(t)) dP,(t), n > 1, converge to
the Tt6 integral f: h(t, B(t)) dB(t) almost surely as n — oo?

Ezample 11.5.2. Take the function h(t,z) = x. Then we have

b
/ D, (t) dd, (t) = %(@n(b)Q —®,(a)?) = =(B(b)* - B(a)?).

On the other hand, we have the It6 and Stratonovich integrals

(B(b)? = B(a)* = (b—a)),

N =

/bB(t) dB(t) =
b
/ B(t) 0 dB(t) = %(3(5)2 ~ B(a)?).

Hence we see that the Riemann-Stieltjes integrals fab &, (t) dP,(t) converge
to the Stratonovich integral ffB(t) o dB(t) rather than the It6 integral
[ B(t) dB(¢t).

Now we will try to get an answer to the above question. Let h(t,z) be a
continuously differentiable function in both variables t and xz. Then we have

a Riemann-Stieltjes integral f; h(t, @, (t)) dP,(t). Define a function

F(t,x) :/ h(t,y)dy, te€a,b], zeR.
0

By the chain rule in the Leibniz—Newton calculus, we have

dF(t, 8, (t)) = %l:(t,@n(t)) dt + h(t, B, (t)) dDn (2).

Therefore,

/ Bt Do (1)) 4 (1)

b OF

ot
b

— F(b,B(b))—F(mB(a))—/ %fz(t,B(t))dt. (11.5.1)

a

= F(b,2,(8) - FlaB,(a) ~ [ o600 de
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On the other hand, by Ito’s formula, we have

%f(t,B(t))dt+h(t,B(t))dB(t) Lor By at,

dF(t, B(t)) = o

which yields the following equality:

F(b,B(b)) — Fla,B(a)) = [ — (¢ B(t) dt
/htB JdB(t) + 5 gh(tB())d (11.5.2)

Notice that the right-hand side of this equation equals the Stratonovich

integral f: h(t, B(t)) o dB(t). From Equations (11.5.1) and (11.5.2), we have
the next theorem.

Theorem 11.5.3. Let {®,,(t)} be an approzimating sequence of a Brownian
motion B(t) satisfying conditions (a), (b), and ( ). Let h(t, ) be a continuous
function having continuous partial derivative 2 8 . Then

b
lim h(t, P (t /htB )dB(t) + 5

n— oo

b oh

B

:/ h(t, B(t)) o dB(t).

a

Next, consider the approximation of a stochastic differential equation. Let
o(t,z) and f(¢,x) be two functions satisfying the Lipschitz and linear growth
conditions. On the one hand, the stochastic differential equation

dX, = o(t, X;) dB(t) + f(t, X;)dt, X, =E&, (11.5.3)

has a unique continuous solution X;. On the other hand, for each n and w,
let Xt(n) (w) be the unique solution of the ordinary differential equation

dY, = o(t,Y;) dd, (t,w) + f(t,Ys) dt, Y, = E(w). (11.5.4)

Question 11.5.4. Does the solution Xt(”) of Equation (11.5.4) converge to the
solution X; of Equation (11.5.3)7

Example 11.5.5. The ordinary differential equation
dY, = Y, dd,(t), Yo=1,

has the solution X\™ = ¢®»( which converges to X; = eB®). In view of

Example 10.1.5, Xt(n) converges to the solution of dX; = X; 0 dB(t), Xo =1,
rather than that of dX; = X; dB(t), Xo = 1.
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Now we will find an answer to the above question. Assume that o(t, )
does not vanish and is continuously differentiable. Define a function

o1
G(t,x)f/o mdy, t € la,b], z€R.

Then by the chain rule in the Leibniz—Newton calculus, we have

oG
ot

£, xM)

i, X(n))dter@ (t) + (t’Xt("))

dG(t, x™) = dt.

Therefore,

G(t, X™) = Gla, X(™) + &, (t) — B, (a)

(n)
[ [ L0,
o LOt o(s, x™)

It is reasonable to expect that for each ¢, the sequence Xt(n) converges almost
surely to, say, X; as n — oo. Hence X; satisfies the equation

G(t, X;) = G(a, X.) + B(t) — B(a)

S [enr e s

On the other hand, since X; is an It6 process, it must be of the form
t t
X, = X + / 0(s) dB(s) + / o(s) ds, (11.5.6)
where 6 and g are to be determined. By It6’s formula,

9C 4 x,) dt +

o(t) dB(t)

1 do
(t, X1)? Ox

76, %)
- S e X € e

Hence we have the equality

G(t X)) :G(a,Xa)Jr/ ﬁ@(s) dB(s)+/ Bf(s,xs)

1 1 1 do

+ 96) = 3 o X7 ox

By comparing Equations (11.5.5) and (11.5.7), we see that

0(s) = (s, %), gls) = f(s. X) + 2o(s, X022

2 8x(SX)
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Therefore, Equation (11.5.6) becomes

Xt:XaJr/ J(S,Xs)dB(s)Jr/ {f(s,X )Jr;cr(s X )gx(s Xs)| ds,

which can be written in the Stratonovich form as

t
thXa—i—/a( )odB(s /st

Thus we have derived the next theorem.

Theorem 11.5.6. Let {®,,(t)} be an approzimating sequence of a Brownian
motion B(t) satisfying conditions (a), (b), and (c). Assume that

(1) o(t,x) and f(t, x) satisfy the Lipschitz and linear growth conditions;

0'

(2) g—g exists and o 3% satisfies the Lipschitz and linear growth conditions.

Let Xt(") be the solution of the ordinary differential equation
dx™ = o(t, X(™) d®, (t) + f(t, X"y dt, XM =¢.

Then Xt(n) — X, almost surely as n — oo for each t € [a,b] and X, is the
unique continuous solution of the stochastic differential equation

dX; = o(t, X,) dB(t) + (f(t,Xt) + ow xn 22

9 ) %(tht)) dta Xa = 57

or equivalently,

dXi=o(t, X¢) odB(t) + f(t, X¢)dt, X =,

11.6 White Noise and Electric Circuits

A wide-sense stationary Gaussian process X, is a Gaussian process determined
by a constant m, the mean, and a function C(t), the covariance function, as
follows:

(1) EX; =m for all t € R;

(2) E(X¢ —m)(Xs—m)=C(t—s) for all s,t € R.
We will assume that C(¢) is a continuous function on R. Note that for any
21,%2,...,2n € C and ti,to, ..., tn € R,

n

D 2Ct —th)E = {(ZZ:Xt —m‘ }20,

jik=1

which shows that the function C(t) is positive definite. Hence by the Bochner
theorem [5], there exists a unique measure p on R such that
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C(t) = / e™du()), teR.
R

Note that u(R) = C'(0) > 0. If u has a density function f, then
C(t) = / e F(N)dN, teR.
R

The function f()\) is called the spectral density function of X;. If C(¢) is an
integrable function, then f(\) is given by

f) :/Re*‘z“”c*(t) dt, MeR. (11.6.1)

Note that f(0) = [, C(t)dt.

Ezample 11.6.1. Let By (t) and By(t) be two independent Brownian motions
with ¢ > 0. Define a stochastic process B(t) by

Bl(t), if ¢ 2 0;
B(t) = .
BQ<—t)7 if t < 0.

Then B(t),t € R, is a Brownian motion. Since E[B(t)B(s)] = tAs for t,s > 0,

B(t) is not a wide-sense stationary Gaussian process. However, for each fixed
€ > 0, the stochastic process

1
x = ~(B(t+)~B(1)), teR,
is a wide-sense stationary Gaussian process. To see this fact, first note that

Xt(s) is a Gaussian process and EXt(E) =0foralteR For 0 <s<t,itis
easy to check that

1
B(Xx() = 5 (s~ min{t,5+c}). (11.6.2)
Observe that
t_
min{t,s + ¢} = s+ min{t — s,e} = s +€min{?57 1}

zs—l—s(l—max{l—t;S,O})

t_
:s+€—€max{1f Es,o}. (11.6.3)

Put Equation (11.6.3) into Equation (11.6.2) to get

t—s

1
E(Xﬁe)XfE)):—max{l— ,0}, V0 <s<t.
&
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Obviously, this equality also holds for any s <t < 0. For the case s <0 < t, it

is a little bit tedious to derive F (X §€)X§E)), but we have the following equality

for the covariance function of X

[t — s
€

C(t —5) = B(X© X)) zémax{l— ,0}, Vs,teR.

This shows that Xt(s) is a wide-sense stationary Gaussian process. Then we

can use Equation (11.6.1) to find the spectral density function of Xt(s),

fe(N) =

sin e\ 2
AeER 11.6.4
( TAE ) ’ €k (11.6.4)

where it is understood that f.(0) = 1.
The above example leads to the following question.

Question 11.6.2. What is the limiting process of X.(t) = L1(B(t +¢) — B(t))
as €} 07

Symbolically, we have lim.jo X.(t) = B(t). But B(t) is not an ordinary
stochastic process because Brownian paths are nowhere differentiable. Let us
observe more closely the density function f.(A) in Equation (11.6.4). For a
very small number ¢, the graph of f.(\) is very close to 1 for a large range of
A and oscillates to 0 outside this range. Moreover, we have

limf.(\) =1, VAeR. (11.6.5)
elJ0

The limiting function, being identically equal to 1, is not the spectral density
function of an ordinary wide-sense stationary Gaussian process. This is the
motivation for the concept of white noise in the next definition.

Definition 11.6.3. A white noise is defined to be a generalized wide-sense
stationary Gaussian process Zy with mean EZ; = 0 and covariance function
E(Z:Zy) = 6o(t — s). Here &g is the Dirac delta function at 0.

The white noise Z; is termed a “generalized” stochastic process because
its covariance function do(t) is a generalized function. By Equation (11.6.1),
the spectral density function of Z; is given by

fo) = / e 2GS () dt =1, VAER,
R

which means that Z; represents a sound with equal intensity at all frequencies.
This is the reason why the noise is called “white,” in analogy to full-spectrum
light being referred to as white in color. From Example 11.6.1, we see that
the derivative B(t) is a white noise. In fact, white noise is often defined as the
informal derivative of a Brownian motion.
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A white noise Z; has the properties that Z; is independent at different
times ¢ and has identical distribution with EZ; = 0 and var(Z;) = oo. Because
of its distinct properties, white noise is often used as an idealization of a
random noise that is independent at different times and has a very large
fluctuation at any time.

A deterministic system under the influence of such a random noise gives
rise to the following random equation:

ax,

7 = JGX) +o(t, Xe)Ze, Xa=¢. (11.6.6)

This equation is just an informal expression. In order to make sense out of
this equation, let us rewrite it in the stochastic differential form

dXt E f(]ﬂ'7 Xt) dt + O'(t, Xt)Zt dta

which means the following stochastic integral equation:

t t
Xt:§+/ f(s,Xs)ds—i—/ o(s,Xs)Zsds.

How do we interpret the second integral? Take Z; to be B(t) and write Z, ds
as dB(s). But then there are two ways to interpret the integral with respect
to dB(s), namely, as an It0 integral and as a Stratonovich integral. Thus the
random equation in Equation (11.6.6) has two interpretations as follows:

dX, = o(t, X,) dB(t) + f(t, X,) dt, (11.6.7)

Note that Equation (11.6.8) can be rewritten as

1 do
dX; = olt, X)) dB(8) + { /(1 X0) + 50(t, X)) 52 (8. X)  dt.
Hence if o(t,z) does not depend on z, then Equations (11.6.7) and (11.6.8)
coincide and the two interpretations of Equation (11.6.6) are the same.
Consider an electric circuit, in which the charge Q; at time ¢ at a fixed
point satisfies the equation

d2

1<
dt?

d 1
Qi + R%Qt + 5Qt = f(t) +9(t) Z, (11.6.9)
where I is the inductance, R is the resistance, C is the capacitance, f(t) is
a deterministic function representing the potential source, ¢(t) is an adapted
stochastic process, and Z; is a white noise. In fact, a harmonic oscillator with

external force f(¢) under the white noise influence also takes the form of
Equation (11.6.9).
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We can convert Equation (11.6.9) into a first-order matrix differential
equation. Let X; = (Xt(1)7X(2)) with X, ™ = = @ and X(Q) = 4. Then
Equation (11.6.9) can be rewritten as a linear matrix stochastic differential
equation, which can be solved by the two-dimensional version of Theorem
11.1.1. From the solution X;, we automatically obtain the solution @; of
Equation (11.6.9).

On the other hand, we can leave Equation (11.6.9) as it is with Z; being
replaced by the informal derivative B(t) of a Brownian motion B(t). First
find the fundamental solutions of the associated homogeneous equation, which
does not involve the white noise. Then we use the method of the variation of
parameter as in ordinary differential equations to derive a particular solution
of Equation (11.6.9). Finally, we can obtain the general solution of Equation
(11.6.9) from the fundamental solutions and the particular solution. Below we
give several simple examples to illustrate this technique.

Example 11.6.4. Consider the second-order differential equation

d? d .

— 3— 2Q: = B(t). 11.6.10

dtht—F dtQt+ Q1 (t) ( )
Since the characteristic equation 72 +3r +2 = 0 has two roots r = —1, —2, we

obtain the fundamental solutions {e~%, e=2!}. To find a particular solution of
Equation (11.6.10), let
Qi = we”" +uze™™, (11.6.11)

where u; and uy are to be determined. Then we have

—Qt =uje ! —ure ! +ube 2 — 2uge .
Impose the condition on u; and us such that
uhe™ ! +ube ™ =0, (11.6.12)
Then %Qt is given by
d —t —2t
ﬁQt = —ure " — 2uqe” ", (11.6.13)
Differentiate both sides to get
d2
@Qt = —ufe ™ fure™ — 2ube™ + duge 2. (11.6.14)

Put Equations (11.6.11), (11.6.13), and (11.6.14) into Equation (11.6.10) to
obtain the following equation:

upe™t + 2ube™ = —B(t). (11.6.15)
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Now we can solve Equations (11.6.12) and (11.6.15) to get u} = €' B(t) and
uby = —e?* B(t). Therefore,

¢ ¢
up = / e’ dB(s), ug= —/ e** dB(s).
0 0

Put u; and ug into Equation (11.6.11) to get a particular solution and then
we have the general solution of Equation (11.6.10),

t
Qi =c et 4 co o2t +/ (e—(t—s) _ e—2(t—s)) dB(s),
0

where the integral is a Wiener integral.
Ezxample 11.6.5. Consider the second-order differential equation

d? d .
ﬁ@t + 3%@15 +2Q; = B(t)B(t). (11.6.16)

We will interpret this white noise equation in the It6 sense. This equation has
the same fundamental solutions {e~!, e7?'} as those in Example 11.6.4. To
find a particular solution, let

Qr = ure b 4+ uge 2. (11.6.17)

By the same computation as that in Example 11.6.4, we have the following
equations for «} and wb:

uhe ™t +uhe 2 =0,
uhe ™t + 2ube 2 = —B(t)B(t).
Hence u; and us are given by
¢ ) ¢
up = / e’B(s)B(s)ds = / e’B(s)dB(s),
0 0
t ) t
U = —/ e**B(s)B(s)ds = —/ e** B(s) dB(s),
0 0

where the integrals are Itd integrals. Put u; and wus into Equation (11.6.17)
to get a particular solution. Then we have the general solution

t
Qi =cret +ege2 Jr/ (ef(tfs) _ 6*2“*5))B(s) dB(s).
0

Ezxample 11.6.6. Consider the second-order differential equation

d2

d .
@Qt + 3%Qt +2Q; = B(t), (11.6.18)
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where the informal second derivative B(t) of a Brownian motion B(t) can
be regarded as a higher-order white noise. Since this equation has the same
fundamental solutions {e~*, e7?} as those in Example 11.6.4, we will just
find a particular solution of this equation. As before, let

Qi = we " +uge . (11.6.19)
By the same computation as that in Example 11.6.4, we have
et +ube 2 =0,
{u'let + 2ube 2 = —B(t)

Now, the situation to find u; and sy is very different from Examples 11.6.4
and 11.6.5 because we cannot get rid of B(t) and B(0). However, we can apply
integration by parts formula to obtain

t
uy = ' B(t) — B(0) —/ e* dB(s),
0
t
uy = —e*B(t) + B(0) + 2/ ¢ 4B (s).
0
Therefore, we have the particular solution
. . t
Q; = e’t{etB(t) — B(0) 7/ et dB(s)}
0
. . t
v - B + BO) +2 / > dB(s)}
0
t
= (e72 — e HB(0) +/ (2672(7575) - e*(tfs)) dB(s).
0

Notice the cancellation of the B(t) terms in the first equality. Although B(0)
remains, this term can be dropped because e~? and e~2* are the fundamental
solutions. Hence a particular solution of Equation (11.6.18) is given by

¢
Qi = / (2672“78) - e*(t*‘q)) dB(s).
0

In the above examples, we have used the white noise in an informal manner
to derive particular solutions. The white noise B(t) is combined with dt to
form dB(t) for the It6 theory of stochastic integration. In Example 11.6.6 we
are very lucky to have the cancellation of the B(t) terms and even luckier to
be able to drop the B(0) term (in Q; rather than in u; and us). So, this brings
up the following question:

Can we justify the above informal manipulation of white noise?

The answer is affirmative. For the mathematical theory of white noise, see the
books [27], [28], [56], and [65].
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Exercises

1.

10.

11.

Let f(t),g(t), and h(t) be continuous functions on [a,b]. Show that the
solution of the stochastic differential equation

dX; = f(t)dB(t) + (g(t) X, + h(t)) dt, X, ==z,

is a Gaussian process, i.e., E?:l ¢i Xy, is a Gaussian random variable for
any ¢; € R, t; € [a,b],: =1,2,...,n. Find the mean function m(t) = EX;
and the covariance function C(s,t) = E{[Xs — m(s)][X: — m(t)]}.

Let a market be given by X; = (1, B(t), B(t)?). Find a stochastic process
po(t) such that the portfolio p(t) = (po(t), B(t),t) is self-financing in the
market X;.

Suppose a market is given by X; = (1,t). Show that the portfolio p(t) =
)+ fo s)ds, B(t)) is self-financing, but not admissible.
Suppose a market is given by X; = (1, B(t)). Show that the portfolio

p(t) = (—3B(t)? — it, B(t)) is admissible, but not an arbitrage.

Suppose a market is given by X; = (1,t). Show that the portfolio p(t) =
2+ fo 2ds, B(t)?) is an arbitrage.

Suppose X;isa local martingale on [0, 7] and is lower bounded for almost

all t € [0,T] and w € £2. Show that X, is a supermartingale.

Let By(t) and By(t) be independent Brownian motions. Check whether a

market has an arbitrage for each one of the following markets:

(a) Xy = (1,24 By (t), —t + B1(t) + Ba(t)).

(b) Xi = (1,24 Bi(t) + Ba(t), —t — Bi1(t) — Ba(t)).

(c) X¢ = (et, B1(t), Ba(t)).

Let B(t) be a Brownian motion. Find the conditional expectation:

(a) E[B(s)|B(t)] for s < t.

(b) E[fy B(s)ds| B(1)):

(c) Elfy sdB(s)| B(1)).

Let £ and X be independent Gaussian random variables with mean 0
and variances o7 and o3, respectively. Find the conditional expectation
E[E]X +¢].

Let the state & and the observation Z; in a Kalman—Bucy linear filtering
be given by d¢; = dB(t) with & being normally distributed with mean 1
and variance 2 and dZy = 2dW (t) + & dt with Z = 0. Find the estimator
& for &.

Let @,,(t) be the polygonal approximation of a Brownian motion B(t).
Show that {®,,(t)} satisfies conditions (a), (b), and (c) in Section 11.5.



266 11 Some Applications and Additional Topics

12. Let {&,(t)} be an approximating sequence of a Brownian motion B(t)
satisfying conditions (a), (b), and (c) in Section 11.5. Find the explicit

n)

expression of the solution Xt( of the ordinary differential equation

d

ZYi=Yidd, (1) +3t Yo =1.

Find the limit lim, oo X™.

13. Let f(t, ) be a continuous function with continuous partial derivative %.
Use Theorem 11.5.3 to show that

/ftB ) dB(t —nlgxgo{/ft@ B, (t)— Q/Ggi(tgﬁ())dt].

14. Let Xt(") be the solution of the ordinary differential equation
n n n 1 n n
ax™ = o(t, X{") ddo () + (£t X)) = S0t X")o (1. X)) db

with initial condition X,g") = £. Let X, is the solution of the stochastic
differential equation

dXt = O'(t,Xt) dB(t) + f(t,Xt) dt, Xa = 5

Use Theorem 11.5.6 to show that Xt(n) converges to X; almost surely as
n — oo for each t € [a, b].

15. Let X; be the Ornstein—Uhlenbeck process given in Theorem 7.4.7. Show
that X; is a wide-sense stationary Gaussian process. Find its spectral
density function.

16. Find a particular solution for each of the following white noise equations:
(a) dt2Xt+Xt B(t).
(b) L X, + X, = B(t)B(1).
(c) dt?Xt—FXt B(t).

17. Find a particular solution of Equation (11.6.16) when the equation is
interpreted in the Stratonovich sense.
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Glossary of Notation

14, characteristic function of A, 197

AT transpose of a matrix A, 215

A", transpose of A, 239

B(t), Brownian motion, 7

C, Wiener space, 24

Co(R™), continuous functions vanishing
at infinity, 219

C4[0, ), bounded uniformly continuous
functions on [0, o), 218

D, “diagonal set” of T™, 169

D, differentiation operator, 157

E[X |Y1,Y>,...,Y,], conditional expec-
tation of X given Y1,Y2,...,Y,,
197

E[X|Yl = y17Y2 = y27“’7y’n = y"]a

conditional expectation, 197

E[X|G], E(X|G), E{X|G}, conditional
expectation, 15

Ep[X|F:], conditional expectation
given F; under P, 125

Eq, expectation with respect to @, 139

H,(x; p), Hermite polynomial of degree
n with parameter p, 157

I(f), Ito integral, 48

I(f), Wiener integral, 11

I, identity matrix of size m, 238

I,(f), multiple Wiener—It6 integral, 172

Jn, closure of polynomial chaos of
degree < n, 161

K., homogeneous chaos of order n, 162

L?(£2), pth integrable random variables,
14

L?[a, b], square integrable functions, 10

L%(0), L*-space of Brownian functions,
160

Lo (t)(w), local time, 135

L], amount of time a Brownian motion
is positive during [0, ¢], 252

L24([a,b] x 2), a class of integrands, 43

L2 ea([a, b] (ary X £2), a class of integrands
for M(t), 84

Lgym (T™), symmetric L2-functions, 176

L,,—1(t), Bessel process, 132, 186

P(A|G), conditional probability, 197

Px, distribution of X, 200

Pi(z, A), transition probability of a
stationary Markov process, 203

Px.y, joint distribution of X and Y,
200

P, »(t,dy), transition probability of a
Markov process, 200

Q(t,z), diffusion coefficient, 213

Vp(t), value of a portfolio p(t), 235

[M]:, quadratic variation process of
M(t), 82

[M]§, continuous part of [M]s, 110

[n/2], integer part of n/2, 157

AMs, jump of a stochastic process Ms,
110

Agp(t), jump of a function ¢(t), 91

Af, Laplacian of f, 129

Ay, partition, 1

I'(@), gamma function, 131

A, infinitesimal generator, 218

B(V), the Borel o-field of V, 23
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En(t), exponential process given by h,
136

FB . Brownian o-field, 160

Fr, o-field of a stopping time 7, 204

Hni,no,..., multidimensional Hermite
polynomial, 165

Laa(2, L' [a, b]), adapted processes with
sample paths in L'[a,b], 102

Laa(2,L?[a,b]), a larger class of
integrands, 61

Lopred (12, L[a, bl ) ), a larger class of
integrands for M(t), 89

P, o-field generated by L, 79

da, Dirac delta function at a, 136

d.(B(s)), Donsker delta function, 136

B(t), informal second derivative of B(t),
264

Il - |I, L?-norm, 11

|lo||, Hilbert—Schmidt norm of a matrix
o, 196

Il |lp, LP-norm, 14

I - l|oo, supremum norm, 23

B(t), white noise, 260

%qﬁ, variational derivative of ¢, 178

h, Planck constant, 249

f: X o dYy, Stratonovich integral, 120

(M), compensator of M(t)?, 81

(X,Y)y, cross variation process, 113

V¢, gradient of ¢, 220

|v], Euclidean norm of v € R, 196

p(t, z), drift, 213

a(S™ 1), surface measure of the unit
sphere in R™, 131

o{Xs; s < t}, o-field generated by
Xs, s <t, 17

o{Y1,Ya,...,Yn}, o-field generated by
Y1,Y2, ..., Yy, 197

C, complex numbers, 258

L, adapted and left continuous
stochastic processes, 79

R, real numbers, 4

f, symmetrization of f, 151

p(P), price of an option @, 241

pb(P), buyer’s maximal price, 240

ps(P), seller’s minimum price, 240

f, Wiener integral of f, 165

{A, i.0.}, A, infinitely often, 25

{T%; t > 0}, a semigroup, 218

e”, exponential of a bounded operator
A, 221

f * g, convolution of f and g, 253

f ®k g, contraction of the kth variable,
184

g1 ® -+ ® gn, tensor product, 173

p(t), portfolio, 235

u - v, dot product, 220

zT, transpose of a column vector z, 213

y < z, partial order defined by y; < x;
for all 1 <1 <mn, 211

sgn, signum function, 58

sgn™, positive part of the signum
function, 252

trA, trace of A, 220

a.s., almost surely, 17
i.0., infinitely often, 25
SDE, stochastic differential equation,

190
SIE, stochastic integral equation, 190
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absolutely continuous, 14
abstract Wiener space, 24
adapted, 17
admissible portfolio, 235, 240
approximating sequence, 254, 256, 258
approximation lemma, 45, 63, 65, 153,
171

arbitrage, 234, 236, 243

nonexistence of an, 234
arc-sine law of Lévy, 252, 254
associated homogeneous equation, 262
attainable, 237

Banach space, 14, 23, 159, 218, 220, 221

Bellman—Gronwall inequality, 188, 192,
211

Bessel process, 132, 186

best estimator, 246

Black—Scholes model, 242-246

Bochner theorem, 258

Borel o-field, 23, 24, 160

Borel measurable function, 197

Borel-Cantelli lemma, 26, 56, 195

bounded operator, 221

bounded variation, 254

Brownian o-field, 160

Brownian differential, 185

Brownian function, 160

Brownian martingale, 180

Brownian motion, 5, 7, 132, 143, 159,
213, 221, 230, 236, 243, 246, 254,
258

constructions of, 23-35

Lévy’s characterization theorem of,
115, 124-129, 141, 144

multidimensional, 129

pinned, 229

quadratic variation of, 38, 78, 93, 95,
119, 149

transience of, 129

with respect to a filtration, 42

Brownian path, 5, 260

(Co)-contraction semigroup, 218-221

C'-function, 245

C?-function, 94, 130, 251

Cameron and Martin formula, 144

capacitance, 261

chain rule, 93, 255, 257

change of random variables, 139

Chapman—Kolmogorov equation,
201-203, 211, 219, 222, 224, 230

characteristic equation, 253, 262

characteristic function, 4, 197

charge, 261

choosing k pairs from n objects, 156

column vector, 108, 234

column-vector-valued, 236

compact support, 250, 251

compensated Poisson process, 78, 91,
109, 111, 126, 230

quadratic variation of the, 78

compensator, 81-83, 86, 89, 117, 126

complete o-field, 17, 79

complete market, 238, 243

computing expectation by conditioning,
16
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conditional density function, 22, 230
conditional expectation, 14-17, 22, 125,
141, 142, 197, 246, 247, 250

conditional Fatou’s lemma, 16

conditional Jensen’s inequality, 17, 51,
117, 135, 160

conditional Lebesgue dominated
convergence theorem, 17

conditional monotone convergence
theorem, 16

conditional probability, 105, 197, 200

conservative force, 249

consistency condition, 28, 199, 201

continuity property, 55

continuous martingale, 126, 128, 132,
180, 183

continuous part, 110-111

continuous realization, 8, 31, 72, 90

continuous stochastic process, 143

continuous version, 182

continuously differentiable function, 255

contraction, 184, 218

convolution, 253

covariance function, 258, 260, 265

cross variation process, 113

debt limit, 235
dense, 30, 161, 165
densely defined operator, 218, 221
density function, 226, 259
conditional, 230
spectral, 259
deterministic function, 9, 144, 147, 243,
244, 246
deterministic system, 261
diagonal set, 169
diagonal square, 149
differential operator, 221
differential space, 24
differentiation operator, 157, 218
diffusion coefficient, 213, 215, 226
diffusion process, 211, 212, 215, 222,
226
stationary, 217, 223, 224
Dirac delta function, 136, 225, 260
Dirac delta measure, 202
distribution, 200
distribution function, 222, 252
transition, 226

Donsker delta function, 136

Doob decomposition, 80

Doob submartingale inequality, 51-52,
56, 98, 194, 207

Doob—Meyer decomposition, 83, 115,
117, 135, 144

Doob—Meyer decomposition theorem,
76, 80-84

dot product, 220, 235, 236

double integral, 147

double Wiener integral, 148

double Wiener—Ito integral, 148,
150155, 162, 163, 169

drift, 213, 215, 226

eigenfunction, 159

electric circuit, 258, 261

equal intensity, 260

equivalent probability measures, 125

estimator, 246

FEuclidean norm, 196

evaluation point, 1, 38, 40, 119

explode, 186

exponential distribution, 77

exponential process, 136-138, 141, 146,
186, 232

Feynman integral, 249
Feynman—Kac formula, 249-252
filtering problem, 246
filtering theory, 246-249
filtration, 17

right continuous, 69
first exit time, 69
Fokker—Planck equation, 225
frequency, 260
Fubini theorem, 62
fundamental solution, 225
fundamental solutions, 262

gamma density function, 77

gamma function, 131, 133

Gaussian measure, 155, 158

Gaussian process, 258, 260, 265
generalized wide-sense stationary, 260
wide-sense stationary, 258-260

Gaussian random variable, 34

generalized function, 135, 260

generalized stochastic process, 260



generalized wide-sense stationary
Gaussian process, 260
generating function, 59, 159, 164
moment, 78
generator
infinitesimal, 218, 220, 221, 224, 250
Girsanov theorem, 115, 138, 141-145,
236
globally defined solution, 187
gradient, 220
Gram—Schmidt orthogonalization
procedure, 155

Hoélder inequality, 210, 211

harmonic oscillator, 261

hedging portfolio, 237, 239, 244246

helix Brownian curve, 108

Hermite polynomial, 59, 114, 155-159,
176, 183

higher-order white noise, 264

Hilbert space, 10, 11, 14, 20, 61, 159,
160, 162, 246

Hilbert—Schmidt norm, 196, 215

Hille-Yosida theorem, 221

homogeneous chaos, 147, 155, 159-164,
166, 169, 176

homogeneous chaos expansion, 162, 164

hyperplane, 171

identity matrix, 238

imaginary time, 249

independent increments, 7

inductance, 261

infinitesimal generator, 218, 220, 221,
224, 250

initial condition, 225

initial distribution, 200

input process, 246

instantaneous jump, 212

integrating factor, 231, 232

interarrival times, 77

invariant measure, 105, 227

inverse Laplace transform, 253

isometry, 12, 48, 147, 167, 176

1t6 calculus, 94, 185, 254

1t6 integral, 48, 154, 181, 190, 193, 208,
255, 261, 263

Ito process, 102, 233, 234, 250, 257

1t6 product formula, 107, 143, 215, 232

Index 275

1t6 Table, 103, 107, 233
It6’s formula, 93, 100, 103, 115, 121,
127, 143, 163, 174, 187, 228, 256,
257
multidimensional, 106, 113
proof of, 96
1t6’s formula for martingales, 109
iterated It6 integral, 154, 172
iteration procedure, 192

joint density function, 197
joint distribution, 200

Kalman—Bucy linear filtering, 246, 265

key lemma, 64

Kolmogorov backward equation, 223,
226

Kolmogorov forward equation, 225, 226

Kolmogorov’s continuity theorem, 31

Kolmogorov’s extension theorem, 28,
36, 199

Lévy equivalence theorem, 20

Lévy’s characterization theorem of
Brownian motion, 115, 124-129,
141, 144

Lévy’s interpolation method, 34

Langevin equation, 104, 185

Laplace transform, 252, 253

inverse, 253

Laplacian, 129, 221

least mean square error, 246

Lebesgue dominated convergence
theorem, 45, 47, 134

Lebesgue integral, 55, 193

Lebesgue measure, 135, 169, 171

left inverse, 238

Leibniz—Newton calculus, 93, 185, 254,
255, 257

limiting process, 260

linear filtering

Kalman—Bucy, 246

linear growth condition, 191, 192, 196,
204, 223, 225, 256, 258

linear operator, 218-220

linear ordinary differential equation,
231

linear stochastic differential equation,
232, 233, 247

linear transformation, 236
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linearization, 4

Lipschitz condition, 190, 192, 196, 204,
223, 225, 250, 256, 258

local P-martingale, 143

local martingale, 71, 90, 126, 130, 235,
237, 238, 265

local time, 133-136, 145

lower bounded, 235, 240, 250, 251, 265

marginal density function, 22, 197
marginal distribution, 27, 199, 200
market, 234, 244, 245
complete, 238, 243
Markov process, 198, 199, 201, 204, 222,
230
stationary, 203, 205, 250
Markov property, 197-204, 211
martingale, 17-18, 88, 126, 137, 238
local, 71
right continuous with left-hand limits,

75
sub-, 17
super-, 17

martingale convergence theorem, 160

martingale property, 53

martingale representation theorem, 147,
182

martingales as integrators, 84

mathematical induction, 174

matrix, 235

matrix SDE, 196

maximal price, 240

mean, 258

mean function, 265

mean square error, 246

least, 246

minimum price, 240

moment generating function, 78

monomial, 155, 159

monotone convergence theorem, 242

multidimensional Brownian motion, 129

multidimensional 1t&’s formula, 106, 113

multiple Wiener—It6 integral, 147, 150,
168-176

multiplicative renormalization, 123,
136, 156

Newton potential function, 130
nonanticipating, 37

nonexistence of an arbitrage, 234
nonexplosive solution, 190
nonrelativistic particle, 249
normal distribution, 7
normalized market, 236

Novikov condition, 137, 146
nowhere differentiable, 5, 260

observation of a system, 246, 247
off-diagonal step function, 148, 150, 169
operator, 218
bounded, 221
densely defined, 218, 221
differential, 221
differentiation, 218
linear, 218-220
unbounded, 218, 221
opposite diagonal square, 183
option, 240
option pricing, 240-242
ordinary differential equation, 187, 256,
258
linear, 231
Ornstein—Uhlenbeck process, 105, 185,
203, 213, 221, 228, 234, 266
orthogonal complement, 158, 162
orthogonal direct sum, 162, 176, 178
orthogonal functions, 163, 173
orthogonal polynomials, 155
orthogonal projection, 163, 166, 246
orthogonal subspaces, 162
orthonormal basis, 20, 158, 161, 164,
166, 168, 176
orthonormal system, 158
output process, 246

P-integrable, 142
P-martingale, 142
partial differential equation, 222, 251,
252
partial differential equation approach,
222-225
particular solution, 253, 262
permutation, 169
pinned Brownian motion, 229
Planck constant, 249
Poisson process, 76, 83, 91, 230
compensated, 78
with respect to a filtration, 77



polar coordinates, 131, 133
polygonal curve, 254
polynomial chaos, 147, 161
portfolio, 235
admissible, 235, 240
hedging, 237, 239, 244-246
self-financing, 235, 237
value of a, 235
positive definite, 258
potential, 249
potential function
Newton, 130
potential source, 261
predictable stochastic processes, 79-80
price, 241, 243-245
product formula
Ito, 107, 143, 215, 232

Q-integrable, 142

Q-martingale, 141

quadratic variation, 2, 95

quadratic variation of Brownian motion,
38, 78, 93, 95, 119, 149

quadratic variation of the compensated
Poisson process, 78

quadratic variation process, 82-83, 110

quantum mechanics, 249

R"-valued Brownian motion, 212
R"-valued Ornstein—Uhlenbeck process,
212

Radon—Nikodym theorem, 14
random telegraph process, 202, 203, 213
random walk, 4
randomness part, 244
range, 236
realization, 30

continuous, 8, 31, 72
rectangle, 150, 153, 169
recurrent, 133
recursion formula, 159
renormalization constant, 249
resistance, 261
Riccati equation, 247, 248
Riemann integrable, 1
Riemann integral, 1, 147
Riemann sum, 57
Riemann—Stieltjes integrable, 1, 79
Riemann—Stieltjes integral, 1, 80

Index 277

Riesz representation theorem, 222

right continuous filtration, 69

right continuous with left-hand limits
martingale, 75

risky investment, 234

safe investment, 234

sample path, 7

scaling invariance, 9

Schrédinger equation, 249

Schwarz inequality, 46, 56, 120, 209

self-financing portfolio, 235, 237

semigroup, 218, 220, 221

(Co)-contraction, 218, 220, 221

semigroup approach, 217-222

separable stochastic process, 30

separating set, 30

series expansion, 159

signed measure, 14

signum function, 58, 252

solution of a stochastic differential
equation, 190

spectral density function, 259, 260

standard Gaussian measure, 161

standard normal distribution, 161, 247

standard normal random variable, 139

state of a system, 246, 247

stationary diffusion process, 217, 223,
224

stationary Markov process, 203, 205,
250

stationary process, 105

stochastic differential, 75, 102

stochastic differential equation, 104,
185, 228, 250, 256, 258

linear, 232, 233, 247

stochastic differential equation
approach, 226

stochastic differential form, 235, 261

stochastic integral, 43, 86, 147, 254

stochastic integral equation, 104, 185,
226, 228

stopping time, 68, 204

Stratonovich integral, 115, 119-124,
145, 186, 255, 256, 261

strong continuity, 218

strong Markov property, 205

submartingale, 17, 117

supermartingale, 17, 235, 237, 265
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surface measure, 131
total, 131
symmetrization, 151, 154, 169, 172
system
observation of a, 246, 247
state of a, 246, 247
system of stochastic differential
equations, 196

T-claim, 237, 244

Tanaka’s formula, 115, 133-136

Taylor approximation, 109

Taylor expansion, 94, 220, 222

tensor product, 173, 184

terminal condition, 223

the future, 198

the past, 198

the present time, 198

total jumps, 111

total surface measure, 131

trace, 220

transformation of probability measures,
138, 141

transience of Brownian motion, 129

transition distribution function, 226

transition probability, 200, 211, 214,
223, 226

translation, 218

translation invariance, 8
translation of Wiener measure, 144
transpose, 213, 215, 239

unbounded operator, 218, 221
uniformly bounded, 254
unique continuous solution, 192, 196

value of a portfolio, 235

vanishing at infinity, 219

variation of parameter, 262
variational derivative, 178, 179, 244
version, 30, 182

waiting time, 77
white noise, 6, 258, 260, 261, 264
higher-order, 264
white noise equation, 266
wide-sense stationary Gaussian process,
258-260
Wiener integral, 9-13, 136, 147, 160,
161, 176, 243, 263
Wiener measure, 24, 159
translation of, 144
Wiener space, 23-25, 52, 159
Wiener’s theorem, 24
Wiener—It6 expansion, 179
Wiener—It6 theorem, 147, 176-178
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