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Preface

In the Leibniz–Newton calculus, one learns the differentiation and integration
of deterministic functions. A basic theorem in differentiation is the chain rule,
which gives the derivative of a composite of two differentiable functions. The
chain rule, when written in an indefinite integral form, yields the method of
substitution. In advanced calculus, the Riemann–Stieltjes integral is defined
through the same procedure of “partition-evaluation-summation-limit” as in
the Riemann integral.

In dealing with random functions such as functions of a Brownian motion,
the chain rule for the Leibniz–Newton calculus breaks down. A Brownian
motion moves so rapidly and irregularly that almost all of its sample paths are
nowhere differentiable. Thus we cannot differentiate functions of a Brownian
motion in the same way as in the Leibniz–Newton calculus.

In 1944 Kiyosi Itô published the celebrated paper “Stochastic Integral” in
the Proceedings of the Imperial Academy (Tokyo). It was the beginning of
the Itô calculus, the counterpart of the Leibniz–Newton calculus for random
functions. In this six-page paper, Itô introduced the stochastic integral and a
formula, known since then as Itô’s formula.

The Itô formula is the chain rule for the Itô calculus. But it cannot be
expressed as in the Leibniz–Newton calculus in terms of derivatives, since
a Brownian motion path is nowhere differentiable. The Itô formula can be
interpreted only in the integral form. Moreover, there is an additional term
in the formula, called the Itô correction term, resulting from the nonzero
quadratic variation of a Brownian motion.

Before Itô introduced the stochastic integral in 1944, informal integrals
involving white noise (the nonexistent derivative of a Brownian motion) had
already been used by applied scientists. It was an innovative idea of Itô to
consider the product of white noise and the time differential as a Brownian
motion differential, a quantity that can serve as an integrator. The method
Itô used to define a stochastic integral is a combination of the techniques in
the Riemann–Stieltjes integral (referring to the integrator) and the Lebesgue
integral (referring to the integrand).



viii Preface

The Itô calculus was originally motivated by the construction of Markov
diffusion processes from infinitesimal generators. The previous construction
of such processes had to go through three steps via the Hille–Yosida theory,
the Riesz representation theorem, and the Kolmogorov extension theorem.
However, Itô constructed these diffusion processes directly in a single step as
the solutions of stochastic integral equations associated with the infinitesimal
generators. Moreover, the properties of these diffusion processes can be derived
from the stochastic integral equations and the Itô formula.

During the last six decades the Itô theory of stochastic integration has been
extensively studied and applied in a wide range of scientific fields. Perhaps
the most notable application is to the Black–Scholes theory in finance, for
which Robert C. Merton and Myron S. Scholes won the 1997 Nobel Prize in
Economics. Since the Itô theory is the essential tool for the Black–Scholes
theory, many people feel that Itô should have shared the Nobel Prize with
Merton and Scholes.

The Itô calculus has a large spectrum of applications in virtually every
scientific area involving random functions. But it seems to be a very difficult
subject for people without much mathematical background. I have written this
introductory book on stochastic integration for anyone who needs or wants
to learn the Itô calculus in a short period of time. I assume that the reader
has the background of advanced calculus and elementary probability theory.
Basic knowledge of measure theory and Hilbert spaces will be helpful. On the
other hand, I have written several sections (for example, §2.4 on conditional
expectation and §3.2 on the Borel–Cantelli lemma and Chebyshev inequality)
to provide background for the sections that follow. I hope the reader will find
them helpful. In addition, I have also provided many exercises at the end of
each chapter for the reader to further understand the material.

This book is based on the lecture notes of a course I taught at Cheng Kung
University in 1998 arranged by Y. J. Lee under an NSC Chair Professorship.
I have revised and implemented this set of lecture notes through the courses
I have taught at Meijo University arranged by K. Saitô, University of Rome
“Tor Vergata” arranged by L. Accardi under a Fulbright Lecturing grant, and
Louisiana State University over the past years. The preparation of this book
has also benefited greatly from my visits to Hiroshima University, Academic
Frontier in Science of Meijo University, University of Madeira, Vito Volterra
Center at the University of Rome “Tor Vergata,” and the University of Tunis
El Manar since 1999.

I am very grateful for financial support to the above-mentioned universities
and the following offices: the National Science Council (Taiwan), the Ministry
of Education and Science (Japan), the Luso-American Foundation (Portugal),
and the Italian Fulbright Commission (Italy). I would like to give my best
thanks to Dr. R. W. Pettit, Senior Program Officer of the CIES Fulbright
Scholar Program, and Ms. L. Miele, Executive Director of the Italian Fulbright
Commission, and the personnel in her office for giving me assistance for my
visit to the University of Rome “Tor Vergata.”
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Many people have helped me to read the manuscript for corrections and
improvements. I am especially thankful for comments and suggestions from
the following students and colleagues: W. Ayed, J. J. Becnel, J. Esunge, Y.
Hara-Mimachi, M. Hitsuda, T. R. Johansen, S. K. Lee, C. Macaro, V. Nigro,
H. Ouerdiane, K. Saitô, A. N. Sengupta, H. H. Shih, A. Stan, P. Sundar, H.
F. Yang, T. H. Yang, and H. Yin. I would like to give my best thanks to
my colleague C. N. Delzell, an amazing TEXpert, for helping me to resolve
many tedious and difficult TEXnical problems. I am in debt to M. Regoli for
drawing the flow chart to outline the chapters on the next page. I thank W.
Ayed for her suggestion to include this flow chart. I am grateful to M. Spencer
of Springer for his assistance in bringing out this book.

I would like to give my deepest appreciation to L. Accardi, L. Gross, T.
Hida, I. Kubo, T. F. Lin, and L. Streit for their encouragement during the
preparation of the manuscript. Especially, my Ph. D. advisor, Professor Gross,
has been giving me continuous support and encouragement since the first day
I met him at Cornell in 1966. I owe him a great deal in my career.

The writing style of this book is very much influenced by Professor K. Itô. I
have learned from him that an important mathematical concept always starts
with a simple example, followed by the abstract formulation as a definition,
then properties as theorems with elaborated examples, and finally extension
and concrete applications. He has given me countless lectures in his houses in
Ithaca and Kyoto while his wife prepared the most delicious dinners for us.
One time, while we were enjoying extremely tasty shrimp-asparagus rolls, he
said to me with a proud smile “If one day I am out of a job, my wife can open
a restaurant and sell only one item, the shrimp-asparagus rolls.” Even today,
whenever I am hungry, I think of the shrimp-asparagus rolls invented by Mrs.
K. Itô. Another time about 1:30 a.m. in 1991, Professor Itô was still giving
me a lecture. His wife came upstairs to urge him to sleep and then said to me,
“Kuo san (Japanese for Mr.), don’t listen to him.” Around 1976, Professor
Itô was ranked number 2 table tennis player among the Japanese probabilists.
He was so strong that I just could not get any point in a game with him. His
wife then said to me, “Kuo san, I will get some points for you.” When she
succeeded occasionally to win a point, she would joyfully shake hands with
me, and Professor Itô would smile very happily.

When I visited Professor Itô in January 2005, my heart was very much
touched by the great interest he showed in this book. He read the table of
contents and many pages together with his daughter Keiko Kojima and me.
It was like the old days when Professor Itô gave me lectures, while I was also
thinking about the shrimp-asparagus rolls.

Finally, I must thank my wife, Fukuko, for her patience and understanding
through the long hours while I was writing this book.

Hui-Hsiung Kuo
Baton Rouge

September 2005
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1

Introduction

1.1 Integrals

First we review the definitions of the Riemann integral in calculus and the
Riemann–Stieltjes integral in advanced calculus [74].

(a) Riemann Integral

A bounded function f defined on a finite closed interval [a, b] is called Riemann
integrable if the following limit exists:∫ b

a

f(t) dt = lim
‖∆n‖→0

n∑
i=1

f(τi)(ti − ti−1),

where ∆n = {t0, t1, . . . , tn−1, tn} is a partition of [a, b] with the convention
a = t0 < t1 < · · · < tn−1 < tn = b, ‖∆n‖ = max1≤i≤n(ti − ti−1), and τi is
an evaluation point in the interval [ti−1, ti]. If f is a continuous function on
[a, b], then it is Riemann integrable. Moreover, it is well known that a bounded
function on [a, b] is Riemann integrable if and only if it is continuous almost
everywhere with respect to the Lebesgue measure.

(b)Riemann–Stieltjes Integral

Let g be a monotonically increasing function on a finite closed interval [a, b]. A
bounded function f defined on [a, b] is said to be Riemann–Stieltjes integrable
with respect to g if the following limit exists:∫ b

a

f(t) dg(t) = lim
‖∆n‖→0

n∑
i=1

f(τi)
(
g(ti)− g(ti−1)

)
, (1.1.1)

where the partition ∆n and the evaluation points τi are given as above. It
is a well-known fact that continuous functions on [a, b] are Riemann–Stieltjes
integrable with respect to any monotonically increasing function on [a, b].
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Suppose f is monotonically increasing and continuous and g is continuous.
Then we can use the integration by parts formula to define∫ b

a

f(t) dg(t) ≡ f(t)g(t)
]b

a
−
∫ b

a

g(t) df(t), (1.1.2)

where the integral in the right-hand side is defined as in Equation (1.1.1) with
f and g interchanged. This leads to the following question.

Question 1.1.1. For any continuous functions f and g on [a, b], can we define
the integral

∫ b

a
f(t) dg(t) by Equation (1.1.1)?

Consider the special case f = g, namely, the integral∫ b

a

f(t) df(t).

Let ∆n = {t0, t1, . . . , tn} be a partition of [a, b]. Let Ln and Rn denote the
corresponding Riemann sums with the evaluation points τi = ti−1 and τi = ti,
respectively, namely,

Ln =
n∑

i=1

f(ti−1)
(
f(ti)− f(ti−1)

)
, (1.1.3)

Rn =
n∑

i=1

f(ti)
(
f(ti)− f(ti−1)

)
. (1.1.4)

Is it true that lim Ln = limRn as ‖∆n‖ → 0? Observe that

Rn − Ln =
n∑

i=1

(
f(ti)− f(ti−1)

)2
, (1.1.5)

Rn + Ln =
n∑

i=1

(
f(ti)2 − f(ti−1)2

)
= f(b)2 − f(a)2. (1.1.6)

Therefore, Rn and Ln are given by

Rn =
1
2

(
f(b)2 − f(a)2 +

n∑
i=1

(
f(ti)− f(ti−1)

)2)
,

Ln =
1
2

(
f(b)2 − f(a)2 −

n∑
i=1

(
f(ti)− f(ti−1)

)2)
.

The limit of the right-hand side of Equation (1.1.5) as ‖∆n‖ → 0, if it
exists, is called the quadratic variation of the function f on [a, b]. Obviously,
lim‖∆n‖→0 Rn �= lim‖∆n‖→0 Ln if and only if the quadratic variation of the
function f is nonzero.

Let us consider two simple examples.



1.1 Integrals 3

Example 1.1.2. Let f be a C1-function, i.e., f ′(t) is a continuous function.
Then by the mean value theorem,

|Rn − Ln| =
n∑

i=1

(
f ′(t∗i )(ti − ti−1)

)2 ≤ n∑
i=1

‖f ′‖2∞(ti − ti−1)2

≤ ‖f ′‖2∞ ‖∆n‖
n∑

i=1

(ti − ti−1) = ‖f ′‖2∞ ‖∆n‖(b− a)

→ 0, as ‖∆n‖ → 0,

where ti−1 < t∗i < ti and ‖ · ‖∞ is the supremum norm. Thus lim Ln = limRn

as ‖∆n‖ → 0. Then by Equation (1.1.6) we have

lim
‖∆n‖→0

Ln = lim
‖∆n‖→0

Rn =
1
2
(
f(b)2 − f(a)2

)
. (1.1.7)

On the other hand, for such a C1-function f , we may simply define the integral∫ b

a
f(t) df(t) by ∫ b

a

f(t) df(t) =
∫ b

a

f(t)f ′(t) dt.

Then by the fundamental theorem of calculus,∫ b

a

f(t) df(t) =
∫ b

a

f(t)f ′(t) dt =
1
2
(
f(b)2 − f(a)2

)
,

which gives the same value as in Equation (1.1.7).

Example 1.1.3. Suppose f is a continuous function satisfying the condition

|f(t)− f(s)| ≈ |t− s|1/2.

In this case, we have

0 ≤ Rn − Ln ≈
n∑

i=1

(ti − ti−1) = b− a.

Hence lim Rn �= limLn as ‖∆n‖ → 0 when a �= b. Consequently, the integral∫ b

a
f(t) df(t) cannot be defined by Equation (1.1.1) with f = g for such a

function f . Observe that the quadratic variation of this function is b− a.

We see from the above examples that defining the integral
∫ b

a
f(t) dg(t),

even when f = g, is a nontrivial problem. In fact, there is no simple definite
answer to Question 1.1.1. But then, in view of Example 1.1.3, we can ask
another question.

Question 1.1.4. Are there continuous functions f satisfying the condition

|f(t)− f(s)| ≈ |t− s|1/2?

In order to answer this question we consider random walks and take a
suitable limit in the next section.
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1.2 Random Walks

Consider a random walk starting at 0 with jumps h and −h equally likely
at times δ, 2δ, . . . , where h and δ are positive numbers. More precisely, let
{Xn}∞

n=1 be a sequence of independent and identically distributed random
variables with

P{Xj = h} = P{Xj = −h} =
1
2
.

Let Yδ,h(0) = 0 and put

Yδ,h(nδ) = X1 + X2 + · · ·+ Xn.

For t > 0, define Yδ,h(t) by linearization, i.e., for nδ < t < (n + 1)δ, define

Yδ,h(t) =
(n + 1)δ − t

δ
Yδ,h(nδ) +

t− nδ

δ
Yδ,h((n + 1)δ).

We can think of Yδ,h(t) as the position of the random walk at time t. In
particular, X1 +X2 + · · ·+Xn is the position of this random walk at time nδ.

Question 1.2.1. What is the limit of the random walk Yδ,h as δ, h → 0?

In order to find out the answer, let us compute the following limit of the
characteristic function of Yδ,h(t):

lim
δ,h→0

E exp
[
iλYδ,h(t)

]
,

where λ ∈ R is fixed. For the heuristic derivation, let t = nδ and so n = t/δ.
Then we have

E exp
[
iλYδ,h(t)

]
=

n∏
j=1

EeiλXj

=
(
EeiλX1

)n
=
(
eiλh 1

2 + e−iλh 1
2

)n
=
(
cos(λh)

)n
=
(
cos(λh)

)t/δ
. (1.2.1)

Obviously, for fixed λ and t, the limit of exp
[
iλYδ,h(t)

]
does not exist

when δ and h tend to zero independently. Thus in order for the limit to exist
we must impose a certain relationship between δ and h. However, depending
on this relationship, we may obtain different limits, as shown in the exercise
problems at the end of this chapter.

Let u =
(
cos(λh)

)1/δ. Then ln u = 1
δ ln cos(λh). Note that

cos(λh) ≈ 1− 1
2
λ2h2, for small h.
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But ln(1 + x) ≈ x for small x. Hence

ln cos(λh) ≈ ln
(
1− 1

2
λ2h2

)
≈ −1

2
λ2h2.

Therefore, for small δ and h, we have ln u ≈ − 1
2δ λ2h2 and so

u ≈ exp
[− 1

2δ
λ2h2].

Then by Equation (1.2.1),

E exp
[
iλYδ,h(t)

]
≈ exp

[
− 1

2δ
tλ2h2

]
. (1.2.2)

In particular, if δ and h are related by h2 = δ, then

lim
δ→0

E exp
[
iλYδ,h(t)

]
= e− 1

2 tλ2
, λ ∈ R.

Thus we have derived the following theorem about the limit of the random
walk Yδ,h as δ, h → 0 in such a way that h2 = δ.

Theorem 1.2.2. Let Yδ,h(t) be the random walk starting at 0 with jumps h
and −h equally likely at times δ, 2δ, 3δ, . . . . Assume that h2 = δ. Then for
each t ≥ 0, the limit

B(t) = lim
δ→0

Yδ,h(t)

exists in distribution. Moreover, we have

EeiλB(t) = e− 1
2 tλ2

, λ ∈ R. (1.2.3)

Remark 1.2.3. On the basis of the above discussion, we would expect the
stochastic process B(t) to have the following properties:

(1) The absolute value of the slope of Yδ,h in each step is h/δ = 1/
√

δ → ∞
as δ → 0. Thus it is plausible that every Brownian path B(t) is nowhere
differentiable. In fact, if we let δ = |t− s|, then

|B(t)−B(s)| ≈ 1√
δ
|t− s| = |t− s|1/2. (1.2.4)

Thus almost all sample paths of B(t) have the property in Question 1.1.4.
(2) Almost all sample paths of B(t) are continuous.
(3) For each t, B(t) is a Gaussian random variable with mean 0 and variance

t. This is a straightforward consequence of Equation (1.2.3).
(4) The stochastic process B(t) has independent increments, namely, for any

0 ≤ t1 < t2 < · · · < tn, the random variables

B(t1), B(t2)−B(t1), . . . , B(tn)−B(tn−1),

are independent.

The above properties (2), (3), and (4) specify a fundamental stochastic
process called Brownian motion, which we will study in the next chapter.
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Exercises

1. Let g be a monotone function on a finite closed interval [a, b]. Show that a
bounded function f defined on [a, b] is Riemann–Stieltjes integrable with
respect to g if and only if f is continuous almost everywhere with respect
to the measure induced by g.

2. Let Yδ,h(t) be the random walk described in Section 1.2. Assume that
h2 = o(δ), i.e., h2/δ → 0 as δ → 0. Show that X(t) = limδ→0 Yδ,h(t) exists
and that X(t) ≡ 0.

3. Let Yδ,h(t) be the random walk described in Section 1.2. Show that for
small δ and h we have

E exp
[
iλYδ,h(t)

]
≈ exp

[
− tλ2h2

2δ
− tλ4h4

12δ

]
.

Assume that δ → 0, h → 0, but h2/δ →∞. Then limδ→0 Yδ,h(t) does not
exist. However, consider the following renormalization:

exp
[
iλYδ,h(t) +

tλ2h2

2δ

]
. (1.2.5)

Then we have

E exp
[
iλYδ,h(t) +

tλ2h2

2δ

]
≈ exp

[
− tλ4h4

12δ

]
.

Thus, if δ, h → 0 in such a way that h2/δ →∞ and h4/δ → 0, then

lim
δ→0

E exp
[
iλYδ,h(t) +

tλ2h2

2δ

]
= 1, for all λ ∈ R.

Hence for this choice of δ and h, the limit limδ→0 Yδ,h(t) does not exist.
However, the existence of the limit of the renormalization in Equation
(1.2.5) indicates that the limit limδ→0 Yδ,h(t) exists in some generalized
sense. This limit is called a white noise. It is informally regarded as the
derivative Ḃ(t) of the Brownian motion B(t). Note that h = δα satisfies
the conditions h2/δ →∞ and h4/δ → 0 if and only if 1

4 < α < 1
2 .



2

Brownian Motion

2.1 Definition of Brownian Motion

Let (Ω,F , P ) be a probability space. A stochastic process is a measurable
function X(t, ω) defined on the product space [0,∞)×Ω. In particular,

(a) for each t, X(t, ·) is a random variable,
(b) for each ω, X(·, ω) is a measurable function (called a sample path).

For convenience, the random variable X(t, ·) will be written as X(t) or Xt.
Thus a stochastic process X(t, ω) can also be expressed as X(t)(ω) or simply
as X(t) or Xt.

Definition 2.1.1. A stochastic process B(t, ω) is called a Brownian motion
if it satisfies the following conditions:

(1) P{ω ; B(0, ω) = 0} = 1.
(2) For any 0 ≤ s < t, the random variable B(t)−B(s) is normally distributed

with mean 0 and variance t− s, i.e., for any a < b,

P
{
a ≤ B(t)−B(s) ≤ b

}
=

1√
2π(t− s)

∫ b

a

e−x2/2(t−s) dx.

(3) B(t, ω) has independent increments, i.e., for any 0 ≤ t1 < t2 < · · · < tn,
the random variables

B(t1), B(t2)−B(t1), . . . , B(tn)−B(tn−1),

are independent.
(4) Almost all sample paths of B(t, ω) are continuous functions, i.e.,

P
{
ω ; B(·, ω) is continuous

}
= 1.
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In Remark 1.2.3 we mentioned that the limit

B(t) = lim
δ→0

Yδ,
√

δ(t)

is a Brownian motion. However, this fact comes only as a consequence of an
intuitive observation. In the next chapter we will give several constructions of
Brownian motion. But before these constructions we shall give some simple
properties of a Brownian motion and define the Wiener integral.

A Brownian motion is sometimes defined as a stochastic process B(t, ω)
satisfying conditions (1), (2), (3) in Definition 2.1.1. Such a stochastic process
always has a continuous realization, i.e., there exists Ω0 such that P (Ω0) = 1
and for any ω ∈ Ω0, B(t, ω) is a continuous function of t. This fact can be
easily checked by applying the Kolmogorov continuity theorem in Section 3.3.
Thus condition (4) is automatically satisfied.

The Brownian motion B(t) in the above definition starts at 0. Sometimes
we will need a Brownian motion starting at x. Such a process is given by
x + B(t). If the starting point is not 0, we will explicitly mention the starting
point x.

2.2 Simple Properties of Brownian Motion

Let B(t) be a fixed Brownian motion. We give below some simple properties
that follow directly from the definition of Brownian motion.

Proposition 2.2.1. For any t > 0, B(t) is normally distributed with mean 0
and variance t. For any s, t ≥ 0, we have E[B(s)B(t)] = min{s, t}.
Remark 2.2.2. Regarding Definition 2.1.1, it can be proved that condition (2)
and E[B(s)B(t)] = min{s, t} imply condition (3).

Proof. By condition (1), we have B(t) = B(t)−B(0) and so the first assertion
follows from condition (2). To show that EB(s)B(t) = min{s, t} we may
assume that s < t. Then by conditions (2) and (3),

E
[
B(s)B(t)

]
= E

[
B(s)

(
B(t)−B(s)

)
+ B(s)2

]
= 0 + s = s,

which is equal to min{s, t}. ��
Proposition 2.2.3. (Translation invariance) For fixed t0 ≥ 0, the stochastic
process B̃(t) = B(t + t0)−B(t0) is also a Brownian motion.

Proof. The stochastic process B̃(t) obviously satisfies conditions (1) and (4)
of a Brownian motion. For any s < t,

B̃(t)− B̃(s) = B(t + t0)−B(s + t0). (2.2.1)
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By condition (2) of B(t), we see that B̃(t)− B̃(s) is normally distributed with
mean 0 and variance (t + t0)− (s + t0) = t− s. Thus B̃(t) satisfies condition
(2). To check condition (3) for B̃(t), we may assume that t0 > 0. Then for
any 0 ≤ t1 < t2 < · · · < tn, we have 0 < t0 ≤ t1 + t0 < · · · < tn + t0.
Hence by condition (3) of B(t), B(tk + t0) − B(tk−1 + t0), k = 1, 2, . . . , n,
are independent random variables. Thus by Equation (2.2.1), the random
variables B̃(tk)−B̃(tk−1), k = 1, 2, . . . , n, are independent and so B̃(t) satisfies
condition (3) of a Brownian motion. ��

The above translation invariance property says that a Brownian motion
starts afresh at any moment as a new Brownian motion.

Proposition 2.2.4. (Scaling invariance) For any real number λ > 0, the
stochastic process B̃(t) = B(λt)/

√
λ is also a Brownian motion.

Proof. Conditions (1), (3), and (4) of a Brownian motion can be readily
checked for the stochastic process B̃(t). To check condition (2), note that
for any s < t,

B̃(t)− B̃(s) =
1√
λ

(
B(λt)−B(λs)

)
,

which shows that B̃(t)−B̃(s) is normally distributed with mean 0 and variance
1
λ (λt− λs) = t− s. Hence B̃(t) satisfies condition (2). ��

It follows from the scaling invariance property that for any λ > 0 and
0 ≤ t1 < t2 < · · · < tn the random vectors(

B(λt1), B(λt2), . . . , B(λtn)
)
,
(√

λB(t1),
√

λB(t2), . . . ,
√

λB(tn)
)

have the same distribution.

2.3 Wiener Integral

In Section 1.1 we raised the question of defining the integral
∫ b

a
f(t) dg(t). We

see from Example 1.1.3 that in general this integral cannot be defined as a
Riemann–Stieltjes integral.

Now let us consider the following integral:∫ b

a

f(t) dB(t, ω),

where f is a deterministic function (i.e., it does not depend on ω) and B(t, ω)
is a Brownian motion. Suppose for each ω ∈ Ω we want to use Equation
(1.1.2) to define this integral in the Riemann–Stieltjes sense by

(RS)
∫ b

a

f(t) dB(t, ω) = f(t)B(t, ω)
]b

a
− (RS)

∫ b

a

B(t, ω) df(t). (2.3.1)
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Then the class of functions f(t) for which the integral (RS)
∫ b

a
f(t) dB(t, ω)

is defined for each ω ∈ Ω is rather limited, i.e., f(t) needs to be a continuous
function of bounded variation. Hence for a continuous function of unbounded
variation such as f(t) = t sin 1

t , 0 < t ≤ 1, and f(0) = 0, we cannot use
Equation (2.3.1) to define the integral

∫ 1
0 f(t) dB(t, ω) for each ω ∈ Ω.

We need a different idea in order to define the integral
∫ b

a
f(t) dB(t, ω) for

a wider class of functions f(t). This new integral, called the Wiener integral
of f , is defined for all functions f ∈ L2[a, b]. Here L2[a, b] denotes the Hilbert
space of all real-valued square integrable functions on [a, b]. For example,∫ 1
0 t sin 1

t dB(t) is a Wiener integral.

Now we define the Wiener integral in two steps:

Step 1. Suppose f is a step function given by f =
∑n

i=1 ai 1[ti−1,ti), where
t0 = a and tn = b. In this case, define

I(f) =
n∑

i=1

ai

(
B(ti)−B(ti−1)

)
. (2.3.2)

Obviously, I(af + bg) = aI(f) + bI(g) for any a, b ∈ R and step functions
f and g. Moreover, we have the following lemma.

Lemma 2.3.1. For a step function f , the random variable I(f) is Gaussian
with mean 0 and variance

E
(
I(f)2

)
=
∫ b

a

f(t)2 dt. (2.3.3)

Proof. It is well known that a linear combination of independent Gaussian
random variables is also a Gaussian random variable. Hence by conditions (2)
and (3) of Brownian motion, the random variable I(f) defined by Equation
(2.3.2) is Gaussian with mean 0. To check Equation (2.3.3), note that

E
(
I(f)2

)
= E

n∑
i,j=1

ai aj

(
B(ti)−B(ti−1)

)(
B(tj)−B(tj−1)

)
.

By conditions (2) and (3) of Brownian motion,

E
(
B(ti)−B(ti−1)

)2 = ti − ti−1,

and for i �= j,

E
(
B(ti)−B(ti−1)

)(
B(tj)−B(tj−1)

)
= 0.

Therefore,

E
(
I(f)2

)
=

n∑
i=1

a2
i (ti − ti−1) =

∫ b

a

f(t)2 dt. ��
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Step 2. We will use L2(Ω) to denote the Hilbert space of square integrable
real-valued random variables on Ω with inner product 〈X, Y 〉 = E(XY ). Let
f ∈ L2[a, b]. Choose a sequence {fn}∞

n=1 of step functions such that fn → f in
L2[a, b]. By Lemma 2.3.1 the sequence {I(fn)}∞

n=1 is Cauchy in L2(Ω). Hence
it converges in L2(Ω). Define

I(f) = lim
n→∞ I(fn), in L2(Ω). (2.3.4)

Question 2.3.2. Is I(f) well-defined?

In order for I(f) to be well-defined, we need to show that the limit in
Equation (2.3.4) is independent of the choice of the sequence {fn}. Suppose
{gm} is another such sequence, i.e., the gm’s are step functions and gm → f
in L2[a, b]. Then by the linearity of the mapping I and Equation (2.3.3),

E
(|I(fn)− I(gm)|2) = E

(|I(fn − gm)|2) =
∫ b

a

(
fn(t)− gm(t)

)2
dt.

Write fn(t)−gm(t) =
[
fn(t)−f(t)

]−[gm(t)−f(t)
]
and then use the inequality

(x− y)2 ≤ 2(x2 + y2) to get

∫ b

a

(
fn(t)− gm(t)

)2
dt ≤ 2

∫ b

a

([
fn(t)− f(t)

]2 +
[
gm(t)− f(t)

]2)
dt

→ 0, as n, m →∞.

It follows that limn→∞ I(fn) = limm→∞ I(gm) in L2(Ω). This shows that
I(f) is well-defined.

Definition 2.3.3. Let f ∈ L2[a, b]. The limit I(f) defined in Equation (2.3.4)
is called the Wiener integral of f .

The Wiener integral I(f) of f will be denoted by

I(f)(ω) =
(∫ b

a

f(t) dB(t)
)
(ω), ω ∈ Ω, almost surely.

For simplicity, it will be denoted by
∫ b

a
f(t) dB(t) or

∫ b

a
f(t) dB(t, ω). Note

that the mapping I is linear on L2[a, b].

Theorem 2.3.4. For each f ∈ L2[a, b], the Wiener integral
∫ b

a
f(t) dB(t) is

a Gaussian random variable with mean 0 and variance ‖f‖2 =
∫ b

a
f(t)2 dt.

Proof. By Lemma 2.3.1, the assertion is true when f is a step function. For
a general f ∈ L2[a, b], the assertion follows from the following well-known
fact: If Xn is Gaussian with mean µn and variance σ2

n and Xn converges to
X in L2(Ω), then X is Gaussian with mean µ = limn→∞ µn and variance
σ2 = limn→∞ σ2

n. ��
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Thus the Wiener integral I : L2[a, b] → L2(Ω) is an isometry. In fact, it
preserves the inner product, as shown by the next corollary.

Corollary 2.3.5. If f, g ∈ L2[a, b], then

E
(
I(f) I(g)

)
=
∫ b

a

f(t)g(t) dt. (2.3.5)

In particular, if f and g are orthogonal, then the Gaussian random variables
I(f) and I(g) are independent.

Proof. By the linearity of I and Theorem 2.3.4 we have

E
[
(I(f) + I(g))2

]
= E

[
(I(f + g))2

]
=
∫ b

a

(
f(t) + g(t)

)2
dt

=
∫ b

a

f(t)2 dt + 2
∫ b

a

f(t)g(t) dt +
∫ b

a

g(t)2 dt. (2.3.6)

On the other hand, we can also use Theorem 2.3.4 to obtain

E
[
(I(f) + I(g))2

]
= E

[
I(f)2 + 2I(f)I(g) + I(g)2

]
=
∫ b

a

f(t)2 dt + 2E
[
I(f)I(g)

]
+
∫ b

a

g(t)2 dt. (2.3.7)

Obviously, Equation (2.3.5) follows from Equations (2.3.6) and (2.3.7). ��
Example 2.3.6. The Wiener integral

∫ 1
0 s dB(s) is a Gaussian random variable

with mean 0 and variance
∫ 1
0 s2 ds = 1

3 .

Theorem 2.3.7. Let f be a continuous function of bounded variation. Then
for almost all ω ∈ Ω,(∫ b

a

f(t) dB(t)
)

(ω) = (RS)
∫ b

a

f(t) dB(t, ω),

where the left-hand side is the Wiener integral of f and the right-hand side is
the Riemann–Stieltjes integral of f defined by Equation (2.3.1).

Proof. For each partition ∆n = {t0, t1, . . . , tn−1, tn} of [a, b], we define a step
function fn by

fn =
n∑

i=1

f(ti−1)1[ti−1,ti).

Note that fn converges to f in L2[a, b] as n → ∞, i.e., as ‖∆n‖ → 0. Hence
by the definition of the Wiener integral in Equation (2.3.4),
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a

f(t) dB(t) = lim
n→∞

n∑
i=1

f(ti−1)
(
B(ti)−B(ti−1)

)
, in L2(Ω). (2.3.8)

On the other hand, by Equation (2.3.1), the following limit holds for each
ω ∈ Ω0 for some Ω0 with P (Ω0) = 1,

(RS)
∫ b

a

f(t) dB(t, ω)

= f(b)B(b, ω)− f(a)B(a, ω)− lim
n→∞

n∑
i=1

B(ti, ω)
(
f(ti)− f(ti−1)

)
= lim

n→∞

(
f(b)B(b, ω)− f(a)B(a, ω)−

n∑
i=1

B(ti, ω)
(
f(ti)− f(ti−1)

))
,

which, after regrouping the terms, yields the following equality for each ω in
Ω0:

(RS)
∫ b

a

f(t) dB(t, ω) = lim
n→∞

n∑
i=1

f(ti−1)
(
B(ti)−B(ti−1)

)
. (2.3.9)

Since L2(Ω)-convergence implies the existence of a subsequence converging
almost surely, we can pick such a subsequence of {fn} to get the conclusion
of the theorem from Equations (2.3.8) and (2.3.9). ��

Example 2.3.8. Consider the Riemann integral
∫ 1
0 B(t, ω) dt defined for each

ω ∈ Ω0 for some Ω0 with P (Ω0) = 1. Let us find the distribution of this
random variable. Use the integration by parts formula to get∫ 1

0
B(t, ω) dt = B(t, ω)(t− 1)

]1
0
−
∫ 1

0
(t− 1) dB(t, ω)

= (RS)
∫ 1

0
(1− t) dB(t, ω).

Hence by Theorem 2.3.7 we see that for almost all ω ∈ Ω,∫ 1

0
B(t, ω) dt =

(∫ 1

0
(1− t) dB(t)

)
(ω),

where the right-hand side is a Wiener integral. Thus
∫ 1
0 B(t) dt and the Wiener

integral
∫ 1
0 (1− t) dB(t) have the same distribution, which is easily seen to be

Gaussian with mean 0 and variance

E

(∫ 1

0
(1− t) dB(t)

)2

=
∫ 1

0
(1− t)2 dt =

1
3
.
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2.4 Conditional Expectation

In this section we explain the concept of conditional expectation, which will
be needed in the next section and other places. Let (Ω,F , P ) be a fixed
probability space. For 1 ≤ p < ∞, we will use Lp(Ω) to denote the space of
all random variables X with E(|X|p) < ∞. It is a Banach space with norm

‖X‖p =
(
E
(|X|p))1/p

.

In particular, L2(Ω) is the Hilbert space used in Section 2.3. In this section
we use the space L1(Ω) with norm given by ‖X‖1 = E|X|. Sometimes we will
write L1(Ω,F) when we want to emphasize the σ-field F .

Suppose we have another σ-field G ⊂ F . Let X be a random variable with
E|X| < ∞, i.e., X ∈ L1(Ω). Define a real-valued function µ on G by

µ(A) =
∫

A

X(ω) dP (ω), A ∈ G. (2.4.1)

Note that |µ(A)| ≤ ∫
A
|X| dP ≤ ∫

Ω
|X| dP = E|X| for all A ∈ G. Moreover,

the function µ satisfies the following conditions:

(a) µ(∅) = 0;
(b) µ

( ∪n≥1 An

)
=
∑

n≥1 µ(An) for any disjoint sets An ∈ G, n = 1, 2, . . .;

(c) If P (A) = 0 and A ∈ G, then µ(A) = 0.

A function µ : G → R satisfying conditions (a) and (b) is called a signed
measure on (Ω,G). A signed measure µ is said to be absolutely continuous with
respect to P if it satisfies condition (c). Therefore, the function µ defined in
Equation (2.4.1) is a signed measure on (Ω,G) and is absolutely continuous
with respect to P .

Apply the Radon–Nikodym theorem (see, e.g., the book by Royden [73])
to the signed measure µ defined in Equation (2.4.1) to get a G-measurable
random variable Y with E|Y | < ∞ such that

µ(A) =
∫

A

Y (ω) dP (ω), ∀A ∈ G. (2.4.2)

Suppose Ỹ is another such random variable, namely, it is G-measurable
with E|Ỹ | < ∞ and satisfies

µ(A) =
∫

A

Ỹ (ω) dP (ω), ∀A ∈ G. (2.4.3)

Then by Equations (2.4.2) and (2.4.3), we have
∫

A
(Y − Ỹ ) dP = 0 for all

A ∈ G. This implies that Y = Ỹ almost surely.
The above discussion shows the existence and uniqueness of the conditional

expectation in the next definition.
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Definition 2.4.1. Let X ∈ L1(Ω,F). Suppose G is a σ-field and G ⊂ F .
The conditional expectation of X given G is defined to be the unique random
variable Y (up to P -measure 1) satisfying the following conditions:

(1) Y is G-measurable;
(2)

∫
A

X dP =
∫

A
Y dP for all A ∈ G.

We will freely use E[X|G], E(X|G), or E{X|G} to denote the conditional
expectation of X given G. Notice that the G-measurability in condition (1) is
a crucial requirement. Otherwise, we could take Y = X to satisfy condition
(2), and the above definition would not be so meaningful. The conditional
expectation E[X|G] can be interpreted as the best guess of the value of X
based on the information provided by G.

Example 2.4.2. Suppose G = {∅, Ω}. Let X be a random variable in L1(Ω)
and let Y = E[X|G]. Since Y is G-measurable, it must be a constant, say
Y = c. Then use condition (2) in Definition 2.4.1 with A = Ω to get∫

Ω

X dP =
∫

Ω

Y dP = c.

Hence c = EX and we have E[X|G] = EX. This conclusion is intuitively
obvious. Since the σ-field G = {∅, Ω} provides no information, the best guess
of the value of X is its expectation.

Example 2.4.3. Suppose Ω = ∪nAn is a disjoint union (finite or countable)
with P (An) > 0 for each n. Let G = σ{A1, A2, . . .}, the σ-field generated by
the An’s. Let X ∈ L1(Ω) and Y = E[X|G]. Since Y is G-measurable, it must
be constant, say cn, on An for each n. Use condition (2) in Definition 2.4.1
with A = An to show that cn = P (An)−1

∫
An

X dP . Therefore, E[X|G] is
given by

E[X|G] =
∑

n

(
1

P (An)

∫
An

X dP

)
1An ,

where 1An denotes the characteristic function of An.

Example 2.4.4. Let Z be a discrete random variable taking values a1, a2, . . .
(finite or countable). Let σ{Z} be the σ-field generated by Z. Then

σ{Z} = σ{A1, A2, . . .},
where An = {Z = an}. Let X ∈ L1(Ω). We can use Example 2.4.3 to obtain

E
[
X|σ{Z}] =

∑
n

(
1

P (An)

∫
An

X dP

)
1An ,

which can be rewritten as E
[
X|σ{Z}] = θ(Z) with the function θ defined by

θ(x) =

⎧⎨⎩
1

P (Z = an)

∫
Z=an

X dP, if x = an, n ≥ 1;

0, if x /∈ {a1, a2, . . .}.
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Note that the conditional expectation E[X|G] is a random variable, while
the expectation EX is a real number. Below we list several properties of
conditional expectation and leave most of the proofs as exercises at the end
of this chapter.

Recall that (Ω,F , P ) is a fixed probability space. The random variable X
below is assumed to be in L1(Ω,F) and G is a sub-σ-field of F , namely, G is
a σ-field and G ⊂ F . All equalities and inequalities below hold almost surely.

1. E
(
E[X|G]

)
= EX.

Remark: Hence the conditional expectation E[X|G] and X have the same
expectation. When written in the form EX = E

(
E[X|G]

)
, the equality is

often referred to as computing expectation by conditioning. To prove this
equality, simply put A = Ω in condition (2) of Definition 2.4.1.

2. If X is G-measurable, then E[X|G] = X.

3. If X and G are independent, then E[X|G] = EX.

Remark: Here X and G being independent means that {X ∈ U} and
A are independent events for any Borel subset U of R and A ∈ G, or
equivalently, the events {X ≤ x} and A are independent for any x ∈ R

and A ∈ G.

4. If Y is G-measurable and E|XY | < ∞, then E[XY |G] = Y E[X|G].

5. If H is a sub-σ-field of G, then E[X|H] = E
[
E[X|G] |H].

Remark: This property is useful when X is a product of random variables.
In that case, in order to find E[X|H], we can use some factors in X to
choose a suitable σ-field G between H and F and then apply this property.

6. If X, Y ∈ L1(Ω) and X ≤ Y , then E[X|G] ≤ E[Y |G].

7.
∣∣E[X|G]

∣∣ ≤ E[|X| | G].

Remark: For the proof, let X+ = max{X, 0} and X− = −min{X, 0} be
the positive and negative parts of X, respectively. Then apply Property 6
to X+ and X−.

8. E[aX + bY |G] = aE[X|G] + bE[Y |G], ∀a, b ∈ R and X, Y ∈ L1(Ω).

Remark: By Properties 7 and 8, the conditional expectation E[ · |G] is a
bounded linear operator from L1(Ω,F) into L1(Ω,G)

9. (Conditional Fatou’s lemma) Let Xn ≥ 0, Xn ∈ L1(Ω), n = 1, 2, . . . , and
assume that lim infn→∞ Xn ∈ L1(Ω). Then

E
[
lim inf
n→∞ Xn

∣∣∣G] ≤ lim inf
n→∞ E[Xn|G].

10. (Conditional monotone convergence theorem) Let 0 ≤ X1 ≤ X2 ≤ · · · ≤
Xn ≤ · · · and assume that X = limn→∞ Xn ∈ L1(Ω). Then

E[X|G] = lim
n→∞ E[Xn|G].
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11. (Conditional Lebesgue dominated convergence theorem) Assume that
|Xn| ≤ Y, Y ∈ L1(Ω), and X = limn→∞ Xn exists almost surely. Then

E[X|G] = lim
n→∞ E[Xn|G].

12. (Conditional Jensen’s inequality) Let X ∈ L1(Ω). Suppose φ is a convex
function on R and φ(X) ∈ L1(Ω). Then

φ
(
E[X|G]

) ≤ E[φ(X)|G].

2.5 Martingales

Let f ∈ L2[a, b] and consider the stochastic process defined by

Mt =
∫ t

a

f(s) dB(s), a ≤ t ≤ b. (2.5.1)

We will show that Mt is a martingale. But first we review the concept of the
martingale. Let T be either an interval in R or the set of positive integers.

Definition 2.5.1. A filtration on T is an increasing family {Ft| t ∈ T} of
σ-fields. A stochastic process Xt, t ∈ T , is said to be adapted to {Ft| t ∈ T}
if for each t, the random variable Xt is Ft-measurable.

Remark 2.5.2. A σ-field F is called complete if A ∈ F and P (A) = 0 imply
that B ∈ F for any subset B of A. We will always assume that all σ-fields Ft

are complete.

Definition 2.5.3. Let Xt be a stochastic process adapted to a filtration {Ft}
and E|Xt| < ∞ for all t ∈ T . Then Xt is called a martingale with respect to
{Ft} if for any s ≤ t in T ,

E{Xt| Fs} = Xs, a.s. (almost surely). (2.5.2)

In case the filtration is not explicitly specified, then the filtration {Ft} is
understood to be the one given by Ft = σ{Xs ; s ≤ t}.

The concept of the martingale is a generalization of the sequence of partial
sums arising from a sequence {Xn} of independent and identically distributed
random variables with mean 0. Let Sn = X1 + · · · + Xn. Then the sequence
{Sn} is a martingale.

Submartingale and supermartingale are defined by replacing the equality
in Equation (2.5.2) with ≥ and ≤, respectively, i.e., for any s ≤ t in T ,

E{Xt| Fs} ≥ Xs, a.s. (submartingale),

E{Xt| Fs} ≤ Xs, a.s. (supermartingale).
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Let {Xn} be a sequence of independent and identically distributed random
variables with finite expectation and let Sn = X1 + · · ·+ Xn. Then {Sn} is a
submartingale if EX1 ≥ 0 and a supermartingale if EX1 ≤ 0.

A Brownian motion B(t) is a martingale. To see this fact, let

Ft = σ{B(s) ; s ≤ t}.

Then for any s ≤ t,

E{B(t)| Fs} = E{B(t)−B(s)| Fs}+ E{B(s)| Fs}.

Since B(t) − B(s) is independent of Fs, we have E{B(t) − B(s)| Fs} =
E{B(t)−B(s)}. But EB(t) = 0 for any t. Hence E{B(t)−B(s)| Fs} = 0. On
the other hand, E{B(s)| Fs} = B(s) because B(s) is Fs-measurable. Thus
E{B(t)| Fs} = B(s) for any s ≤ t and this shows that B(t) is a martingale. In
fact, it is the most basic martingale stochastic process with time parameter
in an interval.

Now we return to the stochastic process Mt defined in Equation (2.5.1)
and show that it is a martingale in the next theorem.

Theorem 2.5.4. Let f ∈ L2[a, b]. Then the stochastic process

Mt =
∫ t

a

f(s) dB(s), a ≤ t ≤ b,

is a martingale with respect to Ft = σ{B(s) ; s ≤ t}.
Proof. First we need to show that E|Mt| < ∞ for all t ∈ [a, b] in order to take
the conditional expectation of Mt. Apply Theorem 2.3.4 to get

E
(|Mt|2

)
=
∫ t

a

|f(s)|2 ds ≤
∫ b

a

|f(s)|2 ds.

Hence E|Mt| ≤
{
E
(|Mt|2

)}1/2
< ∞. Next we need to prove that E{Mt| Fs} =

Ms a.s. for any s ≤ t. But

Mt = Ms +
∫ t

s

f(u) dB(u)

and Ms is Fs-measurable. Hence

E{Mt| Fs} = Ms + E

{∫ t

s

f(u) dB(u)
∣∣∣Fs

}
.

Thus it suffices to show that for any s ≤ t,

E

{∫ t

s

f(u) dB(u)
∣∣∣Fs

}
= 0. (2.5.3)
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First suppose f is a step function f =
∑n

i=1 ai 1[ti−1,ti), where t0 = s and
tn = t. In this case, we have∫ t

s

f(u) dB(u) =
n∑

i=1

ai

(
B(ti)−B(ti−1)

)
.

But B(ti)−B(ti−1), i = 1, . . . , n, are all independent of the σ-field Fs. Hence
E{B(ti)−B(ti−1)| Fs} = 0 for all i and so Equation (2.5.3) holds.

Next suppose f ∈ L2[a, b]. Choose a sequence {fn}∞
n=1 of step functions

converging to f in L2[a, b]. Then by the conditional Jensen’s inequality with
φ(x) = x2 in Section 2.4 we have the inequality

|E{X| F}|2 ≤ E{X2| F},
which implies that∣∣∣∣E{∫ t

s

(
fn(u)− f(u)

)
dB(u)

∣∣∣Fs

}∣∣∣∣2
≤ E

{(∫ t

s

(
fn(u)− f(u)

)
dB(u)

)2∣∣∣Fs

}
.

Next we use the property E
(
E{X| F}) = EX of conditional expectation and

then apply Theorem 2.3.4 to get

E

∣∣∣∣E{∫ t

s

(
fn(u)− f(u)

)
dB(u)

∣∣∣Fs

}∣∣∣∣2 ≤ ∫ t

s

(
fn(u)− f(u)

)2
du

≤
∫ b

a

(
fn(u)− f(u)

)2
du

→ 0,

as n → ∞. Hence the sequence E{∫ t

s
fn(u) dB(u)| Fs} of random variables

converges to E{∫ t

s
f(u) dB(u)| Fs} in L2(Ω). Note that the convergence of

a sequence in L2(Ω) implies convergence in probability, which implies the
existence of a subsequence converging almost surely. Hence by choosing a
subsequence if necessary, we can conclude that with probability 1,

lim
n→∞ E

{∫ t

s

fn(u) dB(u)
∣∣∣Fs

}
= E

{∫ t

s

f(u) dB(u)
∣∣∣Fs

}
. (2.5.4)

Now E
{ ∫ t

s
fn(u) dB(u)

∣∣Fs

}
= 0 since we have already shown that Equation

(2.5.3) holds for step functions. Hence by Equation (2.5.4),

E

{∫ t

s

f(u) dB(u)
∣∣∣Fs

}
= 0,

and so Equation (2.5.3) holds for any f ∈ L2[a, b]. ��
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2.6 Series Expansion of Wiener Integrals

Let {φn}∞
n=1 be an orthonormal basis for the Hilbert space L2[a, b]. Each

f ∈ L2[a, b] has the following expansion:

f =
∞∑

n=1

〈f, φn〉φn, (2.6.1)

where 〈·, ·〉 is the inner product on L2[a, b] given by 〈f, g〉 =
∫ b

a
f(t)g(t) dt.

Moreover, we have the Parseval identity

‖f‖2 =
∞∑

n=1

〈f, φn〉2. (2.6.2)

Take the Wiener integral in both sides of Equation (2.6.1) and informally
interchange the order of integration and summation to get∫ b

a

f(t) dB(t) =
∞∑

n=1

〈f, φn〉
∫ b

a

φn(t) dB(t). (2.6.3)

Question 2.6.1. Does the random series in the right-hand side converge to the
left-hand side and in what sense?

First observe that by Theorem 2.3.4 and the remark following Equation
(2.3.5), the random variables

∫ b

a
φn(t) dB(t), n ≥ 1, are independent and have

the Gaussian distribution with mean 0 and variance 1. Thus the right-hand
side of Equation (2.6.3) is a random series of independent and identically
distributed random variables. By the Lévy equivalence theorem [10] [37] this
random series converges almost surely if and only if it converges in probability
and, in turn, if and only if it converges in distribution. On the other hand,
we can easily check the L2(Ω) convergence of this random series as follows.
Apply Equations (2.3.5) and (2.6.2) to show that

E

(∫ b

a

f(t) dB(t)−
N∑

n=1

〈f, φn〉
∫ b

a

φn(t) dB(t)
)2

=
∫ b

a

f(t)2 dt− 2
N∑

n=1

〈f, φn〉2 +
N∑

n=1

〈f, φn〉2

=
∫ b

a

f(t)2 dt−
N∑

n=1

〈f, φn〉2

→ 0,

as N →∞. Hence the random series in Equation (2.6.3) converges in L2(Ω) to
the random variable in the left-hand side of Equation (2.6.3). But the L2(Ω)
convergence implies convergence in probability. Therefore we have proved the
next theorem for the series expansion of the Wiener integral.
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Theorem 2.6.2. Let {φn}∞
n=1 be an orthonormal basis for L2[a, b]. Then for

each f ∈ L2[a, b], the Wiener integral of f has the series expansion∫ b

a

f(t) dB(t) =
∞∑

n=1

〈f, φn〉
∫ b

a

φn(t) dB(t),

with probability 1, where the random series converges almost surely.

In particular, apply the theorem to a = 0, b = 1, and f = 1[0,t), 0 ≤ t ≤ 1.
Then

∫ 1
0 f(s) dB(s) = B(t) and we have the random series expansion,

B(t, ω) =
∞∑

n=1

(∫ t

0
φn(s) ds

)(∫ 1

0
φn(s) dB(s, ω)

)
.

Note that the variables t and ω are separated in the right-hand side. In view
of this expansion, we expect that B(t) can be represented by

B(t, ω) =
∞∑

n=1

ξn(ω)
∫ t

0
φn(s) ds,

where {ξn}∞
n=1 is a sequence of independent random variables having the same

Gaussian distribution with mean 0 and variance 1. This method of defining a
Brownian motion has been studied in [29] [41] [67].

Exercises

1. Let B(t) be a Brownian motion. Show that E|B(s)−B(t)|4 = 3|s− t|2.
2. Show that the marginal distribution of a Brownian motion B(t) at times

0 < t1 < t2 < · · · tn is given by

P{B(t1) ≤ a1, B(t2) ≤ a2, . . . , B(tn) ≤ an}

=
1√

(2π)nt1(t2 − t1) · · · (tn − tn−1)

∫ an

−∞
· · ·
∫ a1

−∞

exp
[
− 1

2

(x2
1

t1
+

(x2 − x1)2

t2 − t1
+ · · ·+ (xn − xn−1)2

tn − tn−1

)]
dx1dx2 · · · dxn.

3. Let B(t) be a Brownian motion. For fixed t and s, find the distribution
function of the random variable X = B(t) + B(s).

4. Let B(t) be a Brownian motion and let 0 < s ≤ t ≤ u ≤ v. Show that the
random variables 1

t B(t)− 1
sB(s) and aB(u) + bB(v) are independent for

any a, b ∈ R.
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5. Let B(t) be a Brownian motion and let 0 < s ≤ t ≤ u ≤ v. Show that the
random variables aB(s) + bB(t) and 1

v B(v)− 1
uB(u) are independent for

any a, b ∈ R satisfying the condition as + bt = 0.
6. Let B(t) be a Brownian motion. Show that limt→0+ tB(1/t) = 0 almost

surely. Define W (0) = 0 and W (t) = tB(1/t) for t > 0. Prove that W (t)
is a Brownian motion.

7. Let B(t) be a Brownian motion. Find all constants a and b such that
X(t) =

∫ t

0

(
a + bu

t

)
dB(u) is also a Brownian motion.

8. Let B(t) be a Brownian motion. Find all constants a, b, and c such that
X(t) =

∫ t

0

(
a + bu

t + cu2

t2

)
dB(u) is also a Brownian motion.

9. Let B(t) be a Brownian motion. Show that for any integer n ≥ 1, there
exist nonzero constants a0, a1, . . . , an such that X(t) =

∫ t

0

(
a0 + a1

u
t +

a2
u2

t2 + · · ·+ an
un

tn

)
dB(u) is also a Brownian motion.

10. Let B(t) be a Brownian motion. Show that both X(t) =
∫ t

0 (2t−u) dB(u)
and Y (t) =

∫ t

0 (3t− 4u) dB(u) are Gaussian processes with mean function
0 and the same covariance function 3s2t− 2

3s3 for s ≤ t.
11. Let B(t) = (B1(t), . . . , Bn(t)) be an R

n-valued Brownian motion. Find
the density functions of R(t) = |B(t)| and S(t) = |B(t)|2.

12. For each n ≥ 1, let Xn be a Gaussian random variable with mean µn and
variance σ2

n. Suppose the sequence Xn converges to X in L2(Ω). Show
that the limits µ = limn→∞ µn and σ2 = limn→∞ σ2

n exist and that X is
a Gaussian random variable with mean µ and variance σ2.

13. Let f(x, y) be the joint density function of random variables X and Y . The
marginal density function of Y is given by fY (y) =

∫∞
−∞ f(x, y) dx. The

conditional density function of X given Y = y is defined by fX|Y (x|y) =
f(x, y)/fY (y). The conditional expectation of X given Y = y is defined by
E[X|Y = y] =

∫∞
−∞ xfX|Y (x|y) dx. Let σ(Y ) be the σ-field generated by

Y . Prove that
E[X|σ(Y )] = θ(Y ),

where θ is the function θ(y) = E[X|Y = y].
14. Prove the properties of conditional expectation listed in Section 2.4.
15. Let B(t) be a Brownian motion. Find the distribution of

∫ t

0 et−s dB(s).
Check whether Xt =

∫ t

0 et−s dB(s) is a martingale.

16. Let B(t) be a Brownian motion. Find the distribution of
∫ t

0 B(s) ds. Check
whether Yt =

∫ t

0 B(s) ds is a martingale.
17. Let B(t) be a Brownian motion. Find the distribution of the integral∫ t

0 B(s) cos(t− s) ds.

18. Let B(t) be a Brownian motion. Show that Xt = 1
3B(t)3− ∫ t

0 B(s) ds is a
martingale.
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Constructions of Brownian Motion

In Section 1.2 we gave an intuitive description of Brownian motion as the
limit of a random walk Yδ,

√
δ as δ → 0. The purpose of this chapter is to

give three constructions of Brownian motion. The first construction, due to
N. Wiener in 1923, will be explained in Section 3.1 without proof. The second
construction, using Kolmogorov’s extension and continuity theorems, will be
discussed in detail in Section 3.3. We will briefly explain Lévy’s interpolation
method for constructing a Brownian motion in Section 3.4.

3.1 Wiener Space

Let C be the Banach space of real-valued continuous functions ω on [0, 1] with
ω(0) = 0. The norm on C is ‖ω‖∞ = supt∈[0,1] |ω(t)|.

A cylindrical subset A of C is a set of the form

A = {ω ∈ C ; (ω(t1), ω(t2), . . . , ω(tn)) ∈ U}, (3.1.1)

where 0 < t1 < t2 < · · · < tn ≤ 1 and U ∈ B(Rn), the Borel σ-field of R
n.

Let R be the collection of all cylindrical subsets of C. Obviously, R is a field.
However, it is not a σ-field.

Suppose A ∈ R is given by Equation (3.1.1). Define µ(A) by

µ(A) =
∫

U

n∏
i=1

(
1√

2π(ti − ti−1)
exp
[
− (ui − ui−1)2

2(ti − ti−1)

])
du1 · · · dun, (3.1.2)

where t0 = u0 = 0. Observe that a cylindrical set A can be expressed in many
different ways as in Equation (3.1.1). For instance,

A = {ω ∈ C ; ω(1/2) ∈ [a, b]} = {ω ∈ C ; (ω(1/2), ω(2/3)) ∈ [a, b]× R}.
However, µ(A) as defined by Equation (3.1.2) is independent of the choice of
different expressions in the right-hand side of Equation (3.1.1). This means
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that µ(A) is well-defined. Hence µ is a mapping from R into [0, 1]. It can be
easily checked that µ : R → [0, 1] is finitely additive, i.e., for any disjoint
A1, A2, . . . , Am ∈ R, we have

µ

(
m⋃

i=1

Ai

)
=

m∑
i=1

µ(Ai).

Theorem 3.1.1. (Wiener 1923 [82]) The mapping µ on R is σ-additive, i.e.,
for any disjoint A1, A2, . . . ∈ R with ∪nAn ∈ R, the following equality holds:

µ

( ∞⋃
i=1

Ai

)
=

∞∑
i=1

µ(Ai).

The proof of this theorem can be found in [55]. Thus µ has a unique
σ-additive extension to σ(R), the σ-field generated by R. The σ-field σ(R)
turns out to be the same as the Borel σ-field B(C) of C. To check this fact, we
essentially need to show that the closed unit ball {ω ∈ C ; ‖ω‖∞ ≤ 1} belongs
to σ(R). But this is so in view of the following equality:

{ω ∈ C ; ‖ω‖∞ ≤ 1} =
∞⋂

n=1

{ω ∈ C ; |ω(k/n)| ≤ 1, ∀ k = 1, 2, . . . , n}.

We will use the same notation µ to denote the extension of µ to B(C).
Hence (C, µ) is a probability space. It is called the Wiener space. The measure
µ is called the Wiener measure. Wiener himself called (C, µ) the differential
space [82]. In [24], Gross generalized the theorem to abstract Wiener spaces.
See also the book [55].

Theorem 3.1.2. The stochastic process B(t, ω) = ω(t), 0 ≤ t ≤ 1, ω ∈ C, is
a Brownian motion.

Proof. We need to check that the conditions in Definition 2.1.1 are satisfied.
Conditions (1) and (4) are obviously satisfied. To check condition (2), let
0 < s < t ≤ 1. Then

µ{B(t)−B(s) ≤ a} = µ{ω(t)− ω(s) ≤ a}
= µ{ω ∈ C ; (ω(s), ω(t)) ∈ U},

where U = {(u1, u2) ∈ R
2 ; u2 − u1 ≤ a}. Hence by the definition of the

Wiener measure µ we have

µ{B(t)−B(s) ≤ a}

=
∫

U

1√
(2π)2 s(t− s)

exp
[
−1

2

(
u2

1

s
+

(u2 − u1)2

t− s

)]
du1du2.

Make a change of variables u1 = x, u2 − u1 = y to get
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µ{B(t)−B(s) ≤ a}

=
∫ a

−∞

∫ ∞

−∞

1√
(2π)2 s(t− s)

exp
[
−1

2

(
x2

s
+

y2

t− s

)]
dx dy

=
∫ a

−∞

1√
2π(t− s)

e− y2

2(t−s) dy.

Thus B(t)−B(s) is normally distributed with mean 0 and variance t− s, so
condition (2) is satisfied.

To check condition (3), let 0 < t1 < t2 < · · · < tn. By arguments similar
to those above, we can show that

µ{B(t1) ≤ a1, B(t2)−B(t1) ≤ a2, . . . , B(tn)−B(tn−1) ≤ an}
= µ{B(t1) ≤ a1}µ{B(t2)−B(t1) ≤ a2} · · ·µ{B(tn)−B(tn−1) ≤ an}.

This implies that the random variables

B(t1), B(t2)−B(t1), . . . , B(tn)−B(tn−1)

are independent. Hence condition (3) is satisfied. ��
The above theorem provides a Brownian motion B(t) for 0 ≤ t ≤ 1. We

can define a Brownian motion B(t) for t ≥ 0 as follows. Take a sequence
of independent Brownian motions B1(t), B2(t), . . . , Bn(t), . . . for 0 ≤ t ≤ 1.
Then define

B(t) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

B1(t), if 0 ≤ t < 1;
B1(1) + B2(t− 1), if 1 ≤ t < 2;
· · · · · · · · · · · · · · ·
B1(1) + · · ·+ Bn(1) + Bn+1(t− n), if n ≤ t < n + 1;
· · · · · · · · · · · · · · · .

It is easy to check that B(t), t ≥ 0, is a Brownian motion.

3.2 Borel–Cantelli Lemma and Chebyshev Inequality

In this section we will explain the Borel–Cantelli lemma and the Chebyshev
inequality, which will be needed in the next section and elsewhere.

Let {An}∞
n=1 be a sequence of events in some probability space. Consider

the event A given by A = ∩∞
n=1 ∪∞

k=n Ak. It is easy to see that ω ∈ A if and
only if ω ∈ An for infinitely many n’s. Thus we can think of the event A as
the event that An’s occur infinitely often. We will use the notation introduced
in [5]: {

An i.o.
}

=
{
An infinitely often

}
=

∞⋂
n=1

∞⋃
k=n

Ak.
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Theorem 3.2.1. (Borel–Cantelli lemma) Let {An}∞
n=1 be a sequence of events

such that
∑∞

n=1 P (An) < ∞. Then P{An i.o.} = 0.

This theorem is often called the first part of the Borel–Cantelli lemma.
The second part states that if

∑∞
n=1 P (An) = ∞ and the events An are

independent, then P{An i.o.} = 1. We will need only the first part, which can
be proved rather easily as follows:

P{An i.o.} = lim
n→∞ P

(
∪∞

k=n Ak

)
≤ lim

n→∞

∞∑
k=n

P (Ak) = 0.

The complement of {An i.o.} is the event {An f.o.} = {An finitely often}
that An’s occur finitely often. Thus whenever we have a situation like

P{An i.o.} = 0,

then, by taking the complement, we get P{An f.o.} = 1. Hence there exists
an event Ω̃ such that P (Ω̃) = 1 and for each ω ∈ Ω̃, ω ∈ An for only finitely
many n’s, namely, for each ω ∈ Ω̃, there exists a positive integer N(ω) such
that ω ∈ Ac

n for all n ≥ N(ω). Here Ac
n is the complement of An. Then we

can use this fact to conclude useful information.

Example 3.2.2. Let {Xn}∞
n=1 be a sequence of random variables. Suppose we

can find positive numbers αn and βn such that

P (|Xn| ≥ αn} ≤ βn, ∀n ≥ 1.

If
∑

n βn < ∞, then we can apply the Borel–Cantelli lemma to see that

P{|Xn| ≥ αn i.o.} = 0,

or equivalently,
P{|Xn| ≥ αn f.o.} = 1.

If αn → 0 as n → ∞, then we can conclude that Xn → 0 almost surely. On
the other hand, if

∑
n αn < ∞, then we can conclude that the random series∑

n Xn is absolutely convergent almost surely.

The Borel–Cantelli lemma is often used with the Chebyshev inequality.
Let X be a random variable with E|X| < ∞. Then for any a > 0,

E|X| ≥
∫

|X|≥a

|X| dP ≥ a

∫
|X|≥a

dP = aP (|X| ≥ a).

Divide both sides by a to get a very useful inequality in the next theorem.

Theorem 3.2.3. (Chebyshev inequality) Let X be a random variable with
E|X| < ∞. Then for any a > 0,

P (|X| ≥ a) ≤ 1
a
E|X|, ∀ a > 0.
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Example 3.2.4. Let {Xn}∞
n=1 be a sequence of random variables such that

E|Xn| ≤ 1 for all n. Let c > 2 be a fixed number. Choose α = c/2. By the
Chebyshev inequality, we have

P{|Xn| ≥ nα} ≤ 1
nα

E|Xn| ≤ 1
nα

.

Since
∑

n
1

nα < ∞, we can apply the Borel–Cantelli lemma to show that

P{|Xn| ≥ nα i.o.} = 0.

Hence
P{n−c|Xn| ≥ nα−c i.o.} = 0,

or equivalently,
P{n−c|Xn| ≥ nα−c f.o.} = 1.

Note that c−α = c/2 > 1, so that
∑

n nα−c < ∞. It follows that the random
series

∑
n n−cXn is absolutely convergent almost surely.

3.3 Kolmogorov’s Extension and Continuity Theorems

In this section we will explain Kolmogorov’s extension theorem, give a detailed
proof of Kolmogorov’s continuity theorem, and then apply these theorems to
construct a Brownian motion.

Let X(t), t ≥ 0, be a stochastic process. For any 0 ≤ t1 < t2 < · · · < tn,
define

µt1,t2,...,tn
(A) = P{(X(t1), X(t2), . . . , X(tn)) ∈ A}, A ∈ B(Rn).

The probability measure µt1,t2,...,tn on R
n is called a marginal distribution of

the stochastic process X(t). Observe that for any 0 ≤ t1 < · · · < tn and any
1 ≤ i ≤ n,

P
{
(X(t1), . . . , X(ti−1), X(ti+1), . . . , X(tn)) ∈ A1 ×A2

}
= P

{
(X(t1), . . . , X(tn)) ∈ A1 × R×A2

}
, (3.3.1)

where A1 ∈ B(Ri−1) and A2 ∈ B(Rn−i). When i = 1, Equation (3.3.1) is
understood to be

P
{
(X(t2), . . . , X(tn)) ∈ A2

}
= P

{
(X(t1), . . . , X(tn)) ∈ R×A2

}
.

Similarly, when i = n, Equation (3.3.1) is understood to be

P
{
(X(t1), . . . , X(tn−1)) ∈ A1

}
= P

{
(X(t1), . . . , X(tn)) ∈ A1 × R

}
.

Therefore, we have the equality



28 3 Constructions of Brownian Motion

µ
t1,...,ti−1,t̂i,ti+1,...,tn

(A1 ×A2) = µt1,...,tn
(A1 × R×A2), (3.3.2)

where 1 ≤ i ≤ n and t̂i means that ti is deleted. Hence the family of marginal
distributions of a stochastic process X(t) satisfies Equation (3.3.2).

Conversely, suppose that for any 0 ≤ t1 < t2 < · · · < tn, there is a
probability measure µt1,t2,...,tn

on R
n. The family of probability measures{

µt1,t2,...,tn
; 0 ≤ t1 < t2 < · · · < tn, n = 1, 2, . . .

}
is said to satisfy the consistency condition if Equation (3.3.2) holds for any
0 ≤ t1 < · · · < tn and A1 ∈ B(Ri−1), A2 ∈ B(Rn−i) with 1 ≤ i ≤ n, n ≥ 1.

Question 3.3.1. Given a family of probability measures satisfying the above
consistency condition, does there exist a stochastic process whose marginal
distributions are the given family of probability measures?

The answer to this question is given by Kolmogorov’s extension theorem.
Let R

[0,∞) denote the space of all real-valued functions ω on the interval
[0,∞). Let F be the σ-field generated by cylindrical sets, i.e., sets of the form{

ω ∈ R
[0,∞) ; (ω(t1), ω(t2), . . . , ω(tn)) ∈ A

}
,

where 0 ≤ t1 < t2 < · · · < tn and A ∈ B(Rn). The next theorem ensures the
existence of a probability measure on the function space R

[0,∞) corresponding
to a consistent family of probability measures. Equivalently, the theorem says
that a stochastic process can be specified by its marginal distributions.

Theorem 3.3.2. (Kolmogorov’s extension theorem) Suppose that associated
with each 0 ≤ t1 < t2 < · · · < tn, n ≥ 1, there is a probability measure
µt1,t2,...,tn on R

n. Assume that the family{
µt1,t2,...,tn

; 0 ≤ t1 < t2 < · · · < tn, n = 1, 2, . . .
}

(3.3.3)

satisfies the consistency condition in Equation (3.3.2). Then there exists a
unique probability measure P on the space (R[0,∞),F) such that

P
{
ω ∈ R

[0,∞) ; (ω(t1), ω(t2), . . . , ω(tn)) ∈ A
}

= µt1,t2,...,tn
(A)

for any 0 ≤ t1 < t2 < · · · < tn, A ∈ B(Rn), and n ≥ 1.

The proof of this theorem can be found, e.g., in the book by Lamperti [57].
On the probability space (R[0,∞),F , P ) we define a stochastic process

X(t, ω) = ω(t), t ≥ 0, ω ∈ R
[0,∞).

Then X(t) is a stochastic process with marginal distributions specified by the
probability measures given by Equation (3.3.3), i.e.,

P{(X(t1), X(t2), . . . , X(tn)) ∈ A} = µt1,t2,...,tn(A).
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Example 3.3.3. For 0 ≤ t1 < t2 < · · · < tn, let µt1,t2,...,tn
be the probability

measure on R
n defined by

µt1,t2,...,tn(U) =
∫

R

∫
U

n∏
i=1

(
1√

2π(ti − ti−1)
exp
[
− (ui − ui−1)2

2(ti − ti−1)

])
du1 · · · dundν(u0), (3.3.4)

where U ∈ B(Rn), t0 = 0, ν is a probability measure on R, and we use the
following convention for the integrand:

1√
2πt1

e− (u1−u0)2

2t1 du1

∣∣∣∣
t1=0

= dδu0(u1), (3.3.5)

where δu0 is the Dirac delta measure at u0.
Observe that the integral in the right-hand side of Equation (3.3.4) with

ν = δ0 is exactly the same as the one in the right-hand side of Equation (3.1.2)
for the Wiener measure µ.

The family of probability measures defined by Equation (3.3.4) can be
easily verified to satisfy the consistency condition.

Now apply Kolmogorov’s extension theorem to the family of probability
measures in Example 3.3.3 to get a probability measure P on R

[0,∞). Define
a stochastic process Y (t) by

Y (t, ω) = ω(t), ω ∈ R
[0,∞). (3.3.6)

Question 3.3.4. Is this stochastic process Y (t) a Brownian motion?

First we notice some properties of the stochastic process Y (t):

(a) For any 0 ≤ s < t, the random variable Y (t)−Y (s) is normally distributed
with mean 0 and variance t− s.

(b)Y (t) has independent increments, i.e., for any 0 = t0 ≤ t1 < t2 < · · · < tn,
the random variables Y (ti)− Y (ti−1), i = 1, 2, . . . , n, are independent.

Moreover, by Equations (3.3.4) and (3.3.5) with n = 1, t1 = 0, we have

P{Y (0) ∈ U} =
∫

R

∫
U

1√
2πt1

e− (u1−u0)2

2t1 du1

∣∣∣∣
t1=0

dν(u0)

=
∫

R

(∫
U

dδu0(u1)
)

dν(u0)

=
∫

R

δu0(U) dν(u0).

= ν(U), U ∈ B(R).

Hence ν is the initial distribution of the stochastic process Y (t).
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In particular, the stochastic process Y (t) with ν = δ0 satisfies conditions
(1), (2), and (3) in Definition 2.1.1. How about condition (4)? Before we
can answer this question, we need to introduce some concepts concerning
stochastic processes.

Definition 3.3.5. A stochastic process X̃(t) is called a version of X(t) if
P{X̃(t) = X(t)} = 1 for each t.

Definition 3.3.6. A stochastic process X̃(t) is called a realization of X(t) if
there exists Ω0 such that P (Ω0) = 1 and for each ω ∈ Ω0, X̃(t, ω) = X(t, ω)
for all t.

Obviously, a realization is also a version, but not vice versa. But if the
time parameter set is countable, then these two concepts are equivalent.

Let X(t), 0 ≤ t ≤ 1, be a stochastic process. In general sup0≤t≤1 X(t)
does not define a random variable. For example, take the probability space
Ω = [0, 1] with the Lebesgue measure. Let S ⊂ [0, 1] be a nonmeasurable set
and define a stochastic process by

X(t, ω) =
{

1, if t ∈ S and ω = t;
0, otherwise.

Then the function sup0≤t≤1 X(t) is given by(
sup0≤t≤1X(t)

)
(ω) =

{
1, if ω ∈ S;
0, if ω /∈ S.

This shows that sup0≤t≤1 X(t) is not measurable. Hence it does not define a
random variable. In order to overcome the difficulty involving supremum and
infimum, we impose the condition of the separability of stochastic processes.

Definition 3.3.7. A stochastic process X(t, ω), 0 ≤ t ≤ 1, ω ∈ Ω, is called
separable if there exist Ω0 with P (Ω0) = 1 and a countable dense subset S of
[0, 1] such that for any closed set F ⊂ R and any open interval I ⊂ [0, 1], the
set difference{

ω ∈ Ω ; X(t, ω) ∈ F, ∀ t ∈ I ∩ S
}
\
{

ω ∈ Ω ; X(t, ω) ∈ F, ∀ t ∈ I
}

is a subset of the complement Ωc
0 of Ω0. The set S is called a separating set.

It turns out that a stochastic process always possesses a separable version.
Moreover, if a separable stochastic process X(t) is continuous in probability,
i.e., for each t and any ε > 0,

P{|X(t)−X(s)| ≥ ε} → 0, as s → t,

then any countable dense subset of [0, 1] can be taken as a separating set. For
details, see the book by Doob [9].

The next theorem gives a very simple sufficient condition for a separable
stochastic process to have a continuous realization.
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Theorem 3.3.8. (Kolmogorov’s continuity theorem) Let X(t), 0 ≤ t ≤ 1, be
a separable stochastic process. Assume that there exist constants α, β, K > 0
satisfying the inequality

E|X(t)−X(s)|α ≤ K|t− s|1+β , ∀ 0 ≤ t, s ≤ 1. (3.3.7)

Then X(t) has a continuous realization, namely, there exists Ω0 such that
P (Ω0) = 1 and for each ω ∈ Ω0, X(t, ω) is a continuous function of t.

Now, before we proceed to prove this theorem, we return to the stochastic
process Y (t) defined by Equation (3.3.6) with initial distribution ν = δ0. By
the above discussion we may assume that Y (t) is separable. Moreover, for any
0 ≤ s < t, Y (t)−Y (s) is normally distributed with mean 0 and variance t−s,
and so we have

E|Y (t)− Y (s)|4 = 3|t− s|2.
This shows that the stochastic process Y (t) satisfies the condition in Equation
(3.3.7). Hence by Kolmogorov’s continuity theorem, Y (t) satisfies condition
(4) in Definition 2.1.1. Therefore, Y (t) is a Brownian motion.

The rest of this section is devoted to the proof of Kolmogorov’s continuity
theorem. The proof is based on the book by Wong and Hajek [86].

By Equation (3.3.7) and the Chebyshev inequality,

P{|X(t)−X(s)| ≥ ε} ≤ 1
εα

E|X(t)−X(s)|α ≤ K

εα
|t− s|1+β → 0,

as s → t. Hence X(t) is continuous in probability. Thus we can take the
following set of dyadic rational numbers as a separating set:

D =
{

k

2n
; k = 0, 1, 2, . . . , 2n, n = 1, 2, . . .

}
. (3.3.8)

Hence there exists Ω1 with P{Ω1} = 1 such that for any h > 0 and all ω ∈ Ω1,

sup
0≤t,s≤1
|t−s|<h

|X(t, ω)−X(s, ω)| = sup
t,s∈D

|t−s|<h

|X(t, ω)−X(s, ω)|. (3.3.9)

Next, we prepare a key lemma.

Lemma 3.3.9. Let D be the set of numbers defined by Equation (3.3.8) and
let f be a function on [0, 1]. For each integer n ≥ 1, let

gn = sup
1≤k≤2n

∣∣∣f( k

2n

)
− f
(k − 1

2n

)∣∣∣.
Then for any integer m ≥ 0, the following inequality holds:

sup
t,s∈D

|t−s|<2−m

|f(t)− f(s)| ≤ 2
∞∑

n=m+1

gn. (3.3.10)
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Proof. Suppose t, s ∈ D and |t − s| < 2−m. Then there exists some integer
k ∈ {0, 1, 2, . . . , 2m} such that∣∣∣t− k

2m

∣∣∣ < 1
2m

,
∣∣∣s− k

2m

∣∣∣ < 1
2m

.

Therefore, there exists some integer j ≥ 1 such that

t =
k

2m
±

j∑
�=1

a�

2m+�
, a� = 0, 1.

This implies that

∣∣∣f(t)− f
( k

2m

)∣∣∣ ≤ m+j∑
n=m+1

gn ≤
∞∑

n=m+1

gn. (3.3.11)

Similarly, we have ∣∣∣f(s)− f
( k

2m

)∣∣∣ ≤ ∞∑
n=m+1

gn. (3.3.12)

Hence Equation (3.3.10) follows from Equations (3.3.11) and (3.3.12). ��
Now we proceed to prove Kolmogorov’s continuity theorem.

Step 1: Let c > 0. By the Chebyshev inequality

P{|X(t)−X(s)| ≥ c} ≤ 1
cα

E|X(t)−X(s)|α ≤ K

cα
|t− s|1+β .

Choose a constant γ such that 0 < γ < β/α. Let δ = β−αγ and put c = |t−s|γ
to get

P
{|X(t)−X(s)| ≥ |t− s|γ} ≤ K|t− s|1+δ. (3.3.13)

Step 2: Define a sequence of random variables by

Zn = sup
1≤k≤2n

∣∣∣X( k

2n

)
−X

(k − 1
2n

)∣∣∣.
Note that for any constant C ≥ 0,

{Zn ≥ C} =
2n⋃

k=1

{∣∣∣X( k

2n

)
−X

(k − 1
2n

)∣∣∣ ≥ C
}

.

Hence we have

P{Zn ≥ C} ≤
2n∑

k=1

P
{∣∣∣X( k

2n

)
−X

(k − 1
2n

)∣∣∣ ≥ C
}

.
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Take C = 2−nγ and then use Equation (3.3.13) to get

P{Zn ≥ 2−nγ} ≤
2n∑

k=1

K2−n(1+δ) = K2−nδ. (3.3.14)

Step 3: In this step we will show that
∑∞

n=1 Zn converges almost surely. The
above Equation (3.3.14) implies that

∞∑
n=1

P{Zn ≥ 2−nγ} < ∞.

Hence by the Borel–Cantelli lemma in Theorem 3.2.1, we have

P{Zn ≥ 2−nγ infinitely often} = 0,

or equivalently,

P{Zn ≥ 2−nγ finitely often} = 1.

Hence there exists Ω2 with P{Ω2} = 1 and for any ω ∈ Ω2 there is a positive
integer N(ω) such that

Zn(ω) < 2−nγ , ∀n ≥ N(ω).

It follows that
∑∞

n=1 Zn(ω) converges for all ω ∈ Ω2.

Step 4: For each ω ∈ Ω2 in Step 3, apply Lemma 3.3.9 to f(t) = X(t, ω) to
conclude that

sup
t,s∈D

|t−s|<2−m

|X(t, ω)−X(s, ω)| ≤ 2
∞∑

n=m+1

Zn(ω).

But
∑∞

n=m+1 Zn(ω) → 0 as m → ∞, since the series
∑∞

n=1 Zn(ω) converges
as shown in Step 3. Hence for each ω ∈ Ω2,

sup
t,s∈D

|t−s|<2−m

|X(t, ω)−X(s, ω)| −→ 0, as m →∞.

On the other hand, recall from Equation (3.3.9) with h = 2−m that for all
ω ∈ Ω1,

sup
0≤t,s≤1

|t−s|<2−m

|X(t, ω)−X(s, ω)| = sup
t,s∈D

|t−s|<2−m

|X(t, ω)−X(s, ω)|.

Finally, let Ω0 = Ω1 ∩Ω2. Then P{Ω0} = 1 and for any ω ∈ Ω0,

sup
0≤t,s≤1

|t−s|<2−m

|X(t, ω)−X(s, ω)| −→ 0, as m →∞,

which implies that the sample function X(t, ω) is uniformly continuous on
[0, 1]. This completes the proof of Kolmogorov’s continuity theorem. ��
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3.4 Lévy’s Interpolation Method

In [58] P. Lévy used the interpolation method to construct a Brownian motion.
Below we outline this method. For details, see the book by Hida [25].

Let {φn ; n ≥ 1} be a sequence of independent Gaussian random variables
with mean 0 and variance 1. Define a sequence {Xn(t) ; n ≥ 1} of stochastic
processes for t ∈ [0, 1] by interpolation as follows. For n = 1, define

X1(t) =

{
0, if t = 0;

φ1, if t = 1,

and interpolate X1(t) linearly for other values of t. From X1(t), define

X2(t) =

{
X1(t), if t = 0, 1;

X1(t) + 2−1 φ2, if t = 1/2,

and interpolate X2(t) linearly for other values of t. Note that X2(t) keeps the
values of X1(t) at t = 0, 1. At t = 1

2 , we use φ2 and X1(t) to define X2(t) in
order to get the correct variance 1

2 , i.e., the variance of a Brownian motion at
time 1

2 . We go one more step in order to see the situation more clearly. Define
X3(t) from X2(t) as follows:

X3(t) =

⎧⎪⎨⎪⎩
X2(t), if t = 0, 1/2, 1;

X2(t) + 2−3/2 φ3, if t = 1/4;

X2(t) + 2−3/2 φ4, if t = 3/4,

and interpolate X3(t) linearly for other values of t. Again note that X3(t)
keeps the values of X2(t) at t = 0, 1

2 , 1. At t = 1
4 and 3

4 , we use φ3 and φ4,
respectively, and X2(t) to define X3(t) in order to get the correct variances 1

4
and 3

4 of a Brownian motion at times 1
4 and 3

4 , respectively. The verification
of this fact is tedious, but straightforward.

Now we use induction to define Xn+1(t) from Xn(t) for n ≥ 1 by

Xn+1(t) =

⎧⎪⎨⎪⎩
Xn(t), if t =

k

2n
, k = 0, 2, . . . , 2n;

Xn(t) + 2− n+1
2 φ2n−1+ k+1

2
, if t =

k

2n
, k = 1, 3, . . . , 2n − 1,

and interpolate Xn+1(t) linearly for other values of t.
Recall the set D of dyadic rational numbers defined in Equation (3.3.8).

For each fixed t ∈ D, it follows from the definition of the Xn(t)’s that there
exists a number N = N(t, ω) such that Xn(t, ω) = XN (t, ω) for all n ≥ N .
Hence for each t ∈ D, the following limit exists:

lim
n→∞ Xn(t) = X(t), in L2(Ω).
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It can be easily verified from this limit and the definition of the Xn(t)’s that
X(t), t ∈ D, is a Gaussian process and for any s, t ∈ D,

E{X(t)} = 0,

E
{|X(t)−X(s)|2} = |t− s|. (3.4.1)

In particular, Equation (3.4.1) implies that the mapping X : D → L2(Ω) is
continuous. Thus we can extend X(t) by continuity to all t ∈ [0, 1], and then
for any t ∈ [0, 1], we have

X(t) = lim
n→∞ Xn(t), in L2(Ω).

The stochastic process X(t), t ∈ [0, 1], is a Gaussian process. Moreover, for
any s, t ∈ [0, 1],

E{X(t)} = 0, E{X(s)X(t)} = min{s, t}.
It follows from Remark 2.2.2 that X(t) has independent increments. By the
above construction X(0) = 0 almost surely and for 0 ≤ s < t, X(t)−X(s) is
normally distributed with mean 0 and variance t− s. Therefore, X(t) satisfies
conditions (1), (2), and (3) in Definition 2.1.1.

On the other hand, by Proposition 2.3 of the book by Hida [25], there
exists Ω0 ⊂ Ω with P (Ω0) = 1 and for each ω ∈ Ω0, the limit

lim
n→∞ Xn(t, ω) = X̃(t, ω)

exists and X̃(t, ω) is a continuous function of t. Observe that X̃(t) is a version
of X(t), i.e., for each t ∈ [0, 1],

X̃(t) = X(t), almost surely.

Therefore, the stochastic process X̃(t) satisfies conditions (1), (2), (3), and
(4) in Definition 2.1.1, namely, X̃(t) is a Brownian motion.

Exercises

1. Show that the collection R given in Section 3.1 is not a σ-field.
2. Let 0 ≤ t1 < · · · < tn and 0 ≤ tm1 < · · · < tmk

be related by the
inclusion {tm1 , . . . , tmk

} ⊂ {t1, . . . , tn}. Define a projection θ : R
n → R

k

by θ(x1, . . . , xn) = (xm1 , . . . , xmk
). Show that the family of probability

measures given by Equation (3.3.3) satisfies the consistency condition if
and only if the equality

µtm1 ,...,tmk
(A) = µt1,...,tn(θ−1A), A ∈ B(Rk),

holds for all such choices of 0 ≤ t1 < · · · < tn and 0 ≤ tm1 < · · · < tmk
.
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3. Prove that the family of probability measures given in Example 3.3.3
satisfies the consistency condition.

4. (Kolmogorov’s extension theorem for sequences of probability measures)
For each n ≥ 1, let µn be a probability measure on R

n. Assume that the
sequence {µn} satisfies the following consistency condition: for any n ≥ 1,

µn(A) = µn+1(A× R), A ∈ B(Rn).

Then there exists a unique probability measure P on R
∞ = R × R × · · ·

with the σ-field F generated by cylindrical sets such that for any n ≥ 1,

P{(ω1, ω2, . . .) ; (ω1, ω2, . . . , ωn) ∈ A} = µn(A), A ∈ B(Rn). (3.4.2)

For the proof, see the book by Itô [37]. Below are some examples.
(a) Let ν be the probability measure on R given by ν({0}) = ν({1}) = 1

2 .
For n ≥ 1, define µn = ν× ν×· · ·× ν (n factors). Show that the sequence
{µn}∞

n=1 satisfies the consistency condition in Equation (3.4.2). Let P be
the resulting probability measure on R

∞ from the above Kolmogorov’s
extension theorem. Consider the set

A =
{
(ω1, ω2, . . . , ωn, . . .) ; ωn = 0 for infinitely many n’s

}
.

Show that A ∈ F and find P (A).
(b) Let νn be the probability measure on R given by νn({0}) = 1/n2 and
νn({1}) = 1− 1/n2. For n ≥ 1, define µn = ν1 × ν2 × · · · × νn. Let P be
the resulting probability measure on R

∞. Find P (A) for the same set A
given in part (a).
(c) Let µn be the probability measure on R

n supported by the “diagonal
line” {(t, t, . . . , t) ; t ∈ R}. Assume that µn has normal distribution with
mean 0 and variance σ2

n. Suppose σ1 = 1. Find σn for n ≥ 2 such that the
sequence {µn}∞

n=1 satisfies the consistency condition in Equation (3.4.2).
Describe the resulting probability measure P on R

∞.
5. Consider the sequence {Xn(t) ; n ≥ 1} of stochastic processes defined

in Section 3.4. Let D be the set of dyadic rational numbers given by
Equation (3.3.8). Show that for each t ∈ D there exists N = N(t, ω) such
that Xn(t, ω) = XN (t, ω) for all n ≥ N . Moreover, check that XN (t) is a
Gaussian random variable with mean 0 and variance t.
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Stochastic Integrals

Let B(t, ω) be a Brownian motion. In this chapter we will study the very first
stochastic integral

∫ b

a
f(t, ω) dB(t, ω) defined by K. Itô in his 1944 paper [31].

The integrand f(t, ω) is a nonanticipating stochastic process with respect
to the filtration Ft = σ{B(s); s ≤ t} and

∫ b

a
E
(|f(t)|2) dt < ∞. The term

“nonanticipating” used by Itô is nowadays commonly called “adapted,” which
we have defined in Definition 2.5.1. When the integrand is a deterministic
function f(t), the Itô integral

∫ b

a
f(t) dB(t, ω) reduces to the Wiener integral

defined in Section 2.3.

4.1 Background and Motivation

Itô’s theory of stochastic integration was originally motivated as a direct
method to construct diffusion processes (a subclass of Markov processes) as
solutions of stochastic differential equations. It can also be motivated from
the viewpoint of martingales. Let B(t) be a Brownian motion. Suppose f(t)
is a deterministic function in L2[a, b]. We showed in Theorem 2.5.4 that the
stochastic process

Mt =
∫ t

a

f(s) dB(s), a ≤ t ≤ b,

is a martingale. Now we pose a natural question.

Question 4.1.1. How can one define a stochastic integral
∫ b

a
f(t, ω) dB(t, ω)

for a stochastic process f(t, ω) in such a way that the stochastic process

Mt =
∫ t

a

f(s, ω) dB(s, ω), a ≤ t ≤ b,

is a martingale?
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In order to get key ideas to answer this question, let us consider a simple
example with f(t) = B(t) so that the integral in question is

∫ b

a
B(t) dB(t).

From Equations (1.1.3) and (1.1.4), we have

Ln =
n∑

i=1

B(ti−1)
(
B(ti)−B(ti−1)

)
, (4.1.1)

Rn =
n∑

i=1

B(ti)
(
B(ti)−B(ti−1)

)
, (4.1.2)

where the evaluation points for Ln and Rn are the left endpoint ti−1 and right
endpoint ti of [ti−1, ti], respectively. As in Equation (1.1.5), we have

Rn − Ln =
n∑

i=1

(
B(ti)−B(ti−1)

)2
. (4.1.3)

Here the limit limn→∞(Rn −Ln), if it exists, is the quadratic variation of
the Brownian motion B(t). The next fundamental theorem shows that B(t)
fluctuates so much that its quadratic variation is nonzero.

Theorem 4.1.2. Let ∆n = {a = t0, t1, . . . , tn−1, tn = b} be a partition of a
finite interval [a, b]. Then

n∑
i=1

(
B(ti)−B(ti−1)

)2 −→ b− a (4.1.4)

in L2(Ω) as ‖∆n‖ = max1≤i≤n(ti − ti−1) tends to 0.

Remark 4.1.3. Recall two facts: (1) L2(Ω)-convergence implies convergence
in probability; (2) convergence in probability of a sequence implies almost sure
convergence of some subsequence. Hence there exists a subsequence {∆̃n} of
{∆n} such that the convergence in Equation (4.1.4) is almost sure convergence
as ‖∆̃n‖ tends to 0. In fact, almost sure convergence in Equation (4.1.4) is
guaranteed if the sequence {∆n} satisfies the condition:

∆1 ⊂ ∆2 ⊂ · · · ⊂ ∆n ⊂ · · · .
For the proof, see the book by Hida [25]. Almost sure convergence is also
guaranteed when {∆n} satisfies the condition

∑∞
n=1 ‖∆n‖2 < ∞.

Proof. Note that b− a =
∑n

i=1(ti − ti−1) and so let

Φn =
n∑

i=1

[(
B(ti)−B(ti−1)

)2 − (ti − ti−1)
]

=
n∑

i=1

Xi, (4.1.5)

where Xi =
(
B(ti)−B(ti−1)

)2 − (ti − ti−1). Then
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Φ2
n =

n∑
i,j=1

XiXj . (4.1.6)

For i �= j, we have E(XiXj) = 0 since B(t) has independent increments and
E(B(t)−B(s))2 = |t− s|. On the other hand, E

[(
B(t)−B(s)

)4] = 3(t− s)2

and so for i = j in Equation (4.1.6), we have

E(X2
i ) = E

{(
B(ti)−B(ti−1)

)4 − 2(ti − ti−1)
(
B(ti)−B(ti−1)

)2
+(ti − ti−1)2

}
= 3(ti − ti−1)2 − 2(ti − ti−1)2 + (ti − ti−1)2

= 2(ti − ti−1)2. (4.1.7)

Therefore, from Equation (4.1.6), we get

EΦ2
n =

n∑
i=1

2(ti − ti−1)2 ≤ 2‖∆n‖
n∑

i=1

(ti − ti−1)

= 2(b− a)‖∆n‖ → 0, as ‖∆n‖ → 0.

This shows that Φn converges to 0 in L2(Ω). Hence from Equation (4.1.5), we
see that Equation (4.1.4) holds. ��

Now apply Theorem 4.1.2 to Equation (4.1.3) to conclude that

lim
‖∆n‖→0

(Rn − Ln) = b− a, in L2(Ω).

Hence lim‖∆n‖→0 Rn �= lim‖∆n‖→0 Ln. But what are these limits? In order to
find out the answer, note that

Rn + Ln =
n∑

i=1

(
B(ti) + B(ti−1)

)(
B(ti)−B(ti−1)

)
=

n∑
i=1

(
B(ti)2 −B(ti−1)2

)
= B(tn)2 −B(t0)2

= B(b)2 −B(a)2. (4.1.8)

Obviously, it follows from Equations (4.1.3) and (4.1.8) that

Rn =
1
2

(
B(b)2 −B(a)2 +

n∑
i=1

(
B(ti)−B(ti−1)

)2)
,

Ln =
1
2

(
B(b)2 −B(a)2 −

n∑
i=1

(
B(ti)−B(ti−1)

)2)
.
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We can use Theorem 4.1.2 to take the L2(Ω) limits of Rn and Ln to get

lim
‖∆n‖→0

Rn =
1
2
(
B(b)2 −B(a)2 + (b− a)

)
, (4.1.9)

lim
‖∆n‖→0

Ln =
1
2
(
B(b)2 −B(a)2 − (b− a)

)
. (4.1.10)

Question 4.1.4. Which one of Equations (4.1.9) and (4.1.10) should we take to
be the integral

∫ b

a
B(t) dB(t)? Namely, which endpoint (left or right) should

we use for the evaluation of the integrand?

To answer this question, let us take a = 0 and b = t in Equations (4.1.9)
and (4.1.10) to define the stochastic processes

R(t) =
1
2
(
B(t)2 + t

)
, L(t) =

1
2
(
B(t)2 − t

)
.

Note that ER(t) = t. Hence R(t) is not a martingale, since EM(t) must be
a constant for any martingale M(t). On the other hand, L(t) is a martingale.
This can be verified as follows. Let Ft = σ{B(s); s ≤ t}. Then for any s ≤ t,

E
(
L(t)|Fs

)
=

1
2
E
(
B(t)2|Fs

)− 1
2
t. (4.1.11)

Recall that the conditional expectation (see Section 2.6) has the following
properties:

(a) If X and F are independent, then E(X|F) = EX.
(b) If X is F-measurable, then E(XY |F) = XE(Y |F), in particular, we have

E(X|F) = X.

Since B(t) − B(s) and B(u) are independent for all u ≤ s, it follows that
B(t)−B(s) and Fs are independent. Therefore,

E
(
B(t)2|Fs

)
= E

(
(B(t)−B(s) + B(s))2|Fs

)
= E

(
(B(t)−B(s))2 + 2B(s)(B(t)−B(s)) + B(s)2|Fs

)
= E(B(t)−B(s))2 + 2B(s)E(B(t)−B(s)) + B(s)2

= t− s + B(s)2.

Thus E(B(t)2|Fs) = t − s + B(s)2, which we can put into Equation (4.1.11)
to get

E
(
L(t)|Fs

)
= L(s), ∀ s ≤ t.

This shows that L(t) is a martingale. From this simple example we can draw
the following crucial conclusion:

If we want to have the martingale property for this yet to be defined
stochastic integral

∫ t

a
f(s) dB(s), we should take the left endpoint of each

subinterval as the evaluation point.
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Furthermore, consider another simple example:

X(t) =
∫ t

0
B(1) dB(s), 0 ≤ t ≤ 1.

Intuitively, we would expect that X(t) = B(1)B(t). But the stochastic process
X(t) is not a martingale since E[B(1)B(t)] = min{1, t} = t, which is not a
constant. Thus the integral

∫ t

0 B(1) dB(s) is not what we expect to define if we
want to obtain martingale processes. The reason for such a simple integral to
be undefined (when we want to obtain martingales) is because the integrand
B(1) is not adapted to the filtration σ{B(s); s ≤ t}, 0 ≤ t ≤ 1. So here is an
important requirement for the integrand:

If we want to have the martingale property for this yet to be defined
stochastic integral

∫ t

a
f(s) dB(s), we need to assume that the integrand is

adapted to a filtration {Ft}.
In general we will allow {Ft} to be a larger filtration than the one given

by a Brownian motion, i.e., Ft ⊃ σ{B(s); s ≤ t} for all t; see the next section.

4.2 Filtrations for a Brownian Motion

As pointed out in the previous section, the yet to be defined stochastic integral∫ b

a
f(t) dB(t) should have the property that when the upper limit b is replaced

by t, the resulting stochastic process Xt =
∫ t

a
f(s) dB(s), a ≤ t ≤ b, is a

martingale with respect to the filtration FB
t = σ{B(s); s ≤ t}.

Recall that B(t) has independent increments. This property implies that
B(t) is a martingale with respect to the filtration {FB

t }. In fact, the property
of independent increments is related to the independence of increments with
respect to a filtration {Ft; t ≥ 0} as shown in the next proposition.

Proposition 4.2.1. If W (t), t ≥ 0, is an {Ft}-adapted stochastic process such
that W (t) − W (s) is independent of Fs for any s ≤ t, then the stochastic
process W (t) has independent increments.

Proof. Let 0 ≤ t1 < t2 < · · · < tn. For any real numbers λk, 1 ≤ k ≤ n, we
use the assumption and the first three properties of conditional expectation
in Section 2.4 to show that

Eei
∑n

k=1
λk(W (tk)−W (tk−1))

= E
{
E
[
ei
∑n

k=1
λk(W (tk)−W (tk−1))

∣∣Ftn−1

]}
= E

{
ei
∑n−1

k=1
λk(W (tk)−W (tk−1)) E

[
eiλn(W (tn)−W (tn−1))

∣∣Ftn−1

]}
= Eeiλn(W (tn)−W (tn−1)) Eei

∑n−1

k=1
λk(W (tk)−W (tk−1)),
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where t0 = 0 by convention. Then repeat the above arguments inductively to
conclude that the equality

Eei
∑n

k=1
λk(W (tk)−W (tk−1)) =

n∏
k=1

Eeiλk(W (tk)−W (tk−1)) (4.2.1)

holds for all real numbers λk, 1 ≤ k ≤ n. It is well known (e.g., see Theorem
6.6.1 in [5]) that Equation (4.2.1) holds if and only if the random variables
W (tk) −W (tk−1), 1 ≤ k ≤ n, are independent. Hence the stochastic process
W (t) has independent increments. ��

Now suppose B(t) is a stochastic process satisfying conditions (1), (2),
and (4) of a Brownian motion in Definition 2.1.1. Moreover, suppose there is
a filtration {Ft; t ≥ 0} such that B(t) satisfies the assumption in Proposition
4.2.1, namely, B(t) is {Ft}-adapted and B(t) − B(s) is independent of Fs

for any s ≤ t. Then by Proposition 4.2.1 the stochastic process B(t) has
independent increments, i.e., it satisfies condition (3) of a Brownian motion in
Definition 2.1.1. Therefore, B(t) is a Brownian motion according to Definition
2.1.1. Hence we may say that B(t) is a Brownian motion with respect to a
filtration {Ft; t ≥ 0} if it satisfies conditions (1), (2), and (4) in Definition
2.1.1 and the assumption in Proposition 4.2.1 with respect to {Ft; t ≥ 0}.

Suppose B(t) is a Brownian motion with respect to a filtration {Ft; t ≥ 0}.
Let {Gt; t ≥ 0} be another filtration such that Ft ⊂ Gt for all t ≥ 0. In general,
it is not true that B(t) is still a Brownian motion with respect to {Gt; t ≥ 0},
as shown in the next example.

Example 4.2.2. Let B(t) be a Brownian motion. Then it is a Brownian motion
with respect to the filtration FB

t = σ{B(s); s ≤ t}. Consider the filtration
{Gt; t ≥ 0} given by

Gt = the σ-field generated by B(1) and FB
t , t ≥ 0.

Then B(t) is not a Brownian motion with respect to the filtration {Gt; t ≥ 0}.
To see this fact, simply note that for any 0 < t < 1,

E
[
B(1)

∣∣Gt

]
= B(1) �= B(t).

Hence B(t) is not a martingale with respect to {Gt; t ≥ 0}. It follows that
B(t) is not a Brownian motion with respect to {Gt; t ≥ 0}.

On the other hand, suppose a filtration {Ht; t ≥ 0} is independent of
{FB

t ; t ≥ 0}, i.e., Ht and FB
s are independent for all t and s. Define

Ft = the σ-field generated by Ht and FB
t , t ≥ 0.

It is obvious that B(t) satisfies the assumption in Proposition 4.2.1. Hence
B(t) is still a Brownian motion with respect to the filtration {Ft; t ≥ 0},
which is a larger filtration than {FB

t ; t ≥ 0}.
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In fact, there is another reason why we need to consider a filtration with
respect to which B(t) is a Brownian motion. We want to allow the integrand
f(t) in the yet to be defined stochastic integral

∫ b

a
f(t) dB(t) to be from a large

class of stochastic processes. In particular, the integrand f(t) is not required
to be adapted with respect to the filtration {FB

t ; t ≥ 0}. This will be discussed
in the next section.

4.3 Stochastic Integrals

Being motivated by the discussion in the previous section, we will from now
on fix a Brownian motion B(t) and a filtration {Ft; a ≤ t ≤ b} satisfying the
following conditions:

(a) For each t, B(t) is Ft-measurable;
(b) For any s ≤ t, the random variable B(t)−B(s) is independent of the

σ-field Fs.

Notation 4.3.1. For convenience, we will use L2
ad([a, b] × Ω) to denote the

space of all stochastic processes f(t, ω), a ≤ t ≤ b, ω ∈ Ω, satisfying the
following conditions:

(1) f(t, ω) is adapted to the filtration {Ft};
(2)
∫ b

a
E
(|f(t)|2) dt < ∞.

In this section we will use Itô’s original ideas in his paper [31] to define
the stochastic integral ∫ b

a

f(t) dB(t) (4.3.1)

for f ∈ L2
ad([a, b] × Ω). For clarity, we divide the discussion into three steps.

In Step 1 we define the stochastic integral for step stochastic processes in
L2

ad([a, b]×Ω). In Step 2 we prove a crucial approximation lemma. In Step 3 we
define the stochastic integral for general stochastic processes in L2

ad([a, b]×Ω).

Step 1. f is a step stochastic process in L2
ad([a, b]×Ω).

Suppose f is a step stochastic process1 given by

f(t, ω) =
n∑

i=1

ξi−1(ω) 1[ti−1,ti)(t),

1 In [31], K. Itô used f(t, ω) =
∑n

i=1
ξi−1(ω) 1(ti−1,ti](t). This makes no difference

for a stochastic integral with respect to the integrator dB(t). However, we will
see in Chapter 6 that the left continuity of an integrand must be assumed when
the integrator is a certain martingale. For notational consistence, here we also
use the left continuity of an integrand.
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where ξi−1 is Fti−1-measurable and E(ξ2
i−1) < ∞. In this case we define

I(f) =
n∑

i=1

ξi−1
(
B(ti)−B(ti−1)

)
. (4.3.2)

Obviously, I(af + bg) = aI(f) + bI(g) for any a, b ∈ R and any such step
stochastic processes f and g. Moreover, we have the next lemma.

Lemma 4.3.2. Let I(f) be defined by Equation (4.3.2). Then EI(f) = 0 and

E
(|I(f)|2) =

∫ b

a

E
(|f(t)|2) dt. (4.3.3)

Proof. For each 1 ≤ i ≤ n in Equation (4.3.2),

E
{
ξi−1

(
B(ti)−B(ti−1)

)}
= E

{
E
[
ξi−1

(
B(ti)−B(ti−1)

) ∣∣Fti−1

]}
= E

{
ξi−1E

[
B(ti)−B(ti−1)

∣∣Fti−1

]}
= E

{
ξi−1E

(
B(ti)−B(ti−1)

)}
= 0.

Hence EI(f) = 0. Moreover, we have

|I(f)|2 =
n∑

i,j=1

ξi−1ξj−1
(
B(ti)−B(ti−1)

)(
B(tj)−B(tj−1)

)
.

Note that for i �= j, say i < j,

E
{
ξi−1ξj−1

(
B(ti)−B(ti−1)

)(
B(tj)−B(tj−1)

)}
= E

{
E
[ · · · · · · ∣∣Ftj−1

]}
= E

{
ξi−1ξj−1

(
B(ti)−B(ti−1)

)
E
[
B(tj)−B(tj−1)

∣∣Ftj−1

]}
= 0, (4.3.4)

since E
[
B(tj)−B(tj−1)

∣∣Ftj−1

]
= E

(
B(tj)−B(tj−1)

)
= 0 as before. On the

other hand, for i = j we have

E
{
ξ2
i−1
(
B(ti)−B(ti−1)

)2} = E
{
E
[ · · · · · · ∣∣Fti−1

]}
= E

{
ξ2
i−1E

[(
B(ti)−B(ti−1)

)2]}
= E

{
ξ2
i−1(ti − ti−1)

}
= (ti − ti−1)E

(
ξ2
i−1
)
. (4.3.5)

Equation (4.3.3) follows from Equations (4.3.4) and (4.3.5). ��
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Step 2. An approximation lemma.

We need to prove an approximation lemma in this step in order to be able
to define the stochastic integral

∫ b

a
f(t) dB(t) for general stochastic processes

f ∈ L2
ad([a, b]×Ω).

Lemma 4.3.3. Suppose f ∈ L2
ad([a, b] × Ω). Then there exists a sequence

{fn(t) ; n ≥ 1} of step stochastic processes in L2
ad([a, b]×Ω) such that

lim
n→∞

∫ b

a

E
{|f(t)− fn(t)|2} dt = 0. (4.3.6)

Proof. We divide the proof into special cases and the general case.

Case 1: E
(
f(t)f(s)

)
is a continuous function of (t, s) ∈ [a, b]2.

In this case, let ∆n = {t0, t1, . . . , tn−1, tn} be a partition of [a, b] and define
a stochastic process fn(t, ω) by

fn(t, ω) = f(ti−1, ω), ti−1 < t ≤ ti. (4.3.7)

Then {fn(t, ω)} is a sequence of adapted step stochastic processes. By the
continuity of E

(
f(t)f(s)

)
on [a, b]2 we have

lim
s→t

E
{|f(t)− f(s)|2} = 0,

which implies that for each t ∈ [a, b],

lim
n→∞ E

{|f(t)− fn(t)|2} = 0. (4.3.8)

Moreover, use the inequality |α− β|2 ≤ 2(|α|2 + |β|2) to get

|f(t)− fn(t)|2 ≤ 2
(|f(t)|2 + |fn(t)|2).

Hence for all a ≤ t ≤ b,

E
{|f(t)− fn(t)|2} ≤ 2

(
E
{|f(t)|2}+ E

{|fn(t)|2})
≤ 4 sup

a≤s≤b
E
{|f(s)|2}. (4.3.9)

Therefore, from Equations (4.3.8) and (4.3.9), we can apply the Lebesgue
dominated convergence theorem to conclude that

lim
n→∞

∫ b

a

E
{|f(t)− fn(t)|2} dt = 0.

Case 2: f is bounded.

In this case, define a stochastic process gn by

gn(t, ω) =
∫ n(t−a)

0
e−τf(t− n−1τ, ω) dτ.

Note that gn is adapted to Ft and
∫ b

a
E
(|gn(t)|2) dt < ∞.
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◦ Claim (a): For each n, E
(
gn(t)gn(s)

)
is a continuous function of (t, s).

To prove this claim, let u = t− n−1τ to rewrite gn(t, ω) as

gn(t, ω) =
∫ t

a

ne−n(t−u)f(u, ω) du,

which can be used to verify that

lim
t→s

E
(|gn(t)− gn(s)|2) = 0,

and the claim follows.

◦ Claim (b):
∫ b

a
E
(|f(t)− gn(t)|2) dt → 0 as n →∞.

To prove this claim, note that

f(t)− gn(t) =
∫ ∞

0
e−τ
(
f(t)− f(t− n−1τ)

)
dτ,

where f(t) is understood to be zero for t < a. Since e−τ dτ is a probability
measure on [0,∞), we can apply the Schwarz inequality to get

|f(t)− gn(t)|2 ≤
∫ ∞

0
|f(t)− f(t− n−1τ)|2e−τ dτ.

Therefore, ∫ b

a

E
(|f(t)− gn(t)|2) dt

≤
∫ b

a

∫ ∞

0
e−τE

(|f(t)− f(t− n−1τ)|2) dτdt

=
∫ ∞

0
e−τ

(∫ b

a

E
(∣∣f(t)− f(t− n−1τ)

∣∣2) dt

)
dτ

=
∫ ∞

0
e−τE

(∫ b

a

∣∣f(t)− f(t− n−1τ)
∣∣2 dt

)
dτ. (4.3.10)

Since f is assumed to be bounded, we have∫ b

a

|f(t, ·)− f(t− n−1τ, ·)|2 dt → 0, almost surely, (4.3.11)

as n →∞. Then claim (b) follows from Equations (4.3.10) and (4.3.11).
Now, by claim (a) we can apply case 1 to gn for each n to pick up an

adapted step stochastic process fn(t, ω) such that∫ b

a

E
(|gn(t)− fn(t)|2) dt ≤ 1

n
. (4.3.12)
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Hence by claim (b) and Equation (4.3.12) we have

lim
n→∞

∫ b

a

E
{|f(t)− fn(t)|2} dt = 0,

which completes the proof for the second case.

Case 3: The general case for f ∈ L2
ad([a, b]×Ω).

Let f ∈ L2
ad([a, b]×Ω). For each n, define

gn(t, ω) =

{
f(t, ω), if |f(t, ω)| ≤ n;

0, if |f(t, ω)| > n.

Then by the Lebesgue dominated convergence theorem,∫ b

a

E
(|f(t)− gn(t)|2) dt → 0, as n →∞. (4.3.13)

Now, for each n we apply case 2 to gn to pick up an adapted step stochastic
process fn(t, ω) such that∫ b

a

E
(|gn(t)− fn(t)|2) dt ≤ 1

n
. (4.3.14)

Hence Equation (4.3.6) follows from Equations (4.3.13) and (4.3.14), and we
have completed the proof of the lemma. ��

Step 3. Stochastic integral
∫ b

a
f(t) dB(t) for f ∈ L2

ad([a, b]×Ω).

Now we can use what we proved in Steps 1 and 2 to define the stochastic
integral ∫ b

a

f(t) dB(t), f ∈ L2
ad([a, b]×Ω).

Apply Lemma 4.3.3 to get a sequence {fn(t, ω) ; n ≥ 1} of adapted step
stochastic processes such that Equation (4.3.6) holds. For each n, I(fn) is
defined by Step 1. By Lemma 4.3.2 we have

E
(|I(fn)− I(fm)|2) =

∫ b

a

E
(|fn(t)− fm(t)|2) dt

→ 0, as n, m →∞.

Hence the sequence {I(fn)} is a Cauchy sequence in L2(Ω). Define

I(f) = lim
n→∞ I(fn), in L2(Ω). (4.3.15)

We can use arguments similar to those in Section 2.3 for the Wiener integral
to show that the above I(f) is well-defined.
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Definition 4.3.4. The limit I(f) defined in Equation (4.3.15) is called the
Itô integral of f and is denoted by

∫ b

a
f(t) dB(t).

Thus the Itô integral I(f) is defined for f ∈ L2
ad([a, b]×Ω) and the mapping

I is linear, namely, for any a, b ∈ R and f, g ∈ L2
ad([a, b]×Ω),

I(af + bg) = aI(f) + bI(g).

From the discussion in Step 2 we clearly see that Lemma 4.3.2 remains
valid for f ∈ L2

ad([a, b]×Ω). We state this fact as the next theorem.

Theorem 4.3.5. Suppose f ∈ L2
ad([a, b] × Ω). Then the Itô integral I(f) =∫ b

a
f(t) dB(t) is a random variable with E{I(f)} = 0 and

E
(|I(f)|2) =

∫ b

a

E
(|f(t)|2) dt. (4.3.16)

By this theorem, the Itô integral I : L2
ad([a, b]×Ω) → L2(Ω) is an isometry.

Since I is also linear, we have the following corollary.

Corollary 4.3.6. For any f, g ∈ L2
ad([a, b]×Ω), the following equality holds:

E

(∫ b

a

f(t) dB(t)
∫ b

a

g(t) dB(t)
)

=
∫ b

a

E
(
f(t)g(t)

)
dt.

4.4 Simple Examples of Stochastic Integrals

Example 4.4.1.
∫ b

a
B(t) dB(t) = 1

2

{
B(b)2 −B(a)2 − (b− a)

}
.

In Section 4.1 we tried to define the integral
∫ b

a
B(t) dB(t). When we use

the left endpoint of each subinterval in a partition of [a, b] to evaluate the
integrand, we get the sum Ln in Equation (4.1.1). If we take as the integral
the limit of Ln as n →∞, then from Equation (4.1.10) we have∫ b

a

B(t) dB(t) =
1
2
{
B(b)2 −B(a)2 − (b− a)

}
. (4.4.1)

Is this value equal to the integral
∫ b

a
B(t) dB(t) as defined in Section 4.3?

First note that E
(
B(t)B(s)

)
= min{t, s}, which is a continuous function of t

and s. Hence we can apply Case 1 in the proof of Lemma 4.3.3 to the integrand
f(t) = B(t), namely, for a partition ∆n = {t0, t1, . . . , tn−1, tn} of [a, b], define
a stochastic process fn(t, ω) by

fn(t, ω) = B(ti−1, ω), ti−1 < t ≤ ti.

Then by Step 2 of defining the stochastic integral we see that the stochastic
integral

∫ b

a
B(t) dB(t) as defined in Section 4.3 is given by
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a

B(t) dB(t) = lim
n→∞ I(fn), in L2(Ω).

Now, by Equation (4.3.2) in Step 1 of defining the stochastic integral, I(fn)
is given by

I(fn) =
n∑

i=1

B(ti−1)
(
B(ti)−B(ti−1)

)
,

which is Ln in Equation (4.1.1). Thus the stochastic integral
∫ b

a
B(t) dB(t) as

defined in Section 4.3 has the same value as the one in Equation (4.4.1).

Example 4.4.2. We use the same idea as in Example 4.4.1 to show that∫ b

a

B(t)2 dB(t) =
1
3
(
B(b)3 −B(a)3

)− ∫ b

a

B(t) dt, (4.4.2)

where the integral in the right-hand side is the Riemann integral of B(t, ω)
for almost all ω in Ω. Note that

E[B(t)2B(s)2]

= E[
(
(B(t)−B(s)) + B(s)

)2
B(s)2]

= E[{(B(t)−B(s)
)2 + 2B(s)

(
B(t)−B(s)

)
+ B(s)2}B(s)2]

= (t− s)s + 3s2

= ts + 2s2,

which shows that E[B(t)2B(s)2] is a continuous function of t and s. Hence we
can apply Case 1 in the proof of Lemma 4.3.3 to the integrand f(t) = B(t)2.
For a partition ∆n = {t0, t1, . . . , tn−1, tn} of [a, b], define a stochastic process
fn(t, ω) by

fn(t, ω) = B(ti−1, ω), ti−1 < t ≤ ti.

Then the stochastic integral
∫ b

a
B(t)2 dB(t) is given by∫ b

a

B(t)2 dB(t) = lim
n→∞

n∑
i=1

B(ti−1)2
(
B(ti)−B(ti−1)

)
, (4.4.3)

where the series converges in L2(Ω). It can be directly checked that

3
n∑

i=1

B(ti−1)2
(
B(ti)−B(ti−1)

)
= B(b)3 −B(a)3 −

n∑
i=1

(
B(ti)−B(ti−1)

)3
− 3

n∑
i=1

B(ti−1)
(
B(ti)−B(ti−1)

)2
. (4.4.4)
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To take care of the first summation in the right-hand side of this equation,
we use routine arguments and the fact that E|B(t) − B(s)|6 = 15|t − s|3 to
show that

E

∣∣∣∣ n∑
i=1

(
B(ti)−B(ti−1)

)3∣∣∣∣2 = 15
n∑

i=1

(ti − ti−1)3

≤ 15‖∆n‖2(b− a) → 0. (4.4.5)

On the other hand, for the second summation in Equation (4.4.4), we can
modify the arguments in the proof of Theorem 4.1.2 by the same idea of
taking expectation by conditioning as in the proof of Lemma 4.3.2 to derive
the inequality

E

∣∣∣∣ n∑
i=1

B(ti−1)
(
B(ti)−B(ti−1)

)2 − n∑
i=1

B(ti−1)(ti − ti−1)
∣∣∣∣2

=
n∑

i=1

2ti−1(ti − ti−1)2 ≤ 2b(b− a)‖∆n‖ → 0. (4.4.6)

Equation (4.4.5) means that the first summation in the right-hand side of
Equation (4.4.4) converges to 0 in L2(Ω), while Equation (4.4.6) means that
the second summation in the right-hand side of Equation (4.4.4) converges to∫ b

a
B(t) dt. Therefore, we conclude from Equations (4.4.3) and (4.4.4) that the

equality in Equation (4.4.2) holds.

Example 4.4.3. Put a = 0 and b = t in Equation (4.4.2). Then we have a
stochastic process

Xt =
∫ t

0
B(u)2 dB(u) =

1
3
B(t)3 −

∫ t

0
B(u) du, t ≥ 0.

It will follow from Theorem 4.6.1 in the next section that the stochastic
process Xt is a martingale. However, this fact can also be directly checked as
follows. Let 0 ≤ s ≤ t. First write B(t)3 as

(B(t)−B(s))3 + 3(B(t)−B(s))2B(s) + 3(B(t)−B(s))B(s)2 + B(s)3

and then take conditional expectation to get

E[B(t)3 | Fs] = 3(t− s)B(s) + B(s)3. (4.4.7)

Moreover, we have

E

[ ∫ t

0
B(u) du

∣∣∣Fs

]
=
∫ s

0
B(u) du +

∫ t

s

E[B(u) | Fs] du

=
∫ s

0
B(u) du + B(s)(t− s). (4.4.8)

It follows from Equations (4.4.7) and (4.4.8) that E[Xt | Fs] = Xs. Hence Xt

is a martingale.
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4.5 Doob Submartingale Inequality

In this section we explain the Doob submartingale inequality, which will be
needed for the proof of Theorem 4.6.2 in the next section.

Let Xt, a ≤ t ≤ b, be a martingale and ϕ a convex function such that
ϕ(Xt) is integrable for each t ∈ [a, b]. Then ϕ(Xt) is a submartingale by the
conditional Jensen’s inequality. For example, with the function ϕ(x) = |x|, we
get a submartingale |Xt|.

A stochastic process Y (t), a ≤ t ≤ b, is called right continuous if almost
all sample paths are right continuous functions on [a, b].

Theorem 4.5.1. (Doob submartingale inequality) Let Y (t), a ≤ t ≤ b, be a
right continuous submartingale. Then for any ε > 0,

P
{

sup
a≤t≤b

Y (t) ≥ ε
}
≤ 1

ε
E
[
Y (b)+

]
, (4.5.1)

where Y (b)+ is the positive part of Y (b), namely, Y (b)+ = max{Y (b), 0}. In
particular, if Xt is a right continuous martingale, then for any ε > 0,

P
{

sup
a≤t≤b

|Xt| ≥ ε
}
≤ 1

ε
E|Xb|. (4.5.2)

Proof. We adopt the proof from the book by Hida and Hitsuda [26]. Let
Q = {r1, r2, . . .} be an enumeration of all rational numbers in [a, b]. Then by
the right continuity of Y (t) we have

sup
a≤t≤b

Y (t) = sup
r∈Q

Y (r), almost surely. (4.5.3)

For each k, arrange the numbers in the set {r1, r2, . . . , rk} in increasing order
{r(k)

1 < r
(k)
2 < · · · < r

(k)
k }. Then for any ε > 0,

{
sup
r∈Q

Y (r) ≥ ε
}

=
∞⋂

n=1

∞⋃
k=1

{
max

1≤ν≤k
Y (r(k)

ν ) ≥ ε− 1
n

}
. (4.5.4)

It follows from Equations (4.5.3) and (4.5.4) that

P
{

sup
a≤t≤b

Y (t) ≥ ε
}

= P
{

sup
r∈Q

Y (r) ≥ ε
}

= lim
n→∞ lim

k→∞
P
{

max
1≤ν≤k

Y (r(k)
ν ) ≥ ε− 1

n

}
. (4.5.5)

Now, note that Y (r(k)
1 ), Y (r(k)

2 ), . . . , Y (r(k)
k ) is a discrete submartingale.

Hence by the discrete Doob submartingale inequality (see page 330 in the
book [5]),



52 4 Stochastic Integrals

P
{

max
1≤ν≤k

Y (r(k)
ν ) ≥ ε− 1

n

}
≤ 1

ε− 1
n

E
[
Y (r(k)

k )+
]
. (4.5.6)

On the other hand, observe that Y (r(k)
1 )+, Y (r(k)

2 )+, . . . , Y (r(k)
k )+, Y (b)+ is

a submartingale. Hence

E
[
Y (b)+

∣∣∣Fr
(k)
k

]
≥ Y (r(k)

k )+, almost surely,

which, upon taking expectation, yields

E
[
Y (r(k)

k )+
] ≤ E

[
Y (b)+

]
. (4.5.7)

After putting Equations (4.5.5), (4.5.6), and (4.5.7) together, we immediately
obtain Equation (4.5.1). ��
Example 4.5.2. Let (C, µ) be the Wiener space in Section 3.1. The Brownian
motion B(t, ω) = ω(t), 0 ≤ t ≤ 1, ω ∈ C, is a martingale. Apply the Doob
submartingale inequality to Xt = B(t) to get

P
{

sup
0≤t≤1

|B(t)| ≥ ε
}
≤ 1

ε
E|B(1)|.

Rewrite the left-hand side in terms of the Wiener measure µ as

P
{

sup
0≤t≤1

|B(t)| ≥ ε
}

= µ
{

sup
0≤t≤1

|ω(t)| ≥ ε
}

= µ
{

ω ∈ C ; ‖ω‖∞ ≥ ε
}

.

On the other hand, since B(1) is a standard normal random variable,

E|B(1)| =
∫

R

|x| 1√
2π

e−x2/2 dx =

√
2
π

.

Therefore, we get the inequality

µ
{

ω ∈ C ; ‖ω‖∞ ≥ ε
}
≤ 1

ε

√
2
π

,

which gives an estimate for the Wiener measure of the set outside the ball
with center at 0 and radius ε.

4.6 Stochastic Processes Defined by Itô Integrals

Recall that in the beginning of Section 4.3 we fixed a Brownian motion B(t)
and a filtration {Ft; a ≤ t ≤ b} satisfying conditions (a) and (b). Take a
stochastic process f ∈ L2

ad([a, b]×Ω). Then for any t ∈ [a, b],
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a

E
(|f(s)|2) ds ≤

∫ b

a

E
(|f(s)|2) ds < ∞.

Hence f ∈ L2
ad([a, t]×Ω). This implies that for each t ∈ [a, b], the stochastic

integral
∫ t

a
f(s) dB(s) is defined. Consider a stochastic process given by

Xt =
∫ t

a

f(s) dB(s), a ≤ t ≤ b.

Note that by Theorem 4.3.5 we have

E
(|Xt|2

)
=
∫ t

a

E
(|f(s)|2) ds < ∞

and so E|Xt| ≤ [E(|Xt|2)]1/2 < ∞. Hence for each t, the random variable
Xt is integrable and so we can take the conditional expectation of Xt with
respect to a σ-field, in particular, Fs of the above filtration.

In Section 4.1 we mentioned that the Itô integral
∫ b

a
f(t) dB(t) is defined

in such a way that the stochastic process Xt =
∫ t

a
f(s) dB(s), a ≤ t ≤ b, is a

martingale. For example, we have shown directly that the stochastic processes
L(t) =

∫ t

0 B(s) dB(s), t ≥ 0, in Section 4.1 and Xt =
∫ t

0 B(s)2 dB(s), t ≥ 0,
in Section 4.4 are martingales. The next theorem confirms that this property
is true in general.

Theorem 4.6.1. (Martingale property) Suppose f ∈ L2
ad([a, b] × Ω). Then

the stochastic process

Xt =
∫ t

a

f(s) dB(s), a ≤ t ≤ b, (4.6.1)

is a martingale with respect to the filtration {Ft; a ≤ t ≤ b}.
Proof. First consider the case that f is a step stochastic process. We need to
show that for any a ≤ s < t ≤ b,

E(Xt | Fs) = Xs, almost surely.

But Xt = Xs +
∫ t

s
f(u) dB(u). Hence we need to show that

E
(∫ t

s

f(u) dB(u)
∣∣∣Fs

)
= 0, almost surely. (4.6.2)

Suppose f is given by

f(u, ω) =
n∑

i=1

ξi−1(ω)1(ti−1,ti](u),
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where s = t0 < t1 < · · · < tn = t, and ξi−1 is Fti−1-measurable and belongs
to L2(Ω). Then ∫ t

s

f(u) dB(u) =
n∑

i=1

ξi−1
(
B(ti)−B(ti−1)

)
.

For any i = 1, 2, . . . , n, we have

E
[
ξi−1

(
B(ti)−B(ti−1)

) ∣∣Fs

]
= E

[
E
{
ξi−1

(
B(ti)−B(ti−1)

) ∣∣Fti−1

} ∣∣Fs

]
= E

[
ξi−1E

{
B(ti)−B(ti−1)

∣∣Fti−1

} ∣∣Fs

]
= 0,

since E
{
B(ti)−B(ti−1)

∣∣Fti−1

}
= 0. Hence Equation (4.6.2) holds.

Now we consider the general case. Let f ∈ L2
ad([a, b]×Ω). Take a sequence

{fn} of step stochastic processes in L2
ad([a, b]×Ω) such that

lim
n→∞

∫ b

a

E
(|f(u)− fn(u)|2) du = 0.

For each n, define a stochastic process

X
(n)
t =

∫ t

a

fn(u) dB(u).

By the first case, X
(n)
t is a martingale. For s < t, write

Xt −Xs =
(
Xt −X

(n)
t

)
+
(
X

(n)
t −X(n)

s

)
+
(
X(n)

s −Xs

)
and then take the conditional expectation to get

E
(
Xt −Xs

∣∣Fs

)
= E

(
Xt −X

(n)
t

∣∣Fs

)
+ E

(
X(n)

s −Xs

∣∣Fs

)
. (4.6.3)

Note that

E
{∣∣E(Xt −X

(n)
t

∣∣Fs

)∣∣2} ≤ E
{
E
(|Xt −X

(n)
t |2 ∣∣Fs

)}
= E

{|Xt −X
(n)
t |2}.

Then apply Theorem 4.3.5 to get

E
{∣∣E(Xt −X

(n)
t

∣∣Fs

)∣∣2} ≤ ∫ t

a

E
(|f(u)− fn(u)|2) du

≤
∫ b

a

E
(|f(u)− fn(u)|2) du

→ 0, as n →∞.
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Thus by taking a subsequence if necessary, we see that E
(
Xt − X

(n)
t |Fs

)
converges almost surely to 0. Similarly, E

(
Xs −X

(n)
s |Fs

) → 0 a.s. Hence by
Equation (4.6.3) we have E

(
Xt−Xs|Fs

)
= 0 a.s. and so E

(
Xt|Fs

)
= Xs a.s.

Thus Xt is a martingale. ��
Next we study the continuity property of the stochastic process Xt defined

by Equation (4.6.1). Note that the stochastic integral is not defined for each
fixed ω as a Riemann, Riemann–Stieltjes, or even Lebesgue integral. Even for
the Wiener integral case, it is not defined this way. Therefore, the continuity of
the stochastic process in Equation (4.6.1) is not a trivial fact as in elementary
real analysis.

Theorem 4.6.2. (Continuity property) Suppose f ∈ L2
ad([a, b] × Ω). Then

the stochastic process

Xt =
∫ t

a

f(s) dB(s), a ≤ t ≤ b,

is continuous, namely, almost all of its sample paths are continuous functions
on the interval [a, b].

Proof. First consider the case that f is a step stochastic process, say

f(s, ω) =
n∑

i=1

ξi−1(ω) 1(ti−1,ti](s),

where ξi−1 is Fti−1-measurable. In this case, for each fixed ω ∈ Ω, the sample
path of Xt is given by

Xt(ω) =
k−1∑
i=1

ξi−1(ω)
(
B(ti, ω)−B(ti−1, ω)

)
+ ξk−1(ω)

(
B(t, ω)−B(tk−1, ω)

)
for tk−1 ≤ t < tk. Recall that for almost all ω, the Brownian motion path
B(·, ω) is a continuous function. Hence for almost all ω, the sample path
X(·)(ω) is a continuous function on [a, b].

Next consider the general case. Let {fn} be a sequence of step stochastic
processes in L2

ad([a, b]×Ω) such that

lim
n→∞

∫ b

a

E
(|f(s)− fn(s)|2) ds = 0.

By choosing a subsequence if necessary, we may assume that∫ b

a

E
(|f(s)− fn(s)|2) ds ≤ 1

n6 , ∀n ≥ 1. (4.6.4)
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For each n, define a stochastic process

X
(n)
t =

∫ t

a

fn(s) dB(s), a ≤ t ≤ b.

Then, as we have proved above, almost all sample paths of X
(n)
t are continuous

functions. Note that Xt and X
(n)
t are martingales by Theorem 4.6.1. Hence

Xt−X
(n)
t is a martingale, and then by the Doob submartingale inequality in

Equation (4.5.2),

P
{

sup
a≤t≤b

∣∣Xt −X
(n)
t

∣∣ ≥ 1
n

}
≤ nE|Xb −X

(n)
b |.

But by the Schwarz inequality, Theorem 4.3.5, and Equation (4.6.4),

E
∣∣Xb −X

(n)
b

∣∣ ≤ (E(∣∣Xb −X
(n)
b

∣∣2))1/2

=
(∫ b

a

E
(|f(s)− fn(s)|2) ds

)1/2

≤ 1
n3 .

Therefore, for all n ≥ 1,

P
{

sup
a≤t≤b

∣∣Xt −X
(n)
t

∣∣ ≥ 1
n

}
≤ 1

n2 .

Since
∑

n 1/n2 < ∞, by the Borel–Cantelli lemma in Theorem 3.2.1 we have

P
{

sup
a≤t≤b

∣∣Xt −X
(n)
t

∣∣ ≥ 1
n

i.o.
}

= 0.

Take the complement of the event {An i.o.} to get

P
{

sup
a≤t≤b

∣∣Xt −X
(n)
t

∣∣ ≥ 1
n

f.o.
}

= 1.

Hence there exists an event Ω0 such that P (Ω0) = 1 and for each ω ∈ Ω0,
there exists a positive integer N(ω) such that

sup
a≤t≤b

∣∣Xt(ω)−X
(n)
t (ω)

∣∣ < 1
n

, ∀n ≥ N(ω).

Thus for each ω ∈ Ω0, the sequence of functions X
(n)
(·) (ω), n ≥ 1, converges

uniformly to X(·)(ω) on [a, b]. But for each n, the stochastic process X
(n)
t

is continuous and so there exists an event Ωn with P (Ωn) = 1 and for any
ω ∈ Ωn, the function X

(n)
(·) (ω) is continuous.
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Finally let Ω̃ = ∩∞
n=0Ωn. Then we have P (Ω̃n) = 1 and for each ω ∈ Ω̃,

the sequence
X

(n)
(·) (ω), n = 1, 2, 3, . . . ,

is a sequence of continuous functions that converges uniformly to X(·)(ω) on
[a, b]. It follows that X(·)(ω) is a continuous function for each ω ∈ Ω̃. Hence
almost all sample paths of the stochastic process Xt are continuous functions
on [a, b]. Thus we have shown that Xt is a continuous stochastic process. ��

4.7 Riemann Sums and Stochastic Integrals

Let f ∈ L2
ad([a, b] × Ω). For a partition ∆n = {t0, t1, . . . , tn−1, tn} of the

interval [a, b], define the Riemann sum of f with respect to B(t) by
n∑

i=1

f(ti−1)
(
B(ti)−B(ti−1)

)
. (4.7.1)

It is natural to ask whether this sequence of Riemann sums converges to the
Itô integral

∫ b

a
f(t) dB(t). Assume that E

(
f(t)f(s)

)
is a continuous function

of t and s. Define a stochastic process fn as in Equation (4.3.7), namely,

fn(t, ω) = f(ti−1, ω), ti−1 < t ≤ ti.

As shown in Case 1 in the proof of Lemma 4.3.3, we have

lim
n→∞

∫ b

a

E
{|f(t)− fn(t)|2} dt = 0.

Hence by Equation (4.3.15),∫ b

a

f(t) dB(t) = lim
n→∞ I(fn), in L2(Ω).

But by Equation (4.3.2), I(fn) is given by

I(fn) =
n∑

i=1

fn(ti−1)
(
B(ti)−B(ti−1)

)
=

n∑
i=1

f(ti−1)
(
B(ti)−B(ti−1)

)
,

which is exactly the Riemann sum in Equation (4.7.1). Thus we have proved
the following theorem.

Theorem 4.7.1. Suppose f ∈ L2
ad([a, b] × Ω) and assume that E

(
f(t)f(s)

)
is a continuous function of t and s. Then∫ b

a

f(t) dB(t) = lim
‖∆n‖→0

n∑
i=1

f(ti−1)
(
B(ti)−B(ti−1)

)
, in L2(Ω),

where ∆n = {a = t0 < t1 < · · · < tn = b} and ‖∆n‖ = max1≤i≤n (ti − ti−1).



58 4 Stochastic Integrals

Exercises

1. For a partition ∆n = {a = t0 < t1 < · · · < tn = b}, define

M∆n
=

n∑
i=1

B
( ti−1 + ti

2

)(
B(ti)−B(ti−1)

)
.

Find lim‖∆n‖→0 M∆n in L2(Ω).

2. Let X =
∫ 1
0 B(t) dB(t). Find the distribution function of the random

variable X.
3. Let f(t) = B

( 1
2

)
1[1/2,1](t). Show that

∫ 1
0 f(t) dB(t) is not a Gaussian

random variable. Compare this example with Theorem 2.3.4.

4. Let X =
∫ b

a
|B(t)| dB(t). Find the variance of the random variable X.

5. The signum function is defined by sgn(0) = 0 and sgn(x) = x/|x| if x �= 0.
Let Xt =

∫ t

0 sgn(B(s)) dB(s). Show that for s < t, the random variable
Xt −Xs has mean 0 and variance t− s.
Remark: We will prove in Example 8.4.4 that Xt is a Brownian motion.
Hence Xb−Xa =

∫ b

a
sgn(B(t)) dB(t) is a Gaussian random variable. This

shows that
∫ b

a
f(t) dB(t) can be Gaussian even if f(t) is not a deterministic

function; cf. Theorem 2.3.4.

6. Let X =
∫ b

a
f(t)
[
sin(B(t)) + cos(B(t))

]
dB(t), f ∈ L2[a, b]. Show that

var(X) =
∫ b

a
f(t)2 dt.

7. Find the variance of the random variable X =
∫ b

a

√
t eB(t) dB(t).

8. Find the variance of the random variable X =
∫ 1
0 eB(t)2/8 dB(t).

9. Find the variance of the random variable X =
∫ b

a

√
t sin(B(t)) dB(t).

10. Let X =
∫ b

a
sinh(B(t)) dB(t) and Y =

∫ b

a
cosh(B(t)) dB(t). Here sinh(x)

and cosh(x) are the hyperbolic sine and cosine functions, respectively, i.e.,
sinh(x) = (ex− e−x)/2 and cosh(x) = (ex + e−x)/2. Find var(X), var(Y ),
and cov(X, Y ).

11. Let f be a deterministic function in L2[a, b] and Xt = Xa +
∫ t

a
f(s) dB(s).

Show that
∫ b

a
f(t)Xt dB(t) = 1

2

(
X2

b −X2
a −
∫ b

a
f(t)2 dt

)
.

12. (a) Show that for any s < t,

3B(s)2
(
B(t)−B(s)

)
= B(t)3 −B(s)3 − (B(t)−B(s)

)3 − 3B(s)
(
B(t)−B(s)

)2
.

(b) Use this equality to prove Equation (4.4.2).
13. Let Xt = B(1)B(t), 0 ≤ t ≤ 1.
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(a) Check whether the random variable B(1) is measurable with respect
to the σ-field Ft = σ{B(s); s ≤ t} for any 0 ≤ t < 1.
(b) Show that for each 0 ≤ t < 1, the random variable Xt is not measurable
with respect to Ft given in (a).
(c) For 0 ≤ s ≤ t ≤ 1, find E[Xt | Fs].

14. Prove the equality in Equation (4.4.6).

15. Show that Xt = eB(t) − 1− 1
2

∫ t

0 eB(s) ds is a martingale.

16. Show that Xt = eB(t)− 1
2 t is a martingale.

17. The Hermite polynomial Hn(x; c) of degree n with parameter c > 0 is
defined by

Hn(x; c) = (−c)nex2/2cDn
xe−x2/2c. (4.7.2)

For various identities on the Hermite polynomials, see the book [56]. In
particular, we have

Hn(x; c) =
[n/2]∑
k=0

(
n

2k

)
(2k − 1)!!(−c)kxn−2k, (4.7.3)

eτx−cτ2/2 =
∞∑

n=0

τn

n!
Hn(x; c), (generating function), (4.7.4)

where [n/2] is the largest integer less than or equal n/2 and (2k − 1)!! =
(2k − 1)(2k − 3) · · · 3 · 1 with the convention (−1)!! = 1.
(a) Use Equation (4.7.3) to show that for any n ≥ 0,∫ b

a

Hn

(
B(t); t

)
dB(t) =

1
n + 1

{
Hn+1

(
B(b); b

)−Hn+1
(
B(a); a

)}
.

(b) Derive
∫ b

a
B(t)2 dB(t) from this equality with n = 2 and show that it

gives the same value as in Equation (4.4.2).

(c) Use Equation (4.7.4) to evaluate the stochastic integral
∫ b

a
eB(s) dB(s)

and then show that Xt =
∫ t

a
eB(s) dB(s) is a martingale.

18. Let f, fn ∈ L2
ad([a, b]×Ω) and assume that∫ b

a

|f(t)− fn(t)| dt → 0 a.s.

Prove the convergence of
∫ b

a
fn(t) dB(t) to

∫ b

a
f(t) dB(t) in probability.

19. Suppose f(t) is a deterministic function in L2[a, b].

(a) Check directly from the definition that Xt =
( ∫ t

a
f(s) dB(s)

)2 is a
submartingale.
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(b) Check directly from the definition that Xt−
∫ t

a
f(s)2 ds is a martingale.

20. Let f ∈ L2
ad([a, b]×Ω).

(a) Use the conditional Jensen’s inequality in Section 2.4 to show that
Yt =

( ∫ t

a
f(s) dB(s)

)2 is a submartingale.

(b) Show that Yt −
∫ t

a
f(s)2 ds is a martingale.

21. Let θ(t) ∈ L1[a, b] and f(t) ∈ L2[a, b] be deterministic functions. Prove
the integration by parts formula∫ b

a

(∫ t

a

θ(s) ds
)
f(t) dB(t)

=
∫ b

a

θ(s) ds

∫ b

a

f(s) dB(s)−
∫ b

a

θ(s)
(∫ t

a

f(s) dB(s)
)

dt.

22. Let f ∈ L2
ad([a, b]×Ω). Suppose Ω0 is an event such that for any ω ∈ Ω0,

f(t, ω) = 0 for all t ∈ [a, b]. Show that
∫ b

a
f(t) dB(t) = 0 on Ω0.



5

An Extension of Stochastic Integrals

In Chapter 4, the Itô integral I(f) =
∫ b

a
f(t) dB(t) is defined for {Ft}-adapted

stochastic processes f(t) satisfying the condition
∫ b

a
E
(|f(t)|2) dt < ∞. The

random variable I(f) belongs to L2(Ω). Hence it has integrability. Moreover,
the stochastic process Xt =

∫ t

a
f(s) dB(s), a ≤ t ≤ b, is a martingale. In

this chapter, we will extend the Itô integral I(f) to {Ft}-adapted stochastic
processes f(t) satisfying the condition

∫ b

a
|f(t)|2 dt < ∞ almost surely. In this

case, the Itô integral I(f) is a random variable and in general does not possess
integrability. The lack of integrability of a stochastic process leads to the
concept of local martingale. We will show that Xt =

∫ t

a
f(s) dB(s), a ≤ t ≤ b,

is a local martingale.

5.1 A Larger Class of Integrands

As in the beginning of Section 4.3, we fix a Brownian motion B(t) and a
filtration {Ft; a ≤ t ≤ b} such that

(a) For each t, B(t) is Ft-measurable;
(b) For any s ≤ t, the random variable B(t)−B(s) is independent of the

σ-field Fs.

In this chapter, we will define the stochastic integral
∫ b

a
f(t) dB(t) for

stochastic processes f(t, ω) satisfying the following conditions:

(1) f(t) is adapted to the filtration {Ft};
(2)
∫ b

a
|f(t)|2 dt < ∞ almost surely.

Condition (2) means that almost all sample paths are functions in the
Hilbert space L2[a, b]. Hence the map ω �→ f(·, ω) is a measurable function
from Ω into L2[a, b].

Notation 5.1.1. We will use Lad(Ω, L2[a, b]) to denote the space of stochastic
processes f(t, ω) satisfying the above conditions (1) and (2).
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Recall that in Section 4.3 we use L2
ad([a, b] × Ω) to denote the space of

all {Ft}-adapted stochastic processes f(t, ω) such that
∫ b

a
E(|f(t)|2) dt < ∞.

By the Fubini theorem, E
∫ b

a
|f(t)|2 dt =

∫ b

a
E(|f(t)|2) dt < ∞. It follows that∫ b

a
|f(t)|2 dt < ∞ almost surely. This shows the inclusion relationship

L2
ad([a, b]×Ω) ⊂ Lad(Ω, L2[a, b]).

Thus we have a larger class of integrands f(t, ω) for the stochastic integral∫ b

a
f(t) dB(t). The crucial difference is the possible lack of integrability of the

integrand f(t, ω) with respect to the ω-variable.

Example 5.1.2. Consider the stochastic process f(t) = eB(t)2 . It can be easily
derived that

E
(|f(t)|2) = Ee2B(t)2 =

{
1√

1−4t
, if 0 ≤ t < 1/4;

∞, if t ≥ 1/4.
(5.1.1)

Obviously, we have
∫ 1
0 E(|f(t)|2) dt = ∞ and so f /∈ L2

ad([0, 1] × Ω). Hence∫ 1
0 eB(t)2 dB(t) is not a stochastic integral as defined in Chapter 4. On the

other hand, since f(t) is a continuous function of t, we obviously have∫ 1
0 |f(t)|2 dt < ∞ almost surely. Thus f ∈ Lad(Ω, L2[0, 1]) and the stochastic

integral
∫ 1
0 eB(t)2 dB(t) will be defined in this chapter.

Example 5.1.3. Consider the same stochastic process f(t) = eB(t)2 as in the
previous example, but on a different time interval. Using Equation (5.1.1)
we can easily check that

∫ c

0 E(|f(t)|2) dt < ∞ for any 0 ≤ c < 1
4 . Hence

f ∈ L2
ad([0, c]×Ω) for any 0 ≤ c < 1

4 . Therefore,
∫ c

0 eB(t)2 dB(t) is defined as
in Chapter 4 and belongs to L2(Ω) for any 0 ≤ c < 1

4 .

Example 5.1.4. Consider the stochastic process f(t) = eB(t)k

. Note that for
any integer k ≥ 3, we have

E(|f(t)|2) = Ee2B(t)k

=
∫ ∞

−∞
e2xk 1√

2πt
e−x2/2t dx = ∞.

Hence f /∈ L2
ad([a, b]×Ω). On the other hand, observe that almost all sample

paths of f(t) are continuous functions and so belong to L2[a, b]. Thus we have
f ∈ Lad(Ω, L2[a, b]) and the stochastic integral

∫ b

a
eB(t)k

dB(t) will be defined
in this chapter.

In general it requires hard computation to check whether an {Ft}-adapted
stochastic process f(t) belongs to L2

ad([a, b] × Ω). On the other hand, it is
easier to see whether a stochastic process f belongs to Lad(Ω, L2[a, b]). For
example, when f(t) is {Ft}-adapted and has continuous sample paths almost
surely, then it belongs to Lad(Ω, L2[a, b]).
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We prove a lemma on approximation that will be needed in Section 5.3
for the extension of the stochastic integral

∫ b

a
f(t) dB(t) to the larger class

Lad(Ω, L2[a, b]) of integrands.

Lemma 5.1.5. Let f ∈ Lad(Ω, L2[a, b]). Then there exists a sequence {fn}
in L2

ad([a, b]×Ω) such that

lim
n→∞

∫ b

a

|fn(t)− f(t)|2 dt = 0

almost surely, and hence also in probability.

Proof. For each n, define

fn(t, ω) =

{
f(t, ω), if

∫ t

a
|f(s, ω)|2 ds ≤ n;

0, otherwise.
(5.1.2)

Then fn is adapted to {Ft}. Moreover,∫ b

a

|fn(t, ω)|2 dt =
∫ τn(ω)

a

|f(t, ω)|2 dt, almost surely,

where τn(ω) is defined by

τn(ω) = sup
{

t;
∫ t

a

|f(s, ω)|2 ds ≤ n
}

. (5.1.3)

Therefore, we have ∫ b

a

|fn(t)|2 dt ≤ n, almost surely,

which implies that
∫ b

a
E(|fn(t)|2) dt ≤ n and so fn ∈ L2

ad([a, b]×Ω).
Let ω be fixed. As soon as n is so large that n >

∫ b

a
|f(t, ω)|2 dt, then by

Equation (5.1.2) we have

fn(t, ω) = f(t, ω), ∀ t ∈ [a, b],

which implies obviously that

lim
n→∞

∫ b

a

|fn(t, ω)− f(t, ω)|2 dt = 0.

Since
∫ b

a
|f(t, ω)|2 dt < ∞ for almost all ω ∈ Ω, the convergence holds almost

surely. The other conclusion in the lemma holds because convergence almost
surely implies convergence in probability. ��
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5.2 A Key Lemma

In this section we prove a key lemma for the extension of stochastic integrals
to be defined in Section 5.3.

Lemma 5.2.1. Let f(t) be a step stochastic process in L2
ad([a, b]×Ω). Then

the inequality

P
{∣∣∣ ∫ b

a

f(t) dB(t)
∣∣∣ > ε

}
≤ C

ε2
+ P

{∫ b

a

|f(t)|2 dt > C
}

holds for any positive constants ε and C.

Proof. For each positive constant C, define a stochastic process fC(t, ω) by

fC(t, ω) =

{
f(t, ω), if

∫ t

a
|f(s, ω)|2 ds ≤ C;

0, otherwise.

Observe that{∣∣∣ ∫ b

a

f(t) dB(t)
∣∣∣ > ε

}
⊂
{∣∣∣ ∫ b

a

fC(t) dB(t)
∣∣∣ > ε

}
∪
{∫ b

a

f(t) dB(t) �=
∫ b

a

fC(t) dB(t)
}

.

Hence

P
{∣∣∣ ∫ b

a

f(t) dB(t)
∣∣∣ > ε

}
≤ P

{∣∣∣ ∫ b

a

fC(t) dB(t)
∣∣∣ > ε

}
+ P

{∫ b

a

f(t) dB(t) �=
∫ b

a

fC(t) dB(t)
}

.

On the other hand, since f is a step stochastic process, we have{∫ b

a

f(t) dB(t) �=
∫ b

a

fC(t) dB(t)
}
⊂
{∫ b

a

|f(t, ω)|2 dt > C
}

.

Therefore,

P
{∣∣∣ ∫ b

a

f(t) dB(t)
∣∣∣ > ε

}
≤ P

{∣∣∣ ∫ b

a

fC(t) dB(t)
∣∣∣ > ε

}
+ P

{∫ b

a

|f(t)|2 dt > C
}

. (5.2.1)

Note that from the definition of fC , we have
∫ b

a
|fC(t)|2 dt ≤ C almost surely.

Hence E
∫ b

a
|fC(t)|2 dt ≤ C and so we can apply the Chebyshev inequality to

the first term of Equation (5.2.1) to get



5.3 General Stochastic Integrals 65

P
{∣∣∣ ∫ b

a

f(t) dB(t)
∣∣∣ > ε

}
≤ 1

ε2
E
∣∣∣ ∫ b

a

fC(t) dB(t)
∣∣∣2 + P

{∫ b

a

|f(t)|2 dt > C
}

=
1
ε2

∫ b

a

E|fC(t)|2 dt + P
{∫ b

a

|f(t)|2 dt > C
}

≤ C

ε2
+ P

{∫ b

a

|f(t)|2 dt > C
}

.

Hence the lemma is proved. ��

5.3 General Stochastic Integrals

We need the following approximation lemma in order to define the general
stochastic integral.

Lemma 5.3.1. Let f ∈ Lad(Ω, L2[a, b]). Then there exists a sequence {fn(t)}
of step stochastic processes in L2

ad([a, b]×Ω) such that

lim
n→∞

∫ b

a

|fn(t)− f(t)|2 dt = 0, in probability. (5.3.1)

Proof. First use Lemma 5.1.5 to choose a sequence {gn} in L2
ad([a, b] × Ω)

such that

lim
n→∞

∫ b

a

|gn(t)− f(t)|2 dt = 0, in probability. (5.3.2)

Next, for each gn(t), apply Lemma 4.3.3 to find a step stochastic process fn(t)
in L2

ad([a, b]×Ω) such that

E

∫ b

a

|fn(t)− gn(t)|2 dt <
1
n

. (5.3.3)

Then use the inequality |u + v|2 ≤ 2(|u|2 + |v|2) to show that for any ε > 0,{∫ b

a

|fn(t)− f(t)|2 dt > ε
}

⊂
{∫ b

a

|fn(t)− gn(t)|2 dt >
ε

4

}
∪
{∫ b

a

|gn(t)− f(t)|2 dt >
ε

4

}
,

which yields that

P
{∫ b

a

|fn(t)− f(t)|2 dt > ε
}

≤ P
{∫ b

a

|fn(t)− gn(t)|2 dt >
ε

4

}
+ P

{∫ b

a

|gn(t)− f(t)|2 dt >
ε

4

}
.
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Therefore, by the Chebyshev inequality and Equation (5.3.3),

P
{∫ b

a

|fn(t)− f(t)|2 dt > ε
}
≤ 4

εn
+ P

{∫ b

a

|gn(t)− f(t)|2 dt >
ε

4

}
.

Hence we can use Equation (5.3.2) to conclude that for any ε > 0,

lim
n→∞ P

{∫ b

a

|fn(t)− f(t)|2 dt > ε
}

= 0,

which implies Equation (5.3.1). ��
Now we are ready to define the general stochastic integral∫ b

a

f(t) dB(t)

for f ∈ Lad(Ω, L2[a, b]). Apply Lemma 5.3.1 to choose a sequence {fn(t)} of
step stochastic processes in L2

ad([a, b] × Ω) such that Equation (5.3.1) holds.
For each n, the stochastic integral

I(fn) =
∫ b

a

fn(t) dB(t)

is defined as in Section 4.3. Apply Lemma 5.2.1 to f = fn − fm with ε > 0
and C = ε3/2 to get

P
{|I(fn)− I(fm)| > ε

}
≤ ε

2
+ P

{∫ b

a

|fn(t)− fm(t)|2 dt >
ε3

2

}
. (5.3.4)

Use the inequality |u + v|2 ≤ 2(|u|2 + |v|2) again to check that{∫ b

a

|fn(t)− fm(t)|2 dt >
ε3

2

}
⊂
{∫ b

a

|fn(t)− f(t)|2 dt >
ε3

8

}
∪
{∫ b

a

|fm(t)− f(t)|2 dt >
ε3

8

}
,

which yields the inequality

P
{∫ b

a

|fn(t)− fm(t)|2 dt >
ε3

2

}
≤ P

{∫ b

a

|fn(t)− f(t)|2 dt >
ε3

8

}
+ P

{∫ b

a

|fm(t)− f(t)|2 dt >
ε3

8

}
.

Thus by Equation (5.3.1) we get
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lim
n,m→∞ P

{∫ b

a

|fn(t)− fm(t)|2 dt >
ε3

2

}
= 0.

Hence there exists N > 1 such that

P
{∫ b

a

|fn(t)− fm(t)|2 dt >
ε3

2

}
<

ε

2
, ∀n, m ≥ N. (5.3.5)

It follows from Equations (5.3.4) and (5.3.5) that

P
{|I(fn)− I(fm)| > ε

}
< ε, ∀n, m ≥ N,

which shows that the sequence {I(fn)}∞
n=1 of random variables converges in

probability. Hence we can define∫ b

a

f(t) dB(t) = lim
n→∞ I(fn), in probability. (5.3.6)

It is easy to check that the limit is independent of the choice of the sequence
{fn}∞

n=1. Thus the stochastic integral
∫ b

a
f(t) dB(t) is well-defined.

Therefore, we have finally defined the stochastic integral∫ b

a

f(t) dB(t), f ∈ Lad(Ω, L2[a, b]).

Observe that if f ∈ L2
ad([a, b] × Ω), then we can take fn = f for all n in

Equation (5.3.1). Then the stochastic integral defined by Equation (5.3.6)
is obviously the same as the one defined in Section 4.3. This shows that
the new stochastic integral defined by Equation (5.3.6) reduces to the old
stochastic integral when f ∈ L2

ad([a, b] × Ω). Thus we have extended the
stochastic integral

∫ b

a
f(t) dB(t) for the integrands f from L2

ad([a, b] × Ω) to
Lad(Ω, L2[a, b]).

Example 5.3.2. Let f(t) = eB(t)2 . Then obviously f ∈ Lad(Ω, L2[0, 1]) and so
the stochastic integral

∫ 1
0 eB(t)2 dB(t) is defined. In fact, we will see later in

Chapter 7 that Itô’s formula can be used to show that∫ 1

0
eB(t)2 dB(t) =

∫ B(1)

0
et2 dt−

∫ 1

0
B(t)eB(t)2 dt,

where the last integral is a Riemann integral for each sample path B(·, ω).

For comparison, note that if f ∈ L2
ad([a, b]×Ω), then

∫ b

a
f(t) dB(t) belongs

to L2(Ω). However, if f ∈ Lad(Ω, L2[a, b]), then
∫ b

a
f(t) dB(t) is just a random

variable and in general has no finite expectation. The analogue of Theorem
4.7.1 is given by the next theorem.
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Theorem 5.3.3. Suppose f is a continuous {Ft}-adapted stochastic process.
Then f ∈ Lad(Ω, L2[a, b]) and∫ b

a

f(t) dB(t) = lim
‖∆n‖→0

n∑
i=1

f(ti−1)
(
B(ti)−B(ti−1)

)
, in probability,

where ∆n = {t0, t1, . . . , tn−1, tn} is a partition of the finite interval [a, b] and
‖∆n‖ = max1≤i≤n (ti − ti−1).

Proof. First observe that if θ ∈ Lad(Ω, L2[a, b]) is given by

θ(t, ω) =
n∑

i=1

ξi−1(ω) 1[ti−1,ti)(t),

where ξi−1 is Fti−1-measurable, then it can be easily verified that∫ b

a

θ(t) dB(t) =
n∑

i=1

ξi−1
(
B(ti)−B(ti−1)

)
. (5.3.7)

Now, for f as given in the theorem, define fn(t) =
∑n

i=1 f(ti−1)1[ti−1,ti)(t) for
a partition ∆n. Then the continuity of f implies that∫ b

a

|fn(t)− f(t)|2 dt −→ 0

almost surely, hence in probability as n →∞. On the other hand, we can look
through Equations (5.3.4), (5.3.5), and (5.3.6) to see that∫ b

a

f(t) dB(t) = lim
‖∆n‖→0

∫ b

a

fn(t) dB(t), in probability. (5.3.8)

Moreover, we can apply Equation (5.3.7) to θ = fn to get∫ b

a

fn(t) dB(t) =
n∑

i=1

f(ti−1)
(
B(ti)−B(ti−1)

)
. (5.3.9)

Obviously, the theorem follows from Equations (5.3.8) and (5.3.9). ��

5.4 Stopping Times

In this section we explain the concept of stopping time to be used in the next
section. The reason we need this concept is the lack of integrability of the
stochastic integral

∫ t

a
f(s) dB(s) for general f ∈ Lad(Ω, L2[a, b]).

Definition 5.4.1. A random variable τ : Ω → [a, b] is called a stopping time
with respect to a filtration {Ft; a ≤ t ≤ b} if {ω; τ(ω) ≤ t} ∈ Ft for all
t ∈ [a, b].
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In the definition b can be ∞. Intuitively speaking, we can think of τ as
the time to stop playing a game. The condition for τ to be a stopping time
means that the decision to stop playing the game before or at time t should
be determined by the information provided by Ft.

A filtration {Ft; a ≤ t ≤ b} is right continuous if it satisfies the condition

Ft =
∞⋂

n=1

Ft+ 1
n
, ∀ t ∈ [a, b),

where by convention Ft = Fb when t > b.
Sometimes it is easier to work on the event {ω; τ(ω) < t} than the event

{ω; τ(ω) ≤ t}. In that case the following fact is useful.

Fact. Let {Ft; a ≤ t ≤ b} be a right continuous filtration. Then a random
variable τ : Ω → [a, b] is a stopping time with respect to {Ft; a ≤ t ≤ b} if and
only if {ω; τ(ω) < t} ∈ Ft for all t ∈ [a, b].

To verify this fact, suppose τ is a stopping time. Then for any t ∈ (a, b],

{
ω; τ(ω) < t

}
=

∞⋃
n=1

{
ω; τ(ω) ≤ t− n−1} ∈ Ft

and for t = a, the event {ω; τ(ω) < a} = ∅ is in Fa. Conversely, assume that
{ω; τ(ω) < t} ∈ Ft for all t ∈ [a, b] and the filtration is right continuous. Then
for any t ∈ [a, b),

{
ω; τ(ω) ≤ t

}
=

∞⋂
n=1

{
ω; τ(ω) < t + n−1} ∈ ∞⋂

n=1

Ft+ 1
n

= Ft.

Hence τ is a stopping time.
Obviously, if τ takes a constant value c in [a, b], then τ is a stopping time.

Here are two interesting examples of stopping times.

Example 5.4.2. Let B(t) be a Brownian motion. Take the filtration {Ft} in
Section 4.3 with a = 0 and b = ∞. Let

τ(ω) = inf{t > 0; |B(t, ω)| > 1}.

The random variable τ is the first exit time of the Brownian motion from the
interval [−1, 1]. Observe that by the continuity of B(t),{

ω; τ(ω) < t
}

=
⋃

0<r<t, r∈Q

{
ω; |B(r)| > 1

}
,

which shows that
{
ω; τ(ω) < t

} ∈ Ft for all t > 0. As for t = 0, we have
{ω; τ(ω) < 0} = ∅ ∈ F0. Hence by the above fact, τ is a stopping time.
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Example 5.4.3. Let f ∈ Lad(Ω, L2[a, b]). For each fixed n, define

τn(ω) =

⎧⎨⎩ inf
{

t;
∫ t

a
|f(s, ω)|2 ds > n

}
, if {t; · · ·} �= ∅;

b, if {t; · · ·} = ∅.
(5.4.1)

Obviously this random variable is equal to the one defined by Equation (5.1.3).
Note that for any t ∈ (a, b],

{
ω; τn(ω) < t

}
=

⋃
a<r<t, r∈Q

{
ω;
∫ r

a

|f(s, ω)|2 ds > n

}
∈ Ft.

For t = a, we have {ω; τn(ω) < a} = ∅ ∈ Fa. Hence by the above fact, τn is a
stopping time.

5.5 Associated Stochastic Processes

Let f ∈ Lad(Ω, L2[a, b]). Then f ∈ Lad(Ω, L2[a, t]) for any t ∈ [a, b] and we
get an associated stochastic process

Xt =
∫ t

a

f(s) dB(s), a ≤ t ≤ b. (5.5.1)

In general Xt has no finite expectation and so it makes no sense to say that
Xt is a martingale. We will generalize the concept of martingales to cover
the situation in which Xt has no finite expectation. This is where we need
the concept of stopping times. In order to avoid possible confusion when we
take stopping times into account, we will interpret the stochastic integral in
Equation (5.5.1) as defined by

Xt =
∫ t

a

f(s) dB(s) =
∫ b

a

1[a,t](s)f(s) dB(s), a ≤ t ≤ b, (5.5.2)

where the integrand g(s, ω) = 1[a,t](s)f(s, ω) belongs to Lad(Ω, L2[a, b]) for
any t ∈ [a, b].

For each n, define a stochastic process fn by Equation (5.1.2), namely,

fn(t, ω) =

{
f(t, ω), if

∫ t

a
|f(s, ω)|2 ds ≤ n;

0, otherwise.

Let τn be defined by Equation (5.4.1). As shown in Example 5.4.3, τn is a
stopping time for each n. Replace t in Equation (5.5.2) by t ∧ τn to get a
stochastic process

Xt∧τn =
∫ t∧τn

a

f(s) dB(s) =
∫ b

a

1[a,t∧τn](s)f(s) dB(s), a ≤ t ≤ b.
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Now, make a key observation that

1[a,t∧τn(ω)](s) f(s, ω) = 1[a,t](s) fn(s, ω), for almost all ω.

Therefore,

Xt∧τn =
∫ t∧τn

a

f(s) dB(s) =
∫ t

a

fn(s) dB(s), a ≤ t ≤ b. (5.5.3)

Recall from the proof of Lemma 5.1.5 that
∫ b

a
|fn(t)|2 dt ≤ n almost surely and

so
∫ b

a
E(|fn(t)|2) dt ≤ n. Hence fn ∈ L2

ad([a, b]×Ω). We then apply Theorem
4.6.1 to conclude that the stochastic process Xt∧τn is a martingale for each n.

We observe one more thing; namely, the sequence {τn} is monotonically
increasing and τn → b almost surely as n →∞.

Being motivated by the above discussion, we make the following definition
of local martingales.

Definition 5.5.1. An {Ft}-adapted stochastic process Xt, a ≤ t ≤ b, is called
a local martingale with respect to {Ft} if there exists a sequence of stopping
times τn, n = 1, 2, . . . , such that

(1) τn increases monotonically to b almost surely as n →∞;
(2) For each n, Xt∧τn is a martingale with respect to {Ft; a ≤ t ≤ b}.

Obviously, a martingale is a local martingale since we can simply choose
τn = b for all n. However, a local martingale may not be a martingale due to
the lack of integrability. Without the integrability of Xt we cannot talk about
conditional expectation of Xt and obviously it makes no sense to say that Xt

is a martingale.
From the above discussion we have the next theorem.

Theorem 5.5.2. Let f ∈ Lad(Ω, L2[a, b]). Then the stochastic process

Xt =
∫ t

a

f(s) dB(s), a ≤ t ≤ b, (5.5.4)

is a local martingale with respect to the filtration {Ft; a ≤ t ≤ b} specified in
the beginning of Section 5.1.

Example 5.5.3. By Example 5.1.2, f(t) = eB(t)2 belongs to Lad(Ω, L2[a, b]).
Hence by Theorem 5.5.2 the stochastic process

Xt =
∫ t

a

eB(s)2 dB(s), a ≤ t ≤ b,

is a local martingale. On the other hand, consider the stochastic process

Yt =
∫ t

0
eB(s)2 dB(s), 0 ≤ t <

1
4
.

By Example 5.1.3 we have the integrability of Yt. Moreover, by Theorem 4.6.1
Yt is a martingale.



72 5 An Extension of Stochastic Integrals

Next we study the sample path property of the stochastic process defined
in Equation (5.5.4). For this purpose we prepare a lemma.

Lemma 5.5.4. Suppose f, g ∈ L2
ad([a, b]×Ω). Let A be the event

A =
{

ω; f(t, ω) = g(t, ω) for all t ∈ [a, b]
}

.

Then we have∫ b

a

f(t) dB(t) =
∫ b

a

g(t) dB(t), almost surely on A.

Proof. Without loss of generality we may assume that g(t, ω) = 0 for all t and
ω. Define

τ(ω) =

{
inf
{
t; f(t, ω) �= 0

}
, if {t; · · ·} �= ∅;

b, if {t; · · ·} = ∅.
Then τ is a stopping time. Consider the random variable

Y (τ) =
∫ τ

a

f(s) dB(s) =
∫ b

a

1[a,τ ](s)f(s) dB(s).

Note that the integrand 1[a,τ ](s)f(s) belongs to L2
ad([a, b]×Ω) and so the last

stochastic integral is defined. Moreover, observe that for each ω,

1[a,τ(ω)](s) |f(s, ω)|2 = 1{τ(ω)}(s) |f(τ(ω), ω)|2.
Therefore, ∫ b

a

1[a,τ ](t)|f(t)|2 dt = 0, almost surely.

Then by Theorem 4.3.5, we have

E
(|Y (τ)|2) = E

∫ b

a

1[a,τ ](t)|f(t)|2 dt = 0.

Hence Y (τ) = 0 almost surely. Note that if ω ∈ A, then τ(ω) = b and so

Y (τ(ω)) =
∫ b

a

f(s) dB(s).

This shows that
∫ b

a
f(s) dB(s) = 0 almost surely on the event A. ��

Theorem 5.5.5. Let f ∈ Lad(Ω, L2[a, b]). Then the stochastic process

Xt =
∫ t

a

f(s) dB(s), a ≤ t ≤ b, (5.5.5)

has a continuous realization.
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Proof. For each n, let fn be the stochastic process defined by Equation (5.1.2)
and let

X
(n)
t =

∫ t

a

fn(s) dB(s), a ≤ t ≤ b.

Then by Theorem 4.6.2, X
(n)
t is a continuous stochastic process. Let

An =
{

ω;
∫ b

a

|f(t, ω)|2 dt ≤ n
}

.

The sequence {An} is increasing. Let A = ∪∞
n=1An. Then P (A) = 1 since∫ b

a
|f(t)|2 dt < ∞ almost surely. Note that if ω ∈ An, then

fn(t, ω) = fm(t, ω), ∀m ≥ n and ∀ t ∈ [a, b].

Therefore, by Lemma 5.5.4, for almost all ω ∈ An,

X
(m)
t (ω) = X

(n)
t (ω), ∀m ≥ n and ∀ t ∈ [a, b].

Since A = ∪∞
n=1An, the above equality implies that for almost all ω ∈ A, the

following limit exists for all t ∈ [a, b]:

lim
m→∞ X

(m)
t (ω).

Now define a stochastic process Yt(ω) by

Yt(ω) =

{
limm→∞ X

(m)
t (ω), if ω ∈ A;

0, if ω /∈ A.

Then Yt(ω) is a continuous stochastic process. On the other hand, from the
definition of the stochastic integral in Equation (5.3.6),

Xt = lim
m→∞ X

(m)
t , in probability.

Therefore, for each t ∈ [a, b], Xt = Yt almost surely. Hence Yt is a continuous
realization of Xt. ��

Exercises

1. Let f(t, ω) =
∑n

i=1 ξi−1(ω)1[ti−1,ti)(t) with ξi−1 being Fti−1-measurable
for each i and a = t0 < t1 < · · · < tn = b. Show that the stochastic
integral as defined in Section 5.1 is given by∫ b

a

f(t) dB(t) =
n∑

i=1

ξi−1
(
B(ti)−B(ti−1)

)
.



74 5 An Extension of Stochastic Integrals

2. Let τ be a stopping time. Prove that B(t+τ)−B(τ) is a Brownian motion.
3. Let {τn} be a sequence of stopping times. Assume that either the sequence

increases to τ or decreases to τ . Show that τ is a stopping time.
4. Let {τn} be a sequence of stopping times. Show that supn τn, infn τn,

lim supn τn, lim infn τn are stopping times.
5. Let τ1 and τ2 be two stopping times. Show that τ1∨τ2, τ1∧τ2, and τ1 +τ2

are stopping times. How about τ1τ2?
6. Show that Xt =

∫ t

0 eB(s)2 dB(s), 0 ≤ t ≤ 1, is not a martingale.

7. Let Xε =
∫ 1
0 ε−λe−B(t)2/2ε dB(t). Show that Xε → 0 in L2(Ω) as ε ↓ 0 if

and only if 0 < λ < 1
4 .

8. Let Yε =
∫ ε

0 ε−λe−B(t)2/2ε dB(t). Show that Yε → 0 in L2(Ω) as ε ↓ 0 if
and only if 0 < λ < 1

2 .

9. Let Zε =
∫ ε/2
0 ε−λe−B(t)2/2ε dB(t). Show that Zε → 0 in L2(Ω) as ε ↓ 0

if and only if 0 < λ < 1
2 .

10. Let B1(t) and B2(t) be independent Brownian motions with starting point
(B1(0), B2(0)) �= (0, 0). Let Xt = log

(
B1(t)2 + B2(t)2

)
.

(a) Show that Xt is a local martingale.
(b) Show that E|Xt| < ∞ for all t > 0.
(c) Find EXt.
(d) Show that Xt is not a martingale.
Remark: This example shows that a local martingale having integrability
does not necessarily become a martingale. For more information, see the
book by Durrett [11].



6

Stochastic Integrals for Martingales

In Chapters 4 and 5 we defined the Itô integral
∫ b

a
f(t) dB(t) with respect

to a Brownian motion B(t). In Chapter 4 the integrand f(t) is adapted and
satisfies the condition E

∫ b

a
|f(t)|2 dt < ∞, while in Chapter 5 the integrand

f(t) is adapted and satisfies the condition
∫ b

a
|f(t)|2 dt < ∞ almost surely. In

this chapter we will use the same ideas with modified techniques to define the
stochastic integral

∫ b

a
f(t) dM(t) with respect to a right continuous, square

integrable martingale M(t) with left-hand limits. An essential requirement
for the integrand f(t) is its predictability in order to compensate the jumps
of the martingale M(t).

6.1 Introduction

Let g ∈ L2
ad([a, b] × Ω), i.e., g(t) is an adapted stochastic process satisfying

the condition that
∫ b

a
E(|g(t)|2) dt < ∞. Then by Theorems 4.6.1 and 4.6.2

the stochastic process

M(t) =
∫ t

a

g(s) dB(s), a ≤ t ≤ b, (6.1.1)

is a continuous martingale. Intuitively, the “stochastic differential” dMt of Mt

can be defined by
dM(t) = g(t) dB(t).

Hence it is reasonable to define a stochastic integral with respect to M(t) by∫ b

a

f(t) dM(t) =
∫ b

a

f(t)g(t) dB(t). (6.1.2)

In general, we can define the stochastic integral
∫ b

a
f(t) dM(t) with respect

to a right continuous, square integrable martingale M(t) with left-hand limits.
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As it will turn out, when M(t) is given by Equation (6.1.1), then the equality
in Equation (6.1.2) does hold. An important noncontinuous martingale is the
compensated Poisson process to be discussed in Section 6.2. The key tool
for defining martingale stochastic integrals is the Doob–Meyer decomposition
theorem, which we will explain in Section 6.4.

We need to point out that right continuous, square integrable martingales
with left-hand limits are not the most general integrators. For a more general
treatment of stochastic integration, see the books [8] [15] [68].

6.2 Poisson Processes

In this section we will discuss Poisson processes. The compensated Poisson
processes are important examples of discontinuous martingales. They will be
used as integrators in Section 6.5.

Definition 6.2.1. A Poisson process with parameter λ > 0 is a stochastic
process N(t, ω) satisfying the following properties:

(1) P{ω ; N(0, ω) = 0} = 1.
(2) For any 0 ≤ s < t, the random variable N(t)−N(s) is a Poisson random

variable with parameter λ(t− s), i.e.,

P{N(t)−N(s) = k} = e−λ(t−s)

(
λ(t− s)

)k
k!

, k = 0, 1, 2, . . . , n, . . . .

(3) N(t, ω) has independent increments, i.e., for any 0 ≤ t1 < t2 < · · · < tn,
the random variables

N(t1), N(t2)−N(t1), . . . , N(tn)−N(tn−1),

are independent.
(4) Almost all sample paths of N(t, ω) are right continuous functions with

left-hand limits, i.e.,

P
{
ω ; N(·, ω) is right continuous with left-hand limits

}
= 1.

By comparing this definition with Definition 2.1.1 of a Brownian motion,
we see that conditions (1) and (3) are the same, while conditions (2) and (4)
are different. Moreover, it can be shown (see, e.g., [72]) that condition (2)
in the above definition can be replaced by the following condition: For any
0 ≤ s < t,

P{N(t)−N(s) = 1} = λ(t− s) + o(t− s),

P{N(t)−N(s) ≥ 2} = o(t− s),

where o(δ) denotes a quantity such that limδ→0 o(δ)/δ = 0.
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As in the case of Brownian motion, we may call N(t) a Poisson process
with respect to a filtration {Ft; t ≥ 0} if it satisfies conditions (1), (2), and (4)
in Definition 6.2.1 and the assumption in Proposition 4.2.1 with respect to a
filtration {Ft; t ≥ 0}.

Here are some examples of Poisson processes: (i) the number of telephone
calls to a certain office during the time period [0, t], (ii) the number of people
entering a post office up to and including time t on a business day, (iii) the
number of earthquakes in a certain region during the time period [0, t].

The sample paths of a Poisson process are step functions with jumps (or
occurrence of events). Let T1 be the time of the first jump and, for n ≥ 2, let
Tn be the elapsed time between the (n−1)st and the nth jumps. The random
variables Tn are called interarrival times.

The distribution of Tn can be easily derived. First, note that the event
{T1 > t} coincides with the event {N(t) = 0}. Hence by condition (2),

P{T1 > t} = P{N(t) = 0} = e−λt, t ≥ 0.

To find the distribution of T2 we use the conditional expectation to get

P{T2 > t} = E
(
P{T2 > t |T1}

)
.

Now use conditions (2) and (3) to show that

P (T2 > t |T1 = s) = P{no jump in (s, s + t] |T1 = s}
= P{no jump in (s, s + t]}
= e−λt.

Therefore, T2 is independent of T1 and

P{T2 > t} = e−λt, t ≥ 0.

In general, we can use the same arguments as those above to show that Tn is
independent of T1, T2, . . . , Tn−1 and

P{Tn > t} = e−λt, t ≥ 0.

Thus {Tn; n ≥ 1} is a sequence of independent random variables having the
same exponential distribution with parameter λ, namely,

P{Tn ≤ t} =

{
1− e−λt, if t ≥ 0;

0, if t < 0.

The sum Sn = T1 + T2 + · · ·+ Tn is called the waiting time until the nth
jump. Its probability density is given by the gamma density function

f(t) =
λ

(n− 1)!
(λt)n−1e−λt, t ≥ 0.
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It is an interesting fact that the Poisson process N(t) can be expressed in
terms of the waiting times or the interarrival times by

N(t) = max
{
k; Sk = T1 + T2 + · · ·+ Tk ≤ t

}
.

Now let {Ft; t ≥ 0} be a filtration satisfying the conditions

(a) For each t, N(t) is Ft-measurable;
(b) For any s ≤ t, the random variable N(t)−N(s) is independent of the

σ-field Fs.

Then N(t) is a Poisson process with respect to the filtration {Ft; t ≥ 0}. For
any 0 ≤ s < t, we have

E
(
N(t) | Fs

)
= E

(
(N(t)−N(s)) + N(s) | Fs

)
= E

(
N(t)−N(s)

)
+ N(s)

= λ(t− s) + N(s). (6.2.1)

Thus the Poisson process N(t) is not a martingale.

Definition 6.2.2. The compensated Poisson process Ñ(t) is defined by

Ñ(t) = N(t)− λt.

It follows from Equation (6.2.1) that the compensated Poisson process
Ñ(t) is a martingale with respect to {Ft; t ≥ 0}. For any s < t, the moment
generating function of Ñ(t)− Ñ(s) is easily checked to be given by

Eex(Ñ(t)−Ñ(s)) = exp
[
λ(t− s)(ex − 1− x)

]
.

Expand both sides as power series in x and then compare the coefficients of
the powers of x to get

E{Ñ(t)− Ñ(s)} = 0,

E{[Ñ(t)− Ñ(s)]2} = λ(t− s),

E{[Ñ(t)− Ñ(s)]3} = λ(t− s),

E{[Ñ(t)− Ñ(s)]4} = λ(t− s) + 3λ2(t− s)2.

Recall that the quadratic variation of a Brownian motion B(t) is given
by Theorem 4.1.2. The next theorem gives the quadratic variation of the
compensated Poisson process Ñ(t).

Theorem 6.2.3. Suppose ∆n = {t0, t1, . . . , tn−1, tn} is a partition of a finite
interval [a, b]. Then

n∑
i=1

(
Ñ(ti)− Ñ(ti−1)

)2 −→ λ(b− a) + Ñ(b)− Ñ(a) (6.2.2)

in L2(Ω) as ‖∆n‖ = max1≤i≤n(ti − ti−1) tends to 0.
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Proof. For simplicity, let

Xi =
(
Ñ(ti)− Ñ(ti−1)

)2 − (Ñ(ti)− Ñ(ti−1)
)− λ(ti − ti−1).

Then
n∑

i=1

(
Ñ(ti)− Ñ(ti−1)

)2 − (λ(b− a) + Ñ(b)− Ñ(a)
)

=
n∑

i=1

Xi.

Thus we need to show that E
(∣∣∑n

i=1 Xi

∣∣2) =
∑n

i,j=1 E(XiXj) tends to zero
as ‖∆n‖ → 0. For i �= j, say i < j, we can first take the conditional expectation
with respect to the σ-field Ftj−1 to show that E(XiXj) = 0. On the other
hand, we can use the above moments of Ñ(t)− Ñ(s) to show that for any i,

E(X2
i ) = 2λ2(ti − ti−1)2,

which implies that
∑n

i=1 E(X2
i ) ≤ 2λ2(b− a)‖∆n‖ → 0 as ‖∆n‖ → 0 and so

the theorem is proved. ��

6.3 Predictable Stochastic Processes

Let M(t) be a right continuous, square integrable martingale with left-hand
limits. In order to define the stochastic integral

∫ b

a
f(t) dM(t), we make a

crucial observation about the integrand f(t). Note that such a martingale
M(t), e.g., the compensated Poisson process Ñ(t), may have jumps.

Consider a right continuous step function g = −1[a,c)+1[c,b] with a < c < b.
It is well known that a bounded function f(t) is Riemann–Stieltjes integrable
with respect to g if and only if f(t) is left continuous at c. This condition
leads to the concept of predictability for stochastic processes.

From now on, we fix a filtration {Ft; a ≤ t ≤ b} and assume that it is right
continuous, i.e., Ft = Ft+ for each t, where Ft+ is defined by

Ft+ =
⋂∞

n=1 Ft+ 1
n
.

Moreover, all σ-fields Ft are assumed to be complete by Remark 2.5.2.
Let L denote the collection of all jointly measurable (which we have always

assumed) stochastic processes X(t, ω) satisfying the following conditions:

(1) X(t) is adapted with respect to {Ft}.
(2) Almost all sample paths of X(t) are left continuous.

Note that condition (2) is motivated by the above observation that f(t)
must be left continuous at c in order to be Riemann–Stieltjes integrable with
respect to g(t) = −1[a,c)(t) + 1[c,b](t).

Let P denote the smallest σ-field of subsets of [a, b] × Ω with respect to
which all stochastic processes in L are measurable. The σ-field P is generated
by subsets of [a, b] × Ω of the form (s, t] × A with A ∈ Fs for a ≤ s < t ≤ b
and {a} ×B with B ∈ Fa.
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Definition 6.3.1. A stochastic process X(t) is said to be predictable if the
function (t, ω) �→ X(t, ω) is P-measurable on [a, b]×Ω.

Obviously, all stochastic processes in L are predictable. Here are some
more examples of predictable stochastic processes.

Example 6.3.2. Let X(t) be an Ft-adapted, right continuous stochastic process
with left-hand limits. Let X(t−) denote its left-hand limit. Then X(t−) is
predictable.

Example 6.3.3. Let f(t, ω) be a step stochastic process given by

f(t, ω) =
n∑

i=1

ξi−1(ω)1(ti−1,ti](t),

where ξi−1 is Fti−1-measurable. Then f(t, ω) is predictable.

Example 6.3.4. Let g(t, ω) be a step stochastic process given by

g(t, ω) =
n∑

i=1

ηi−1(ω)1[ti−1,ti)(t),

where ηi−1 is Fti−1-measurable. Then g(t, ω) is not predictable. However, the
stochastic process g(t−, ω) =

∑n
i=1 ηi−1(ω)1(ti−1,ti](t) is predictable.

Example 6.3.5. Let N(t) be a Poisson process. Then N(t−) is predictable.
However, N(t) is not predictable. The reason is related to the fact that if a
sample path N(t, ω) has a jump in (a, b), then the Riemann–Stieltjes integral∫ b

a
N(t, ω) dN(t, ω) does not exist.

6.4 Doob–Meyer Decomposition Theorem

In this section we briefly explain the submartingale decomposition, which will
be used in Section 6.5 for the extension of the Itô integral when the integrator
B(t) is replaced by a martingale.

Let {Xn}∞
n=0 be a submartingale with respect to a filtration {Fn}∞

n=0.
Define a sequence {An}∞

n=0 of random variables by A0 = 0 and

An =
n∑

i=1

(
E
[
Xi | Fi−1

]−Xi−1
)
, n ≥ 1.

Note that An is Fn−1-measurable. Moreover, since {Xn} is a submartingale,
we have E[Xi | Fi−1] −Xi−1 ≥ 0 almost surely. Hence {An} is an increasing
sequence almost surely. Let Mn = Xn−An. It is easily checked that {Mn}∞

n=0
is a martingale. Thus we have obtained the Doob decomposition
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Xn = Mn + An, n ≥ 0. (6.4.1)

This decomposition of a submartingale as the sum of a martingale and an
adapted increasing sequence is unique if we require that A0 = 0 and that An

be Fn−1-measurable.
For the continuous-time case, the situation is much more complicated.

The analogue of Equation (6.4.1) is called the Doob–Meyer decomposition.
We briefly describe this decomposition and avoid the technical details.

All stochastic processes X(t) in this section will be assumed to be right
continuous with left-hand limits X(t−).

Let X(t), a ≤ t ≤ b, be a submartingale with respect to a right continuous
filtration {Ft; a ≤ t ≤ b}. If X(t) satisfies certain conditions, then it can be
decomposed uniquely as

X(t) = M(t) + C(t), a ≤ t ≤ b, (6.4.2)

where M(t), a ≤ t ≤ b, is a martingale with respect to {Ft; a ≤ t ≤ b}, C(t) is
predictable, right continuous, and increasing almost surely with EC(t) < ∞
for all t ∈ [a, b], and C(a) = 0. Moreover, the decomposition is unique if C(t)
is required to satisfy certain additional conditions. For the precise statement
of the additional conditions and the proof of the Doob–Meyer decomposition
theorem, see the books [7] [8] [15] [30] [45] [61] [68].

Definition 6.4.1. The stochastic process C(t) in Equation (6.4.2) is called
the compensator of the submartingale X(t).

Note that if M(t) is a square integrable martingale, then E(M(t)2) < ∞
and we can apply the conditional Jensen’s inequality in Section 2.4 to see that
M(t)2 is a submartingale.

What we will need in Section 6.5 is a special case of the Doob–Meyer
decomposition for a submartingale M(t)2 stated in the next theorem.

Theorem 6.4.2. Let M(t), a ≤ t ≤ b, be a right continuous, square integrable
martingale with left-hand limits. Then there is a unique decomposition

M(t)2 = L(t) + A(t), a ≤ t ≤ b, (6.4.3)

where L(t) is a right continuous martingale with left-hand limits and A(t) is
a predictable, right continuous, and increasing process such that A(a) = 0 and
EA(t) < ∞ for all t ∈ [a, b].

Notation 6.4.3. For convenience we will use 〈M〉t to denote the compensator
A(t) of M(t)2 in Equation (6.4.3).

On the other hand, for a martingale M(t) as given in the theorem, the
following limit can be shown to exist:

[M ]t ≡ lim
‖∆n‖→0

n∑
i=1

(
M(ti)−M(ti−1)

)2
, in probability, (6.4.4)
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where ∆n = {t0, t1, . . . , tn−1, tn} is a partition of the interval [a, t] and ‖∆n‖ =
max1≤i≤n (ti − ti−1). The limit [M ]t is called the quadratic variation process
of M(t). It can be proved that M(t)2 − [M ]t is a martingale.

In general, the quadratic variation process [M ]t of M(t) is not equal to
the compensator 〈M〉t of M(t)2. By the above theorem, M(t)2 − 〈M〉t is a
martingale. Hence [M ]t − 〈M〉t is also a martingale. Therefore, 〈M〉t is the
unique predictable compensator of the stochastic process [M ]t.

Example 6.4.4. Consider a Brownian motion B(t). By Theorem 4.1.2 with
a = 0 and b = t, the quadratic variation process of B(t) is given by [B]t = t.
On the other hand, recall that B(t)2 − t is a martingale. Hence we get the
Doob–Meyer decomposition of B(t)2:

B(t)2 =
(
B(t)2 − t

)
+ t.

Thus the compensator of B(t)2 is given by 〈B〉t = t. Note that [B]t = 〈B〉t.
Example 6.4.5. Consider the martingale M(t) = B(t)2 − t. Let {Ft} be the
filtration specified in the beginning of Section 4.3. It can be easily checked
that for any s < t,

E
(
B(t)4 | Fs

)
= B(s)4 + 6(t− s)B(s)2 + 3(t− s)2,

E
(
B(t)2 | Fs

)
= B(s)2 + (t− s). (6.4.5)

Since M(t)2 = B(t)4 − 2tB(t)2 + t2, we obtain

E
(
M(t)2 | Fs

)
= B(s)4 + (4t− 6s)B(s)2 + 2(t− s)2 + s2. (6.4.6)

On the other hand, let M(t)2 = L(t)+A(t) be the Doob–Meyer decomposition
of M(t)2. Then we have

E
(
M(t)2 | Fs

)
= L(s) + E

(
A(t) | Fs)

= M(s)2 −A(s) + E
(
A(t) | Fs)

= B(s)4 − 2sB(s)2 + s2 + E
(
A(t)−A(s) | Fs). (6.4.7)

It follows from Equations (6.4.6) and (6.4.7) that

E
(
A(t)−A(s) | Fs) = 4(t− s)B(s)2 + 2(t− s)2. (6.4.8)

Now we see from Equation (6.4.5) that

E

(∫ t

s

B(u)2 du
∣∣∣Fs

)
=
∫ t

s

E
(
B(u)2 | Fs

)
du

=
∫ t

s

(
B(s)2 + u− s

)
du

= (t− s)B(s)2 +
1
2
(t− s)2. (6.4.9)
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By comparing Equations (6.4.8) and (6.4.9), we clearly see that

A(t) = 4
∫ t

0
B(u)2 du. (6.4.10)

Therefore, the compensator of M(t)2 =
(
B(t)2 − t

)2 is given by

〈M〉t = 4
∫ t

0
B(u)2 du. (6.4.11)

This implies that the stochastic process

(
B(t)2 − t

)2 − 4
∫ t

0
B(u)2 du

is a martingale. On the other hand, we can easily check by direct computation
that the quadratic variation process of M(t) = B(t)2 − t is also given by the
right-hand side of Equation (6.4.10). Hence [M ]t = 〈M〉t.
Example 6.4.6. Consider a Poisson process N(t). The compensated Poisson
process Ñ(t) = N(t)− λt is a martingale. By Theorem 6.2.3 with a = 0 and
b = t, the quadratic variation process of Ñ(t) is given by [Ñ ]t = λt + Ñ(t).
On the other hand, we can find the compensator 〈Ñ〉t of Ñ(t)2 as follows.
Use the same arguments as those in the case of Brownian motion to derive
the following equality for any 0 ≤ s < t:

E(N(t)2 | Fs) = λ2(t− s)2 + λ(t− s) + 2λ(t− s)N(s) + N(s)2. (6.4.12)

It follows from Equations (6.2.1) and (6.4.12) that

E(Ñ(t)2 − λt | Fs) = Ñ(s)2 − λs.

Thus Ñ(t)2−λt is a martingale and we have the Doob–Meyer decomposition
for Ñ(t)2:

Ñ(t)2 =
(
Ñ(t)2 − λt

)
+ λt.

Hence the compensator of Ñ(t)2 is given by 〈Ñ〉t = λt. Clearly, [Ñ ]t �= 〈Ñ〉t.
Note that [Ñ ]t = λt + Ñ(t) contains jumps and observe that when λ = 1, the
compensator of Ñ(t)2 is the same as that of B(t)2.

Example 6.4.7. Consider the martingale M(t) = B(t) + Ñ(t). Assume that
B(t) and Ñ(t) are independent. Then for any s ≤ t,

E[B(t)Ñ(t) | Fs] = E[{(B(t)−B(s)) + B(s)}{(Ñ(t)− Ñ(s)) + Ñ(s)} | Fs]

= B(s)Ñ(s). (6.4.13)

Therefore, B(t)Ñ(t) is a martingale. Using this fact, we see that
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(B(t) + Ñ(t))2 − (t + λt) = (B(t)2 − t) + 2B(t)Ñ(t) + (Ñ(t)2 − λt)

is a martingale. This implies that 〈M〉t = (1 + λ)t. Moreover, we can use the
independence of B(t) and Ñ(t) to check that

[M ]t = [B]t + [Ñ ]t = (1 + λ)t + Ñ(t).

6.5 Martingales as Integrators

Let M(t), a ≤ t ≤ b, be a fixed martingale with respect to the filtration
{Ft; a ≤ t ≤ b} specified in Section 6.3. We will assume that M(t) is right
continuous with left-hand limits and E(M(t)2) < ∞ for all t. By Theorem
6.4.2, the compensator A(t) of M(t)2, denoted by 〈M〉t, is a predictable, right
continuous, and increasing process with EA(t) < ∞, and A(a) = 0.

In this section we will extend the stochastic integral
∫ b

a
f(t) dB(t) defined

in Chapter 4 to
∫ b

a
f(t) dM(t) for the above martingale M(t).

First we prove a lemma on the conditional expectation of M(t) −M(s)2

with respect to Fs.

Lemma 6.5.1. For any s < t, we have

E
[(

M(t)−M(s)
)2 | Fs

]
= E

[〈M〉t − 〈M〉s | Fs

]
.

Proof. Let M(t)2 = L(t) + A(t) be the Doob–Meyer decomposition of M(t)2

in Equation (6.4.3). Then

E
[(

M(t)−M(s)
)2 | Fs

]
= E

[
M(t)2 − 2M(t)M(s) + M(s)2 | Fs

]
= E

[
M(t)2 | Fs

]−M(s)2

= E
[
L(t) + A(t) | Fs

]− L(s)−A(s)

= E
[
A(t)−A(s) | Fs

]
.

This proves the lemma since A(t) = 〈M〉t. ��
Observe that the compensator 〈M〉t of M(t)2, instead of the quadratic

variation process [M ]t of M(t), is used in Lemma 6.5.1. This lemma will play
a critical role for the stochastic integral with respect to M(t).

Next we need to specify the integrand f(t). As pointed out in Section 6.3,
we need to assume that f(t) is predictable in order to take care of the jumps
of the martingale M(t).

Notation 6.5.2. For convenience we will use L2
pred([a, b]〈M〉 × Ω) to denote

the space of all predictable stochastic processes f(t, ω), a ≤ t ≤ b, ω ∈ Ω,
satisfying the condition E

∫ b

a
|f(t)|2 d〈M〉t < ∞.
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Note that in case M(t) is a Brownian motion B(t), then we have 〈M〉t = t
and the predictability is just the same as being adapted. Hence the space
L2

pred([a, b]〈M〉 ×Ω) is just the space L2
ad([a, b]×Ω) defined in Section 4.3.

Now we will follow the same procedure as in Chapter 4, but with suitable
modification, to define the stochastic integral∫ b

a

f(t) dM(t)

for f ∈ L2
pred([a, b]〈M〉 × Ω). First consider a step stochastic process f in

L2
pred([a, b]〈M〉 ×Ω) given by

f(t, ω) =
n∑

i=1

ξi−1(ω)1(ti−1,ti](t).

In this case, define I(f) by

I(f) =
n∑

i=1

ξi−1
(
M(ti)−M(ti−1)

)
. (6.5.1)

Obviously, we have I(αf + βg) = αI(f) + βI(g) for any α, β ∈ R and
step stochastic processes f, g ∈ L2

pred([a, b]〈M〉 × Ω). Moreover, we have the
following lemma.

Lemma 6.5.3. Let I(f) be defined by Equation (6.5.1). Then

E
(|I(f)|2) = E

∫ b

a

|f(t)|2 d〈M〉t.

Proof. Note that for i �= j, say i < j, we have

E
{
ξi−1ξj−1

(
M(ti)−M(ti−1)

)(
M(tj)−M(tj−1)

)}
= E

{
E
[
ξi−1ξj−1

(
M(ti)−M(ti−1)

)(
M(tj)−M(tj−1)

) | Ftj−1

]}
= E

{
ξi−1ξj−1

(
M(ti)−M(ti−1)

)
E
[
M(tj)−M(tj−1) | Ftj−1

]}
= 0.

Therefore,

E
(|I(f)|2) =

n∑
i,j=1

E
{
ξi−1ξj−1

(
M(ti)−M(ti−1)

)(
M(tj)−M(tj−1)

)}
=

n∑
i=1

E
{
ξ2
i−1
(
M(ti)−M(ti−1)

)2}
=

n∑
i=1

E
{
ξ2
i−1E

[(
M(ti)−M(ti−1)

)2 | Fti−1

]}
.
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Then apply Lemma 6.5.1 to get

E
(|I(f)|2) =

n∑
i=1

E
{
ξ2
i−1E

[〈M〉ti
− 〈M〉ti−1 | Fti−1

]}
=

n∑
i=1

E
{
ξ2
i−1
(〈M〉ti

− 〈M〉ti−1

)}
= E

n∑
i=1

ξ2
i−1
(〈M〉ti − 〈M〉ti−1

)
= E

∫ b

a

|f(t)|2 d〈M〉t.

This proves the equality in the lemma. ��
Next we extend I(f) to f ∈ L2

pred([a, b]〈M〉 × Ω). Recall that the σ-field
P is generated by subsets of [a, b]×Ω of the form (s, t]× A with A ∈ Fs for
a ≤ s < t ≤ b and {a}×B with B ∈ Fa. Hence if f ∈ L2

pred([a, b]〈M〉×Ω), then
there exists a sequence {fn} of step stochastic processes in L2

pred([a, b]〈M〉×Ω)
such that

lim
n→∞ E

∫ b

a

|f(t)− fn(t)|2 d〈M〉t = 0.

Thus by Lemma 6.5.3 the sequence {I(fn)} is Cauchy in L2(Ω). Define

I(f) = lim
n→∞ I(fn), in L2(Ω). (6.5.2)

We can check that the limit is independent of the choice of the sequence
{fn}. Hence I(f), denoted by

∫ b

a
f(t) dM(t), is well-defined. It is called the

stochastic integral of f with respect to the martingale M(t). For any α, β ∈ R

and f, g ∈ L2
pred([a, b]〈M〉 ×Ω), we have∫ b

a

(
αf(t) + βg(t)

)
dM(t) = α

∫ b

a

f(t) dM(t) + β

∫ b

a

g(t) dM(t).

Example 6.5.4. Let B(t) be a Brownian motion and let {Ft; a ≤ t ≤ b} be a
filtration specified in Section 4.3. Take g ∈ L2

ad([a, b] × Ω) and consider the
martingale

M(t) =
∫ t

a

g(s) dB(s), a ≤ t ≤ b.

The compensator of M(t)2 is given by

〈M〉t =
∫ t

a

|g(s)|2 ds.

Therefore, f ∈ L2
pred([a, b]〈M〉 ×Ω) if and only if it satisfies the condition
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E

∫ b

a

|f(t)|2|g(t)|2 dt < ∞,

which is valid if and only if fg ∈ L2
ad([a, b]×Ω). Moreover, we have∫ b

a

f(t) dM(t) =
∫ b

a

f(t)g(t) dB(t).

Example 6.5.5. Let ∆n = {t0, t1, . . . , tn−1, tn} be a partition of a finite interval
[a, b]. Then

n∑
i=1

(
Ñ(ti)− Ñ(ti−1)

)2
=

n∑
i=1

([
Ñ(ti)2 − Ñ(ti−1)2

]− 2Ñ(ti−1)
(
Ñ(ti)− Ñ(ti−1)

))
= Ñ(b)2 − Ñ(a)2 − 2

n∑
i=1

Ñ(ti−1)
(
Ñ(ti)− Ñ(ti−1)

)
. (6.5.3)

From Equation (6.5.2) we see that∫ b

a

Ñ(t−) dÑ(t) = lim
‖∆n‖→0

n∑
i=1

Ñ(ti−1)
(
Ñ(ti)− Ñ(ti−1)

)
, in L2(Ω).

Therefore, by Equation (6.5.3),∫ b

a

Ñ(t−) dÑ(t) =
1
2

(
Ñ(b)2 − Ñ(a)2 − lim

‖∆n‖→0

n∑
i=1

(
Ñ(ti)− Ñ(ti−1)

)2)
.

Now use Equation (6.2.2) in Theorem 6.2.3 to conclude that∫ b

a

Ñ(t−) dÑ(t) =
1
2

(
Ñ(b)2 − Ñ(a)2 − λ(b− a)− Ñ(b) + Ñ(a)

)
. (6.5.4)

In particular, we have∫ t

0
Ñ(s−) dÑ(s) =

1
2

(
Ñ(t)2 − λt− Ñ(t)

)
.

Example 6.5.6. In this example we compute the stochastic integral of N(t−)
with respect to Ñ(t). Since N(t) = Ñ(t) + λt, we have∫ b

a

N(t−) dÑ(t) =
∫ b

a

Ñ(t−) dÑ(t) + λ

∫ b

a

t dÑ(t). (6.5.5)

The first term in the right-hand side is given by Equation (6.5.4). To evaluate
the second term, let {t0, t1, . . . , tn−1, tn} be a partition of [a, b]. Then



88 6 Stochastic Integrals for Martingales

n∑
i=1

ti−1
(
Ñ(ti)− Ñ(ti−1)

)
= bÑ(b)− aÑ(a)−

n∑
i=1

Ñ(ti)(ti − ti−1).

Take the limit to get∫ b

a

t dÑ(t) = bÑ(b)− aÑ(a)−
∫ b

a

Ñ(t) dt. (6.5.6)

Then put Equations (6.5.4) and (6.5.6) into Equation (6.5.5) to see that∫ b

a

N(t−) dÑ(t) =
1
2

(
Ñ(b)2 − Ñ(a)2 − λ(b− a)− Ñ(b) + Ñ(a)

)
+ λbÑ(b)− λaÑ(a)− λ

∫ b

a

Ñ(t) dt.

We can also use the fact that Ñ(t) = N(t)−λt to rewrite the right-hand side
of this equality in terms of N(t),∫ b

a

N(t−) dÑ(t) =
1
2

(
N(b)2−N(a)2−N(b)+N(a)

)
−λ

∫ b

a

N(t) dt. (6.5.7)

In particular, we have∫ t

0
N(s−) dÑ(s) =

1
2

(
Ñ(t)2 − λt− Ñ(t)

)
+ λtÑ(t)− λ

∫ t

0
Ñ(s) ds

=
1
2

(
N(t)2 −N(t)

)
− λ

∫ t

0
N(s) ds.

Example 6.5.7. Let M(t) be a continuous and square integrable martingale.
Then we have the equality∫ t

0
M(s) dM(s) =

1
2

(
M(t)2 −M(0)2 − 〈M〉t

)
,

which can be derived in the same way as the Brownian motion case by using
the fact that [M ]t = 〈M〉t for such a martingale.

We now state two theorems on stochastic processes defined by stochastic
integrals with respect to a martingale integrator. For the proofs, just modify
the arguments in Chapter 4 for the case that M(t) is a Brownian motion.

Theorem 6.5.8. Let f ∈ L2
pred([a, b]〈M〉 ×Ω). Then the stochastic process

Xt =
∫ t

a

f(s) dM(s), a ≤ t ≤ b,

is a martingale and the following equality holds:

E
(|X(t)|2) = E

∫ t

a

|f(s)|2 d〈M〉s.
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Theorem 6.5.9. Let f ∈ L2
pred([a, b]〈M〉 ×Ω). Then the stochastic process

Xt =
∫ t

a

f(s) dM(s), a ≤ t ≤ b,

is right continuous with left-hand limits, i.e., almost all of its sample paths
are right continuous functions with left-hand limits on [a, b]. Furthermore, the
compensator of X2

t is given by

〈X〉t =
∫ t

a

|f(s)|2 d〈M〉s.

6.6 Extension for Integrands

Recall that in Section 4.3 we defined the Itô integral
∫ b

a
f(t) dB(t) with respect

to a Brownian motion B(t) for f ∈ L2
ad([a, b]×Ω). In Section 5.3 we extended

this integral to f ∈ Lad(Ω, L2[a, b]).
Suppose M(t) is a right continuous, square integrable martingale with

left-hand limits. In the previous section we defined the stochastic integral∫ b

a
f(t) dM(t) for f ∈ L2

pred([a, b]〈M〉×Ω). In this section we will briefly explain
the extension of this integral to a larger class of integrands. For details, see
the books by Kallianpur [45] and by Protter [68].

Notation 6.6.1. We will use Lpred(Ω, L2[a, b]〈M〉) to denote the space of all
predictable stochastic processes f(t, ω), a ≤ t ≤ b, ω ∈ Ω, satisfying the
condition

∫ b

a
|f(t)|2 d〈M〉t < ∞ almost surely.

Note that when M(t) = B(t), the space Lpred(Ω, L2[a, b]〈M〉) is just the
space Lad(Ω, L2[a, b]) in Section 5.3.

Let f ∈ Lpred(Ω, L2[a, b]〈M〉). Define a sequence {fn(t)}∞
n=1 of stochastic

processes in a similar way as in Section 5.3 by

fn(t, ω) =

{
f(t, ω), if

∫ t

a
|f(s, ω)|2 d〈M〉s(ω) ≤ n;

0, otherwise.

Lemma 6.6.2. Let f ∈ Lpred(Ω, L2[a, b]〈M〉). Then fn ∈ L2
pred([a, b]〈M〉 × Ω)

for each n ≥ 1 and the sequence
∫ b

a
fn(t) dM(t) converges in probability as

n →∞.

In view of the above lemma, we can define the stochastic integral of f with
respect to M(t) by∫ b

a

f(t) dM(t) = lim
n→∞

∫ b

a

fn(t) dM(t), in probability. (6.6.1)
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The stochastic integral in Equation (6.6.1) is indeed well-defined, namely,
it is independent of the choice of the sequence {fn}.

We state several theorems concerning the stochastic integral
∫ b

a
f(t) dM(t)

for f ∈ Lpred(Ω, L2[a, b]〈M〉), the associated stochastic process
∫ t

a
f(s) dM(s),

and a stochastic integral with respect to the compensator 〈M〉t. For the proofs,
see the books [45] and [68].

Theorem 6.6.3. Let f ∈ Lpred(Ω, L2[a, b]〈M〉) and gn ∈ L2
pred([a, b]〈M〉 × Ω)

for n ≥ 1. Suppose

lim
n→∞

∫ b

a

|f(t)− gn(t)|2 d〈M〉t = 0, almost surely.

Then we have∫ b

a

f(t) dM(t) = lim
n→∞

∫ b

a

gn(t) dM(t), in probability.

Theorem 6.6.4. Let f ∈ Lpred(Ω, L2[a, b]〈M〉). Then the stochastic process

X(t) =
∫ t

a

f(s) dM(s), a ≤ t ≤ b,

is a local martingale with respect to the filtration specified in Section 6.3 and
has a right continuous realization with left-hand limits. Moreover, if M(t) is
continuous, then X(t) has a continuous realization.

Theorem 6.6.5. Let M(t) be a continuous and square integrable martingale.
If f ∈ Lpred(Ω, L2[a, b]〈M〉) is a continuous stochastic process, then∫ b

a

f(t) dM(t) = lim
‖∆n‖→0

n∑
i=1

f(ti−1)
(
M(ti)−M(ti−1)

)
, in probability,

where ∆n = {t0, t1, . . . , tn−1, tn} is a partition of the interval [a, b] and
‖∆n‖ = max1≤i≤n (ti − ti−1).

Theorem 6.6.6. Let M(t) be a continuous and square integrable martingale.
Then for any bounded, continuous, and adapted stochastic process Y (t),∫ b

a

Y (t) d〈M〉t = lim
‖∆n‖→0

n∑
i=1

Y (ti−1)
(
M(ti)−M(ti−1)

)2
, in probability,

where ∆n = {t0, t1, . . . , tn−1, tn} is a partition of the interval [a, b] and
‖∆n‖ = max1≤i≤n (ti− ti−1). Here the left-hand side is the Riemann–Stieltjes
integral

∫ b

a
Y (t, ω) d〈M〉t(ω) defined for each ω in some Ω0 with P (Ω0) = 1.
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Exercises

1. Let F (t) and G(t) be right continuous nondecreasing functions on [a, b].
Prove that∫ b

a

F (t−) dG(t) +
∫ b

a

G(t−) dF (t)

= F (b)G(b)− F (a)G(a)−
∑

a<t≤b

∆F (t)∆G(t), (6.6.2)

where the integrals are Riemann–Stieltjes integrals and ∆ϕ(t) is the jump
of ϕ at t, i.e., ∆ϕ(t) = ϕ(t)− ϕ(t−).

2. Put F (t) = G(t) = Ñ(t, ω), the compensated Poisson process, in Equation
(6.6.2) and show that∫ b

a

Ñ(t−) dÑ(t) =
1
2

(
Ñ(b)2 − Ñ(a)2 − λ(b− a)− Ñ(b) + Ñ(a)

)
,

where the left-hand side is a Riemann–Stieltjes integral for each ω. Note
that this integral coincides with the stochastic integral in Equation (6.5.4).

3. Put F (t) = G(t) = N(t, ω), the Poisson process, in Equation (6.6.2) and
show that∫ b

a

N(t−) dN(t) =
1
2

(
N(b)2 −N(a)2 −N(b) + N(a)

)
, (6.6.3)

where the left-hand side is a Riemann–Stieltjes integral for each ω. Note
that since N(t) is not a martingale, the integral

∫ b

a
N(t−) dN(t) is not a

stochastic integral as defined in Section 6.5.
4. Use Equation (6.6.3) to show that∫ b

a

N(t−) dÑ(t) =
1
2

(
N(b)2 −N(a)2 −N(b) + N(a)

)
− λ

∫ b

a

N(t) dt,

where the left-hand side is a Riemann–Stieltjes integral for each ω. This
integral coincides with the stochastic integral in Equation (6.5.7).

5. Find the quadratic variation process [N ]t of a Poisson process N(t) with
parameter λ > 0.

6. Suppose λ ∈ R. Prove that M(t) = eλB(t)−λ2t/2 is a martingale and the
compensator of M(t)2 is given by

〈M〉t = λ2
∫ t

0
e2λB(u)−λ2u du.

7. Let f ∈ L2[a, b] and M(t) =
∫ t

a
f(s) dB(s). Find the quadratic variation

process [M ]t of M(t) and the compensator 〈M〉t of M(t)2.
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8. Let f(t) be adapted and
∫ b

a
E|f(t)|2 dt < ∞. Show that

M(t) =
(∫ t

a

f(s) dB(s)
)2

−
∫ t

a

f(s)2 ds

is a martingale and find the compensator of M(t)2.
9. Let s ≤ t. Show that

E
{
B(t)3

∣∣Fs

}
= 3(t− s)B(s) + B(s)3. (6.6.4)

10. Use Equation (6.6.4) to derive a martingale Xt = B(t)3 − 3tB(t). Find
the quadratic variation process [X]t and the compensator 〈X〉t.

11. Let s ≤ t. Show that

E
{
B(t)4

∣∣Fs

}
= 3(t− s)2 + 6(t− s)B(s)2 + B(s)4. (6.6.5)

12. Let s ≤ t. Show that

E
{∫ t

0
B(u)2 du

∣∣∣Fs

}
=

1
2
(t−s)2 +(t−s)B(s)2 +

∫ s

0
B(u)2 du. (6.6.6)

13. Use Equations (6.6.5) and (6.6.6) to show that

Xt = B(t)4 − 6
∫ t

0
B(u)2 du

is a martingale and then derive the quadratic variation process [X]t and
the compensator 〈X〉t.

14. Let s ≤ t. Show that

E
{
B(t)eB(t)

∣∣Fs

}
=
(
t− s + B(s)

)
eB(s)+ 1

2 (t−s). (6.6.7)

15. Use Equation (6.6.7) to derive a martingale Xt = (B(t)−t) eB(t)− 1
2 t. Find

the quadratic variation process [X]t and the compensator 〈X〉t.
16. Suppose a Brownian motion B(t) and a compensated Poisson process Ñ(t)

are independent. By Example 6.4.7, M(t) = B(t)Ñ(t) is a martingale.
Find the quadratic variation process [M ]t and the compensator 〈M〉t.

17. Find the variances of
∫ b

a
N(t−) dÑ(t) and

∫ b

a
Ñ(t−)2 dÑ(t).

18. Let B(t) and Ñ(t) be independent. Find the variances of
∫ b

a
B(t) dÑ(t)

and
∫ b

a
eB(t) dÑ(t).
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The Itô Formula

The chain rule in the Leibniz–Newton calculus is the formula d
dtf(g(t)) =

f ′(g(t))g′(t) for differentiable functions f and g. It can be rewritten in the
integral form as f(g(t)) − f(g(a)) =

∫ t

a
f ′(g(s))g′(s) ds. On the other hand,

the chain rule in the Itô calculus, for the simplest case, states that

f(B(t)) = f(B(a)) +
∫ t

a

f ′(B(s)) dB(s) +
1
2

∫ t

a

f ′′(B(s)) ds

for a Brownian motion B(t) and a twice continuously differentiable function
f . This formula is often written in a symbolic differential form as

df(B(t)) = f ′(B(t)) dB(t) +
1
2
f ′′(B(t)) dt.

The appearance of the term 1
2f ′′(B(t)) dt is a consequence of the nonzero

quadratic variation of the Brownian motion B(t). In this chapter we will
study the celebrated Itô formula and its generalizations to multidimensional
spaces and martingales.

7.1 Itô’s Formula in the Simplest Form

The Leibniz–Newton calculus deals with deterministic functions. A basic rule
for differentiation is the chain rule, which gives the derivative of a composite
function f(g(t)). It states that if f and g are differentiable, then f(g(t)) is
also differentiable and has derivative

d

dt
f(g(t)) = f ′(g(t))g′(t).

In terms of the fundamental theorem of calculus this equality says that

f(g(t))− f(g(a)) =
∫ t

a

f ′(g(s))g′(s) ds. (7.1.1)
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The Itô calculus deals with random functions, i.e., stochastic processes.
Let B(t) be a Brownian motion and f a differentiable function. Consider
the composite function f(B(t)). Since almost all sample paths of B(t) are
nowhere differentiable, the equality d

dtf(B(t)) = f ′(B(t))B′(t) obviously has
no meaning. However, when we rewrite B′(s) ds as an integrator dB(s) in the
Itô integral, Equation (7.1.1) leads to the following question.

Question 7.1.1. Does the equality f(B(t))−f(B(a)) =
∫ t

a
f ′(B(s)) dB(s) hold

for any differentiable function f?

The integral
∫ t

a
f ′(B(s)) dB(s) is of course an Itô integral defined as in

Chapter 4 or 5 depending on whether f ′(B(t)) belongs to L2
ad([a, b] × Ω) or

Lad(Ω, L2[a, b]), respectively. For the simple function f(x) = x2, the equality
in Question 7.1.1 would give

B(t)2 −B(a)2 = 2
∫ t

a

B(s) dB(s),

which is contradictory to the equality from Example 4.4.1 with b = t,

B(t)2 −B(a)2 − (t− a) = 2
∫ t

a

B(s) dB(s).

Therefore, the answer to Question 7.1.1 is negative. But then is there
a formula for the composite function f(B(t)) to serve as the chain rule in
an integral form for the Itô calculus? To figure out the answer, consider a
partition ∆n = {t0, t1, . . . , tn−1, tn} of [a, t]. Then we have

f(B(t))− f(B(a)) =
n∑

i=1

(
f(B(ti))− f(B(ti−1))

)
. (7.1.2)

Let f be a C2-function, namely, it is twice differentiable and the second
derivative f ′′ is continuous. Then we have the Taylor expansion

f(x)− f(x0) = f ′(x0)(x− x0) +
1
2
f ′′(x0 + λ(x− x0)

)
(x− x0)2,

where 0 < λ < 1. Therefore, by Equation (7.1.2)

f(B(t))− f(B(a)) =
n∑

i=1

f ′(Bti−1)(Bti −Bti−1)

+
1
2

n∑
i=1

f ′′(Bti−1 + λi(Bti −Bti−1)
)
(Bti −Bti−1)

2, (7.1.3)

where 0 < λi < 1 and Bt is used to denote B(t) here and below in order to
make parentheses easy to read.
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Now, the first summation in Equation (7.1.3) can be taken care of by
Theorem 5.3.3, namely,

lim
‖∆n‖→0

n∑
i=1

f ′(Bti−1)(Bti
−Bti−1) =

∫ t

a

f ′(B(s)) dB(s), in probability.

As for the second summation in Equation (7.1.3), we can easily guess the
limit in view of the quadratic variation of B(t) in Theorem 4.1.2, i.e.,

n∑
i=1

f ′′(Bti−1 + λi(Bti −Bti−1)
)
(Bti −Bti−1)

2 −→
∫ t

a

f ′′(B(s)) ds (7.1.4)

in some sense as ‖∆n‖ → 0. We will prove in the next section that there exists
a subsequence such that Equation (7.1.4) converges almost surely.

It is worthwhile to point out that if the second derivative f ′′ is bounded,
then the proof of Equation (7.1.4) is quite easy. But in general a C2-function
f may have unbounded f ′′. In that case, the proof of Equation (7.1.4) is
somewhat involved. This is the reason why we postpone the proof until the
next section.

Summing up the above discussion, we have the following theorem, which
K. Itô proved in 1944 [31].

Theorem 7.1.2. Let f(x) be a C2-function. Then

f(B(t))− f(B(a)) =
∫ t

a

f ′(B(s)) dB(s) +
1
2

∫ t

a

f ′′(B(s)) ds, (7.1.5)

where the first integral is an Itô integral (as defined in Chapter 5) and the
second integral is a Riemann integral for each sample path of B(s).

Observe that the last term in Equation (7.1.5) is a consequence of the
nonzero quadratic variation of the Brownian motion B(t). This extra term
distinguishes the Itô calculus from the Leibniz–Newton calculus.

Example 7.1.3. Take the function f(x) = x2 for Equation (7.1.5) to get

B(t)2 −B(a)2 = 2
∫ t

a

B(s) dB(s) + (t− a).

When t = b, this equality gives∫ b

a

B(t) dB(t) =
1
2
(
B(b)2 −B(a)2 − (b− a)

)
,

which is the same as Equation (4.4.1). On the other hand, when a = 0,

B(t)2 = 2
∫ t

0
B(s) dB(s) + t,

which is the Doob–Meyer decomposition of the submartingale B(t)2.
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Example 7.1.4. Put f(x) = x4 for Equation (7.1.5) to get

B(t)4 =
(
B(a)4 + 4

∫ t

a

B(s)3 dB(s)
)

+ 6
∫ t

a

B(s)2 ds.

This is the Doob–Meyer decomposition of the submartingale B(t)4. On the
other hand, this equation gives the value of an Itô integral∫ t

a

B(s)3 dB(s) =
1
4

(
B(t)4 −B(a)4

)
− 3

2

∫ t

a

B(s)2 ds.

Example 7.1.5. Take f(x) = ex for Equation (7.1.5) to get

eB(t) =
(
eB(a) +

∫ t

a

eB(s) dB(s)
)

+
1
2

∫ t

a

eB(s) ds.

This equality is the Doob–Meyer decomposition of the submartingale eB(t).
We can also rewrite it as the evaluation of an Itô integral∫ t

a

eB(s) dB(s) = eB(t) − eB(a) − 1
2

∫ t

a

eB(s) ds. (7.1.6)

7.2 Proof of Itô’s Formula

In this section we will prove the almost sure convergence of a subsequence in
Equation (7.1.4). This will complete the proof of Itô’s formula in Theorem
7.1.2. First we prove two lemmas.

Lemma 7.2.1. Let g(x) be a continuous function on R. For each n ≥ 1,
let ∆n = {t0, t1, . . . , tn−1, tn} be a partition of [a, t] and let 0 < λi < 1 for
1 ≤ i ≤ n. Then there exists a subsequence of

n∑
i=1

(
g
(
Bti−1 + λi(Bti −Bti−1)

)− g(Bti−1)
)
(Bti −Bti−1)

2 (7.2.1)

converging to 0 almost surely as ‖∆n‖ → 0.

Remark 7.2.2. In case the partitions satisfy (i) ∆1 ⊂ ∆2 ⊂ · · · ⊂ ∆n ⊂ · · ·
or (ii)

∑∞
n=1 ‖∆n‖2 < ∞, then the original sequence in Equation (7.2.1) does

converge to 0 almost surely. See the proof below.

Proof. For simplicity, let Xn denote the summation in Equation (7.2.1). For
each n ≥ 1, define a random variable

ξn = max
1≤i≤n, 0<λ<1

∣∣g(Bti−1 + λ(Bti
−Bti−1)

)− g(Bti−1)
∣∣.
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Then obviously we have

|Xn| ≤ ξn

n∑
i=1

(Bti
−Bti−1)

2. (7.2.2)

By the continuity of g(x) and the Brownian motion B(t), ξn converges to
0 almost surely. On the other hand, by Theorem 4.1.2, the summation in
Equation (7.2.2) converges to t − a in L2(Ω). Hence the right-hand side of
Equation (7.2.2) has a subsequence converging to 0 almost surely. It follows
that {Xn} has a subsequence converging to 0 almost surely.

In case the partitions satisfy condition (i) or (ii) in Remark 7.2.2, then the
summation in Equation (7.2.2) converges to t − a almost surely. Hence Xn

converges to 0 almost surely. ��
Lemma 7.2.3. Let g(x) be a continuous function on R. For each n ≥ 1, let
∆n = {t0, t1, . . . , tn−1, tn} be a partition of [a, t]. Then the sequence

n∑
i=1

g(Bti−1)
(
(Bti −Bti−1)

2 − (ti − ti−1)
)

(7.2.3)

converges to 0 in probability as ‖∆n‖ → 0.

Remark 7.2.4. In case g(x) is a bounded measurable function on R, then the
convergence can be easily shown to be in L2(Ω). This is an exercise at the
end of this chapter.

Proof. For each L > 0, define the events

A
(L)
i−1 ≡

{|B(tj)| ≤ L for all j ≤ i− 1
}
, 1 ≤ i ≤ n. (7.2.4)

Let Sn denote the summation in Equation (7.2.3) and define

Sn,L ≡
n∑

i=1

g(Bti−1) 1
A

(L)
i−1

(
(Bti

−Bti−1)
2 − (ti − ti−1)

)
(7.2.5)

=
n∑

i=1

g(Bti−1) 1
A

(L)
i−1

Xi =
n∑

i=1

Yi, (7.2.6)

where Xi = (Bti −Bti−1)
2 − (ti − ti−1) and Yi = g(Bti−1) 1

A
(L)
i−1

Xi.

Let Ft = σ{B(s); s ≤ t}. Then for i �= j, say i < j, we can use the
conditional expectation to get

E(YiYj) = E(E[YiYj | Ftj−1 ])

= E(Yig(Btj−1) 1
A

(L)
j−1

E[Xj | Ftj−1 ])

= 0. (7.2.7)
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On the other hand, it follows from the definition of A
(L)
i−1 that

Y 2
i ≤ max

|x|≤L

(|g(x)|2)X2
i .

Hence by Equation (4.1.7),

E
(
Y 2

i

) ≤ 2(ti − ti−1)2 max
|x|≤L

(|g(x)|2). (7.2.8)

From Equations (7.2.6), (7.2.7), and (7.2.8), we see that

E(S2
n,L) =

n∑
i=1

E(Y 2
i )

≤ 2 max
|x|≤L

(|g(x)|2)
n∑

i=1

(ti − ti−1)2

≤ 2‖∆n‖(t− a) max
|x|≤L

(|g(x)|2)
→ 0, as ‖∆n‖ → 0.

Hence for any fixed number L > 0, the sequence Sn,L converges to 0 in L2(Ω)
and so in probability as ‖∆n‖ → 0.

Now observe that the events defined in Equation (7.2.4) satisfy

A
(L)
0 ⊃ A

(L)
1 ⊃ · · · ⊃ A

(L)
n−1.

This relationship, in view of the definition of Sn,L in Equation (7.2.5), implies
that A

(L)
n−1 ⊂ {Sn = Sn,L}. Therefore,{

Sn �= Sn,L

} ⊂ (A(L)
n−1

)c ⊂ { max
a≤s≤t

|B(s)| > L
}

,

which implies that

P
{
Sn �= Sn,L

} ≤ P
{

max
a≤s≤t

|B(s)| > L
}

.

But by the Doob submartingale inequality in Theorem 4.5.1,

P
{

max
a≤s≤t

|B(s)| > L
}
≤ 1

L
E|B(t)| = 1

L

√
2t

π
.

Therefore, for any n ≥ 1, we have

P
{
Sn �= Sn,L

} ≤ 1
L

√
2t

π
. (7.2.9)

Finally, observe that for any ε > 0,
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} ⊂ {|Sn,L| > ε

} ∪ {Sn �= Sn,L

}
,

which implies that

P
{|Sn| > ε

} ≤ P
{|Sn,L| > ε

}
+ P

{
Sn �= Sn,L

}
. (7.2.10)

Put Equation (7.2.9) into Equation (7.2.10) to get

P
{|Sn| > ε

} ≤ P
{|Sn,L| > ε

}
+

1
L

√
2t

π
.

Choose a large number L so that 1
L

√
2t
π < ε/2. Then with this number L,

we have already proved that Sn,L converges to 0 in probability as ‖∆n‖ → 0.
Hence there exists n0 ≥ 1 such that P

{|Sn,L| > ε
}

< ε/2 for all n ≥ n0.
Therefore, P

{|Sn| > ε
}

< ε for all n ≥ n0. This shows that Sn converges to
0 in probability as ‖∆n‖ → 0. ��

Now we go back to consider Equation (7.1.4). Rewrite the summation in
this equation as

Tn ≡
n∑

i=1

f ′′(Bti−1 + λi(Bti
−Bti−1))(Bti

−Bti−1)
2

=
n∑

i=1

(
f ′′(Bti−1 + λi(Bti

−Bti−1))− f ′′(Bti−1)
)
(Bti

−Bti−1)
2

+
n∑

i=1

f ′′(Bti−1)
(
(Bti −Bti−1)

2 − (ti − ti−1)
)

+
n∑

i=1

f ′′(Bti−1)(ti − ti−1).

Obviously, the last summation converges to
∫ t

a
f ′′(B(s)) ds almost surely. By

Lemmas 7.2.1 and 7.2.3, the other two summations in the right-hand side
converge to 0 in probability. Hence there exists a subsequence {Tnk

} of {Tn}
converging to

∫ t

a
f ′′(B(s)) ds almost surely as ‖∆nk

‖ → 0. This completes the
proof of Itô’s formula in Theorem 7.1.2.

7.3 Itô’s Formula Slightly Generalized

Let f(t, x) be a function of t and x. Put x = B(t) to get a stochastic process
f(t, B(t)). What can we say about this stochastic process? Note that t appears
in two places, one as a variable of f and the other in the Brownian motion
B(t) in place of x. For the first t, we can apply the Leibniz–Newton calculus.
But for the second t in B(t), we need to use the Itô calculus.
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Suppose f(t, x) is continuous and has continuous partial derivatives ∂f
∂t , ∂f

∂x ,
and ∂2f

∂x2 . Then we can use the Taylor expansion to get

f(t, x)− f(s, x0) =
[
f(t, x)− f(s, x)

]
+
[
f(s, x)− f(s, x0)

]
=

∂f

∂t

(
s + ρ(t− s), x

)
(t− s) +

∂f

∂x
(s, x0)(x− x0)

+
1
2

∂2f

∂x2

(
s, x0 + λ(x− x0)

)
(x− x0)2, (7.3.1)

where 0 < ρ, λ < 1. Then, similar to Equations (7.1.2) and (7.1.3),

f(t, Bt)− f(a, Ba) =
n∑

i=1

(
f(ti, Bti)− f(ti−1, Bti−1)

)
=
∑
1

+
∑
2

+
∑
3

, (7.3.2)

where
∑

1,
∑

2, and
∑

3 are the summations corresponding to ∂f
∂t , ∂f

∂x , and
∂2f
∂x2 , respectively, in Equation (7.3.1). By the continuity of ∂f

∂t (t, x) and the
Brownian motion B(t), we have

∑
1

=
n∑

i=1

∂f

∂t

(
ti−1 + ρ(ti − ti−1), Bti−1

)
(ti − ti−1)

−→
∫ t

a

∂f

∂t
(s, B(s)) ds, almost surely,

as ‖∆n‖ → 0. On the other hand, we can easily modify the arguments in
Sections 7.1 and 7.2 to show that there exists a subsequence {∆nk

} of the
partitions {∆n} such that

∑
2

−→
∫ t

a

∂f

∂x
(s, B(s)) dB(s), almost surely,

∑
3

−→
∫ t

a

∂2f

∂x2 (s, B(s)) ds, almost surely,

as ‖∆nk
‖ → 0. Therefore, we have shown the following Itô’s formula.

Theorem 7.3.1. Let f(t, x) be a continuous function with continuous partial
derivatives ∂f

∂t , ∂f
∂x , and ∂2f

∂x2 . Then

f(t, B(t)) = f(a, B(a)) +
∫ t

a

∂f

∂x
(s, B(s)) dB(s)

+
∫ t

a

(∂f

∂t
(s, B(s)) +

1
2

∂2f

∂x2 (s, B(s))
)

ds. (7.3.3)
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We give some simple examples to illustrate how to use Equation (7.3.3).

Example 7.3.2. Consider the function f(t, x) = tx2. Then ∂f
∂t = x2, ∂f

∂x = 2tx,

and ∂2f
∂x2 = 2t. Hence by Equation (7.3.3),

tB(t)2 = 2
∫ t

0
sB(s) dB(s) +

(∫ t

0
B(s)2 ds +

1
2
t2
)
.

We can use conditional expectation to show that tB(t)2 is a submartingale.
Hence this equality gives the Doob–Meyer decomposition of tB(t)2. It also
gives the evaluation of an Itô integral∫ t

0
sB(s) dB(s) =

1
2
tB(t)2 − 1

4
t2 − 1

2

∫ t

0
B(s)2 ds.

Example 7.3.3. The stochastic process M(t) = B(t)2 − t is a martingale. We
will use Itô’s formula to find the compensator of M(t)2. Consider the function
f(t, x) = (x2 − t)2. Then

∂f

∂t
= −2(x2 − t),

∂f

∂x
= 4x(x2 − t),

∂2f

∂x2 = 4(x2 − t) + 8x2.

Use Equation (7.3.3) to get

M(t)2 = (B(t)2 − t)2 = 4
∫ t

0
B(s)(B(s)2 − s) dB(s) + 4

∫ t

0
B(s)2 ds.

Notice that the first integral is a martingale and the second integral is an
increasing process. Hence by the Doob–Meyer decomposition theorem, the
compensator of M(t)2 is given by

〈M〉t = 4
∫ t

0
B(s)2 ds.

Example 7.3.4. Let f(t, x) = ecx− 1
2 c2t for a fixed constant c. Then

∂f

∂t
= −1

2
c2f(t, x),

∂f

∂x
= cf(t, x),

∂2f

∂x2 = c2f(t, x).

By Equation (7.3.3), we have

ecB(t)− 1
2 c2t = 1 + c

∫ t

0
ecB(s)− 1

2 c2s dB(s).

Hence M(t) = ecB(t)− 1
2 c2t is a martingale for any constant c. To find the

compensator of M(t)2, we can apply Equation (7.3.3) again to the function
f(t, x) = e2cx−c2t to get
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M(t)2 = 1 + 2c
∫ t

0
e2cB(s)−c2s dB(s) + c2

∫ t

0
e2cB(s)−c2s ds.

Therefore, the compensator of M(t)2 is given by

〈M〉t = c2
∫ t

0
e2cB(s)−c2s ds.

Example 7.3.5. Let f(t, x) = ex2−t. Then we have

∂f

∂t
= −f(t, x),

∂f

∂x
= 2xf(t, x),

∂2f

∂x2 = (1 + 2x2)2f(t, x).

Apply Equation (7.3.3) to get

eB(t)2−t = 1 + 2
∫ t

0
B(s)eB(s)2−s dB(s) + 2

∫ t

0
B(s)2eB(s)2−s ds.

Note that the first integral of the equation is a local martingale by Theorem
5.5.2, while the second integral is an increasing stochastic process. This is
similar to the Doob–Meyer decomposition for submartingales.

7.4 Itô’s Formula in the General Form

Observe from Itô’s formula in Theorems 7.1.2 and 7.3.1 that f(B(t)) and
f(t, B(t)) contain two integrals, i.e., an Itô integral and a Riemann integral.
This leads to a very special class of stochastic processes to be defined below.

Let {Ft; a ≤ t ≤ b} be a filtration specified as in Section 5.1. This filtration
will be fixed throughout the rest of this chapter. Recall that we have a class
Lad(Ω, L2[a, b]) defined in Notation 5.1.1. Now we introduce another class.

Notation 7.4.1. For convenience, we will use Lad(Ω, L1[a, b]) to denote the
space of all {Ft}-adapted stochastic processes f(t) such that

∫ b

a
|f(t)| dt < ∞

almost surely.

Definition 7.4.2. An Itô process is a stochastic process of the form

Xt = Xa +
∫ t

a

f(s) dB(s) +
∫ t

a

g(s) ds, a ≤ t ≤ b, (7.4.1)

where Xa is Fa-measurable, f ∈ Lad(Ω, L2[a, b]), and g ∈ Lad(Ω, L1[a, b]).

A very useful and convenient shorthand for writing Equation (7.4.1) is the
following “stochastic differential”

dXt = f(t) dB(t) + g(t) dt. (7.4.2)
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It should be pointed out that the stochastic differential has no meaning by
itself since Brownian paths are nowhere differentiable. It is merely a symbolic
expression to mean the equality in Equation (7.4.1). Observe that once we have
the stochastic differential in Equation (7.4.2), we can immediately convert it
into the integral form in Equation (7.4.1).

The next theorem gives the general form of Itô’s formula.

Theorem 7.4.3. Let Xt be an Itô process given by

Xt = Xa +
∫ t

a

f(s) dB(s) +
∫ t

a

g(s) ds, a ≤ t ≤ b.

Suppose θ(t, x) is a continuous function with continuous partial derivatives
∂θ
∂t ,

∂θ
∂x , and ∂2θ

∂x2 . Then θ(t, Xt) is also an Itô process and

θ(t, Xt) = θ(a, Xa) +
∫ t

a

∂θ

∂x
(s, Xs)f(s) dB(s)

+
∫ t

a

[
∂θ

∂t
(s, Xs) +

∂θ

∂x
(s, Xs)g(s) +

1
2

∂2θ

∂x2 (s, Xs)f(s)2
]

ds. (7.4.3)

This theorem can be proved by modifying the arguments in Sections 7.1
and 7.2. The technical details and notation to carry out the complete proof
are rather complicated, but the essential ideas are exactly the same as those
in the proof for Theorem 7.1.2.

A good way to obtain Equation (7.4.3) is through the symbolic derivation
in terms of a stochastic differential by using the Taylor expansion to the first
order for dt and the second order for dXt and also the following table:

× dB(t) dt

dB(t) dt 0
dt 0 0

Itô Table (1)

Here is the symbolic derivation of Equation (7.4.3). First apply the Taylor
expansion to get

dθ(t, Xt) =
∂θ

∂t
(t, Xt) dt +

∂θ

∂x
(t, Xt) dXt +

1
2

∂2θ

∂x2 (t, Xt) (dXt)2.

Then use the Itô Table (1) to get (dXt)2 = f(t)2 dt. Therefore,

dθ(t, Xt) =
∂θ

∂t
dt +

∂θ

∂x

(
f(t) dB(t) + g(t) dt

)
+

1
2

∂2θ

∂x2 f(t)2 dt

=
∂θ

∂x
f(t) dB(t) +

(∂θ

∂t
+

∂θ

∂x
g(t) +

1
2

∂2θ

∂x2 f(t)2
)

dt.
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Here, for simplicity, we have omitted the variables (t, Xt) from all partial
derivatives. Finally we convert this equation into Equation (7.4.3).

For computation we can always use this kind of symbolic derivation on
stochastic differentials to get the results. However, we need to emphasize that
this derivation is not a proof for Itô’s formula. It just produces the correct
results and that is all.

Example 7.4.4. Let f ∈ Lad(Ω, L2[0, 1]). Consider the Itô process

Xt =
∫ t

0
f(s) dB(s)− 1

2

∫ t

0
f(s)2 ds, 0 ≤ t ≤ 1,

and the function θ(x) = ex. Then dXt = f(t) dB(t) − 1
2f(t)2 dt. Apply the

Taylor expansion and the Itô Table (1) to get

dθ(Xt) = eXt dXt +
1
2
eXt (dXt)2

= eXt

(
f(t) dB(t)− 1

2
f(t)2 dt

)
+

1
2
eXtf(t)2 dt

= f(t)eXt dB(t).

Therefore, we have

e

∫ t

0
f(s) dB(s)− 1

2

∫ t

0
f(s)2 ds = 1 +

∫ t

0
f(s)e

∫ s

0
f(u) dB(u)− 1

2

∫ s

0
f(u)2 du

dB(s).

Hence by Theorem 5.5.2, Yt = exp
[ ∫ t

0 f(s) dB(s) − 1
2

∫ t

0 f(s)2 ds
]

is a local
martingale. But when f(t) is a deterministic function in L2[0, 1], then Yt is a
martingale by Theorem 4.6.1.

Example 7.4.5. Consider the Langevin equation

dXt = α dB(t)− βXt dt, X0 = x0, (7.4.4)

where α ∈ R and β > 0. The quantity Xt is the velocity at time t of a free
particle that performs a Brownian motion that is different from B(t) in the
equation. This “stochastic differential equation” is interpreted as the following
stochastic integral equation:

Xt = x0 + αB(t)− β

∫ t

0
Xs ds.

We can use the iteration method and integration by parts to derive the solution
Xt for each sample path of B(t). The computation is somewhat complicated.
But if we use Itô’s formula, then it is very easy to derive the solution.

Let θ(t, x) = eβtx. Then ∂θ
∂t = βeβtx, ∂θ

∂x = eβt, and ∂2θ
∂x2 = 0. Hence by

Itô’s formula, we have
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d(eβtXt) = βeβtXt dt + eβt dX(t)

= βeβtXt dt + eβt
(
α dB(t)− βXt dt

)
= αeβt dB(t).

Then convert this stochastic differential into a stochastic integral,

eβtXt = eβsXs +
∫ t

s

αeβu dB(u), s ≤ t.

Therefore, Xt is given by

Xt = e−β(t−s)Xs + α

∫ t

s

e−β(t−u) dB(u), s ≤ t. (7.4.5)

In particular, when s = 0, we get the solution of the Langevin equation in
Equation (7.4.4):

Xt = e−βtx0 + α

∫ t

0
e−β(t−u) dB(u). (7.4.6)

Definition 7.4.6. The solution Xt, given by Equation (7.4.6), of the Langevin
equation (7.4.4) is called an Ornstein–Uhlenbeck process.

Theorem 7.4.7. Let Xt be the Ornstein–Uhlenbeck process given by Equation
(7.4.6). Then we have the conditional probability

P
[
Xt ≤ y

∣∣Xs = x
]

=
∫ y

∞
Gα2

2β (1−e−2β(t−s))(e
−β(t−s)x, v) dv, s < t, (7.4.7)

where Gt(m, v) = 1√
2πt

e− 1
2t (v−m)2 , the Gaussian density function in v with

mean m and variance t. In particular, when s = 0 and x = x0, the random
variable Xt is Gaussian with mean x0e

−βt and variance α2

2β (1− e−2βt).

Remark 7.4.8. By Equation (7.4.7), P
[
Xt ≤ y

∣∣Xs = x
]

is a function of t−s.
Hence for any s < t and h ≥ 0, we have

P
[
Xt ≤ y

∣∣Xs = x
]

= P
[
Xt+h ≤ y

∣∣Xs+h = x
]
.

This shows that Xt is a stationary process. Moreover, for any s ≥ 0, we have
the following interesting limit:

lim
t→∞ Gα2(1−e−2β(t−s))/(2β)(e

−β(t−s)x, v) = Gα2/(2β)(0, v),

where Gα2/(2β)(0, ·) is the Gaussian density function with mean 0 and variance
α2/(2β). It can be shown that the measure dρ(v) = Gα2/(2β)(0, v) dv is an
invariant measure for the Ornstein–Uhlenbeck process.



106 7 The Itô Formula

Proof. Let s ≤ t. Given Xs = x, we can use Equation (7.4.5) to get

Xt = e−β(t−s)x + α

∫ t

s

e−β(t−u) dB(u).

Note that the integral in this equation is a Wiener integral, which is a Gaussian
random variable with mean 0 and variance

α2
∫ t

s

e−2β(t−u) du =
α2

2β
(1− e−2β(t−s)).

Hence the random variable Xt, given Xs = x, is Gaussian with mean e−β(t−s)x
and variance α2(1− e−2β(t−s))/(2β). This proves Equation (7.4.7). ��

7.5 Multidimensional Itô’s Formula

Let B1(t), B2(t), . . . , Bm(t) be m independent Brownian motions. Consider n

Itô processes X
(1)
t , X

(2)
t , . . . , X

(n)
t given by

X
(i)
t = X(i)

a +
m∑

j=1

∫ t

a

fij(s) dBj(s) +
∫ t

a

gi(s) ds, 1 ≤ i ≤ n, (7.5.1)

where fij ∈ Lad(Ω, L2[a, b]) and gi ∈ Lad(Ω, L1[a, b]) for all 1 ≤ i ≤ n and
1 ≤ j ≤ m. If we introduce the matrices

B(t) =

⎡⎢⎣ B1(t)
...

Bm(t)

⎤⎥⎦ , Xt =

⎡⎢⎢⎣
X

(1)
t
...

X
(n)
t

⎤⎥⎥⎦ ,

f(t) =

⎡⎢⎢⎣
f11(t) · · · f1m(t)

...
. . .

...

fn1(t) · · · fnm(t)

⎤⎥⎥⎦ , g(t) =

⎡⎢⎢⎣
g1(t)

...
gn(t)

⎤⎥⎥⎦ ,

then Equation (7.5.1) can be written as a matrix equation:

Xt = Xa +
∫ t

a

f(s) dB(s) +
∫ t

a

g(s) ds, a ≤ t ≤ b.

We can extend Itô’s formula in Theorem 7.4.3 to the multidimensional
case. Suppose θ(t, x1, . . . , xn) is a continuous function on [a, b]× R

n and has
continuous partial derivatives ∂θ

∂t ,
∂θ
∂xi

, and ∂2θ
∂xi∂xj

for 1 ≤ i, j ≤ n. Then the

stochastic differential of θ(t, X(1)
t , . . . , X

(n)
t ) is given by
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dθ(t, X(1)
t , . . . , X

(n)
t )

=
∂θ

∂t
(t, X(1)

t , . . . , X
(n)
t ) dt +

n∑
i=1

∂θ

∂xi
(t, X(1)

t , . . . , X
(n)
t ) dX

(i)
t

+
1
2

n∑
i,j=1

∂2θ

∂xi∂xj
(t, X(1)

t , . . . , X
(n)
t ) dX

(i)
t dX

(j)
t , (7.5.2)

where the product dX
(i)
t dX

(j)
t should be computed using the following table:

× dBj(t) dt

dBi(t) δij dt 0
dt 0 0

Itô Table (2)

The product dBi(t)dBj(t) = 0 for i �= j is the symbolic expression of the
following fact. Let B1(t) and B2(t) be two independent Brownian motions and
let ∆n = {t0, t1, . . . , tn−1, tn} be a partition of [a, b]. Then

n∑
i=1

(
B1(ti)−B1(ti−1)

)(
B2(ti)−B2(ti−1)

) −→ 0

in L2(Ω) as ‖∆n‖ = max1≤i≤n(ti − ti−1) tends to 0. The proof of this fact is
left as an exercise at the end of this chapter.

Example 7.5.1. Consider the function θ(x, y) = xy. We have ∂θ
∂x = y, ∂θ

∂y = x,
∂2θ

∂x∂y = ∂2θ
∂y∂x = 1, and ∂2θ

∂x2 = ∂2θ
∂y2 = 0. Apply Equation (7.5.2) to this function

θ(x, y) for two Itô processes Xt and Yt to get

d(XtYt) = Yt dXt + Xt dYt +
1
2
dXtdYt +

1
2
dYtdXt

= Yt dXt + Xt dYt + dXtdYt.

Therefore,

XtYt = XaYa +
∫ t

a

Ys dXs +
∫ t

a

Xs dYs +
∫ t

a

dXsdYs. (7.5.3)

This equality is called the Itô product formula. If Xt and Yt are given by
dXt = f(t) dB(t) + ξ(t) dt and dYt = g(t) dB(t) + η(t) dt, then the product
formula means the following equality:

XtYt = XaYa +
∫ t

a

(
f(s)Ys + g(s)Xs

)
dB(s)

+
∫ t

a

(
ξ(s)Ys + η(s)Xs + f(s)g(s)

)
ds.
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In particular, when ξ = η = 0, we have

XtYt = XaYa +
∫ t

a

(
f(s)Ys + g(s)Xs

)
dB(s) +

∫ t

a

f(s)g(s) ds.

This implies that the stochastic process(∫ t

a

f(s) dB(s)
)(∫ t

a

g(s) dB(s)
)
−
∫ t

a

f(s)g(s) ds

is a local martingale for any f, g ∈ Lad(Ω, L2[a, b]).

Example 7.5.2. Let Xt = cos B(t) and Yt = sin B(t). The column vector Vt

with components Xt and Yt represents the position at time t of an object
moving in the unit circle with angle governed by a Brownian motion. Apply
Itô’s formula to get

dXt = − sin B(t) dB(t)− 1
2

cos B(t) dt = −Yt dB(t)− 1
2
Xt dt,

dYt = cos B(t) dB(t)− 1
2

sin B(t) dt = Xt dB(t)− 1
2
Yt dt.

Therefore, the stochastic differential of Vt satisfies the linear equation

dVt =
[

0 −1
1 0

]
Vt dB(t)− 1

2
Vt dt, V0 =

[
1
0

]
. (7.5.4)

The SDE in Equation (7.5.4) is interpreted to mean the corresponding SIE.

Example 7.5.3. Let Xt = cos B(t), Yt = sin B(t), and Zt = B(t). The column
vector Vt with components Xt, Yt, and Zt represents the position at time t of
an object tracing a helix Brownian curve. Apply Itô’s formula to get

dXt = − sin B(t) dB(t)− 1
2

cos B(t) dt = −Yt dB(t)− 1
2
Xt dt,

dYt = cos B(t) dB(t)− 1
2

sin B(t) dt = Xt dB(t)− 1
2
Yt dt,

dZt = dB(t).

Therefore, the stochastic differential of Vt satisfies the linear equation

dVt =
(
KVt + q

)
dB(t) + LVt dt, V0 = v0, (7.5.5)

where K, q, L, and v0 are given by

K =

⎡⎣0 −1 0
1 0 0
0 0 0

⎤⎦ , q =

⎡⎣0
0
1

⎤⎦ , L =

⎡⎣− 1
2 0 0

0 − 1
2 0

0 0 0

⎤⎦ , v0 =

⎡⎣1
0
0

⎤⎦ .

The SDE in Equation (7.5.5) is interpreted to mean the corresponding SIE.
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Example 7.5.4. Take two independent Brownian motions B1(t) and B2(t). Let
Xt = eB1(t) cos B2(t), Yt = eB1(t) sin B2(t), Zt = eB1(t). Then the column
vector Vt with components Xt, Yt, and Zt represents the position at time t of
an object moving in the cone z2 = x2 + y2. Apply Itô’s formula to check that

dXt = Xt dB1(t)− Yt dB2(t),

dYt = Yt dB1(t) + Xt dB2(t),

dZt = Zt dB1(t) +
1
2
Zt dt.

Hence the stochastic differential of Vt satisfies the linear equation

dVt = KVt dB1(t) + CVt dB2(t) + LVt dt, V0 = v0, (7.5.6)

where K, C, L, and v0 are given by

K =

⎡⎣1 0 0
0 1 0
0 0 1

⎤⎦ , C =

⎡⎣0 −1 0
1 0 0
0 0 0

⎤⎦ , L =

⎡⎣0 0 0
0 0 0
0 0 1

2

⎤⎦ , v0 =

⎡⎣1
0
1

⎤⎦ .

Of course, the stochastic differential equation in Equation (7.5.6) should be
interpreted to mean the corresponding stochastic integral equation.

7.6 Itô’s Formula for Martingales

Let M(t) be a right continuous martingale with left-hand limits such that
E(M(t)2) < ∞ for each t ∈ [a, b]. We will explain informally how to derive
Itô’s formula for M(t) without going into the technical details. Unlike the
Brownian motion case, the martingale M(t) may have jumps, which need to
be taken care of carefully. For example, the compensated Poisson process Ñ(t)
given in Definition 6.2.2 is such a martingale.

Let F be a C2-function and let ∆n = {t0, t1, . . . , tn−1, tn} be a partition
of [a, t]. Then we have

F (M(t))− F (M(a)) =
n∑

i=1

(
F (M(ti))− F (M(ti−1))

)
. (7.6.1)

Below we will also use Mt to denote the martingale M(t). Suppose Mt is
continuous on [ti−1, ti) and discontinuous at ti. Hence Mt has a jump at ti.
Use the Taylor approximation to get

F (Mti)− F (Mti−1) =
(
F (Mti)− F (Mti−)

)
+
(
F (Mti−)− F (Mti−1)

)
≈ (F (Mti)− F (Mti−)

)
+
[
F ′(Mti−1)(Mti− −Mti−1)

+
1
2
F ′′(Mti−1)(Mti− −Mti−1)

2
]
. (7.6.2)
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Rewrite the term containing F ′ as

F ′(Mti−1)(Mti− −Mti−1) = F ′(Mti−1)
{

(Mti
−Mti−1)− (Mti

−Mti−)
}

and put it into Equation (7.6.2). Then rearrange the terms for the summation
in Equation (7.6.1) to get

F (M(t))− F (M(a))

≈
n∑

i=1

F ′(Mti−1)(Mti −Mti−1) +
1
2

n∑
i=1

Ci +
n∑

i=1

Ji, (7.6.3)

where Ci and Ji are given by

Ci = F ′′(Mti−1)(Mti− −Mti−1)
2,

Ji = F (Mti
)− F (Mti−)− F ′(Mti−1)(Mti

−Mti−).

Now, for the first summation in Equation (7.6.3), we have

n∑
i=1

F ′(Mti−1)(Mti −Mti−1) −→
∫ t

a

F ′(Ms−) dMs (7.6.4)

in probability as ‖∆n‖ → 0. The last summation in Equation (7.6.3) gives the
jumps and

n∑
i=1

Ji −→
∑

a<s≤t

(
F (Ms)− F (Ms−)− F ′(Ms−)∆Ms

)
(7.6.5)

in probability as ‖∆n‖ → 0. Here ∆Ms = M(s) −M(s−) denotes the jump
of M at s.

As for the second summation in Equation (7.6.3), recall that we have
defined the quadratic variation process [M ]t of M(t) in Equation (6.4.4).
Notice that in Ci we have (Mti− − Mti−1)

2 as opposed to (Mti − Mti−1)
2

in Equation (6.4.4). Since we use the left-hand limit Mti− in Ci, it is clear
that Ci comes from the continuous part of [M ]t, which is defined by

[M ]ct = [M ]t − [M ]a −
∑

a<s≤t

∆[M ]s, a ≤ t ≤ b, (7.6.6)

where ∆[M ]s = [M ]s − [M ]s−, the jump of [M ]s at s. Therefore,

n∑
i=1

Ci −→
∫ t

a

F ′′(Ms) d[M ]cs (7.6.7)

in probability as ‖∆n‖ → 0. Note that there is no need to use F ′′(Ms−) for
the integrand because the integrator d[M ]cs is continuous.

Summing up the above discussion, we have informally derived Itô’s formula
for martingales in the next theorem.
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Theorem 7.6.1. Let Mt be a right continuous, square integrable martingale
with left-hand limits. Suppose F is a C2-function. Then

F (Mt) = F (Ma) +
∫ t

a

F ′(Ms−) dMs +
1
2

∫ t

a

F ′′(Ms) d[M ]cs

+
∑

a<s≤t

(
F (Ms)− F (Ms−)− F ′(Ms−)∆Ms

)
, (7.6.8)

where [M ]cs is the continuous part of [M ]s and ∆Ms = Ms −Ms−.

Example 7.6.2. Consider the compensated Poisson process Ñ(t) defined in
Section 6.2. Let F (x) = x2. By Example 6.4.6 we have [Ñ ]t = λt + Ñ(t).
Since Ñ(t) = N(t) − λt, we have [Ñ ]t = N(t). Hence the continuous part of
[Ñ ]t is given by

[Ñ ]ct = [Ñ ]t − [Ñ ]a −
∑

a<s≤t

∆[Ñ ]s = N(t)−N(a)−
∑

a<s≤t

∆N(s).

Note that
∑

a<s≤t ∆N(s) = N(t) − N(a), the total jumps on [a, t]. Hence
[Ñ ]ct = 0. On the other hand, it is easily checked that

Ñ(s)2 − Ñ(s−)2 − 2Ñ(s−)∆Ñ(s) = (∆Ñ(s))2 = ∆Ñ(s) = ∆N(s).

This implies that∑
a<s≤t

(
Ñ(s)2 − Ñ(s−)2 − 2Ñ(s−)∆Ñ(s)

)
=
∑

a<s≤t

∆N(s) = N(t)−N(a).

Therefore, by Equation (7.6.8), we have

Ñ(t)2 = Ñ(a)2 + 2
∫ t

a

Ñ(s−) dÑ(s) + N(t)−N(a),

which gives the value of the stochastic integral∫ t

a

Ñ(s−) dÑ(s) =
1
2

(
Ñ(t)2 − Ñ(a)2 −N(t) + N(a)

)
.

Since N(t) = Ñ(t) + λt, this equation with t = b is exactly the same as the
one in Equation (6.5.4).

Example 7.6.3. Consider the martingale Ñ(t) and the function F (x) = x3.
We can compute the summation in Equation (7.6.8) as follows. First use the
identity b3−a3 = (b−a)3 +3ab(b−a) and the fact that (∆Ñ(s))3 = ∆Ñ(s) =
∆N(s) to get the equality

Ñ(s)3 − Ñ(s−)3 = ∆N(s) + 3Ñ(s)Ñ(s−)∆N(s). (7.6.9)
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Next, we use the equalities (∆Ñ(s))2 = ∆Ñ(s) = ∆N(s) and Ñ(s−) =
N(s−)− λs to show that

Ñ(s)Ñ(s−)∆N(s)− Ñ(s−)2∆Ñ(s) = N(s−)∆N(s)− λs∆N(s). (7.6.10)

It follows from Equations (7.6.9) and (7.6.10) that

Ñ(s)3 − Ñ(s−)3 − 3Ñ(s−)2∆Ñ(s)

= ∆N(s) + 3N(s−)∆N(s)− 3λs∆N(s). (7.6.11)

Hence we have∑
0<s≤t

(
Ñ(s)3 − Ñ(s−)3 − 3Ñ(s−)2∆Ñ(s)

)
=
∑

0<s≤t

∆N(s) + 3
∑

0<s≤t

N(s−)∆N(s)− 3λ
∑

0<s≤t

s∆N(s). (7.6.12)

Now, the first summation is obviously given by∑
0<s≤t

∆N(s) = N(t). (7.6.13)

For the second summation, we have∑
0<s≤t

N(s−)∆N(s) = 1 + 2 + 3 + · · ·+ (N(t)− 1)

=
N(t)

(
N(t)− 1

)
2

. (7.6.14)

The third summation is in fact a Riemann–Stieltjes integral and we can apply
the integration by parts formula to see that

∑
0<s≤t

s∆N(s) =
∫ t

0
s dN(s) = tN(t)−

∫ t

0
N(s) ds. (7.6.15)

Put Equations (7.6.13), (7.6.14), and (7.6.15) into Equation (7.6.12) to get∑
0<s≤t

(
Ñ(s)3 − Ñ(s−)3 − 3Ñ(s−)2∆Ñ(s)

)
=

3
2
N(t)2 − 1

2
N(t)− 3λtN(t) + 3λ

∫ t

0
N(s) ds,

which is the summation in Equation (7.6.8) for F (x) = x3 and Ms = Ñ(s).
In the previous example we have already shown that [Ñ ]ct = 0. Therefore, by
Itô’s formula in Equation (7.6.8),
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0
Ñ(s−)2 dÑ(s)

=
1
3
Ñ(t)3 − 1

2
N(t)2 +

1
6
N(t) + λtN(t)− λ

∫ t

0
N(s) ds

=
1
3
Ñ(t)3 − 1

2
Ñ(t)2 +

1
6
Ñ(t) +

1
6
λt− λ

∫ t

0
Ñ(s) ds.

Thus we have derived the value of the stochastic integral
∫ t

0 Ñ(s−)2 dÑ(s) in
terms of Ñ(t) and the Riemann integrals of its sample paths.

Finally, we consider a continuous and square integrable martingale Mt. In
this case, the summation term in Equation (7.6.8) drops out. Moreover, it is
a fact that [M ]ct = 〈M〉t, the compensator of M2

t . Hence Theorem 7.6.1 yields
the next theorem.

Theorem 7.6.4. Let Mt be a continuous, square integrable martingale and
let F (t, x) be a continuous function with continuous partial derivatives ∂F

∂t ,
∂F
∂x , and ∂2F

∂x2 . Then

F (t, Mt) = F (a, Ma) +
∫ t

a

∂F

∂t
(s, Ms) ds

+
∫ t

a

∂F

∂x
(s, Ms) dMs +

1
2

∫ t

a

∂2F

∂x2 (s, Ms) d〈M〉s.

The next theorem is the multidimensional Itô’s formula for continuous and
square integrable martingales.

Theorem 7.6.5. Suppose M1(t), . . . , Mn(t) are continuous, square integrable
martingales. Let F (t, x1, . . . , xn) be a continuous function with continuous
partial derivatives ∂F

∂t , ∂F
∂xi

, and ∂2F
∂xi∂xj

for 1 ≤ i, j ≤ n. Then

dF =
∂F

∂t
dt +

n∑
i=1

∂F

∂xi
dMi(t) +

1
2

n∑
i,j=1

∂2F

∂xi∂xj
d〈Mi, Mj〉t,

where 〈·, ·〉t is the cross variation process defined by

〈X, Y 〉t =
1
4
{〈X + Y 〉t − 〈X − Y 〉t

}
.

Exercises

1. Let B(t) be a Brownian motion. Find all deterministic functions ρ(t) such
that eB(t)+ρ(t) is a martingale.
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2. Let g be a bounded measurable function and let ∆n = {t0, t1, . . . , tn−1, tn}
be a partition of [a, b]. Show that

n∑
i=1

g(B(ti−1))
(
(B(ti)−B(ti−1))2 − (ti − ti−1)

)
−→ 0

in L2(Ω) as ‖∆n‖ = max1≤i≤n(ti − ti−1) tends to 0.
3. Let f(t, x) = Hn(x; t), the Hermite polynomial of degree n.

(a) Use Equation (4.7.4) to show that ∂f
∂t = − 1

2
∂2f
∂x2 .

(b) Apply Itô’s formula to the function f(t, x) to show that Mn(t) =
Hn(B(t); t) is a martingale.
(c) Apply Itô’s formula again to the function f(t, x)2 to show that the
compensator of Mn(t)2 is given by 〈Mn〉t = n2

∫ t

0 Hn−1(B(s); s)2 ds.

4. Let B1(t) and B2(t) be two independent Brownian motions and let ∆n =
{t0, t1, . . . , tn−1, tn} be a partition of [a, b]. Show that

n∑
i=1

(
B1(ti)−B1(ti−1)

)(
B2(ti)−B2(ti−1)

) −→ 0

in L2(Ω) as ‖∆n‖ = max1≤i≤n(ti − ti−1) tends to 0.
5. Let Xt = cos B(t)− sin B(t) and Yt = sin B(t)− cos B(t). Show that the

stochastic differential of the column vector Vt with components Xt and Yt

satisfies the linear equation

dVt =
[

0 −1
1 0

]
Vt dB(t)− 1

2
Vt dt, V0 =

[
1
−1

]
.

6. Let Xt = et cos B(t), Yt = et sin B(t), Zt = e2t. The column vector Vt

with components Xt, Yt, and Zt represents the position at time t of an
object moving in the circular paraboloid z = x2 + y2. Show that the
stochastic differential of Vt satisfies the linear equation

dVt =

⎡⎣0 −1 0
1 0 0
0 0 0

⎤⎦Vt dB(t) +

⎡⎣ 1
2 0 0
0 1

2 0
0 0 2

⎤⎦Vt dt, V0 =

⎡⎣1
0
1

⎤⎦ .

7. Use Itô’s formula to evaluate the stochastic integral
∫ t

0 Ñ(s−)3 dÑ(s).
8. Let B1(t) and B2(t) be two independent Brownian motions. Evaluate
〈B1 + B2〉t, 〈B1 −B2〉t, and 〈B1, B2〉t.

9. Let Xt =
∫ t

a
f(s) dB(s), Yt =

∫ t

a
g(s) dB(s), f, g ∈ L2

ad([a, b] × Ω). Show
that 〈X, Y 〉t =

∫ t

a
f(s)g(s) ds.
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Applications of the Itô Formula

The Itô formula, like the chain rule in the Leibniz–Newton calculus, plays
a fundamental role in the Itô calculus. In this chapter we will give several
interesting applications of Itô’s formula to some topics in stochastic analysis
such as evaluation of stochastic integrals, Doob–Meyer decomposition, the
Stratonovich integral, Lévy’s characterization theorem of Brownian motion,
Tanaka’s formula, and the Girsanov theorem.

8.1 Evaluation of Stochastic Integrals

The Fundamental Theorem of Leibniz–Newton Calculus states that if F is an
antiderivative of a continuous function f on [a, b], then∫ b

a

f(x) dx = F (x)
]b

a
≡ F (b)− F (a).

This theorem is used to compute the definite integral of f once we have an
antiderivative of f .

Do we have such a fundamental theorem in the Itô calculus? More precisely,
suppose g ∈ Lad(Ω, L2[a, b]) (see Notation 5.1.1). Is there a formula that we
can use to compute the stochastic integral

∫ b

a
g(t) dB(t)? In general, there is

no such a formula. However, when g(t) is of the form g(t) = f(B(t)) for a
continuous function f with continuous derivative, then Itô’s formula is such
a formula. We state this fact as the next theorem, which is just another way
to write Itô’s formula.

Theorem 8.1.1. Suppose F (t, x) is an antiderivative in x of a continuous
function f(t, x). Assume that ∂F

∂t and ∂f
∂x are continuous. Then∫ b

a

f(t, B(t)) dB(t) = F (t, B(t))
]b

a
−
∫ b

a

(∂F

∂t
(t, B(t)) +

1
2

∂f

∂x
(t, B(t))

)
dt.
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Observe that the integral in the right-hand side of the above equality is
a Riemann integral for each sample path of the Brownian motion B(t). On
the other hand, note that in order to use this theorem, we need to find an
antiderivative F (t, x) of f(t, x) in the x variable. Thus in this spirit, the above
form of Itô’s formula is the fundamental theorem of the Itô calculus. When
the integrand f does not depend on t, the above equality becomes∫ b

a

f(B(t)) dB(t) = F (B(t))
]b

a
− 1

2

∫ b

a

f ′(B(t)) dt. (8.1.1)

We give several examples below to illustrate this technique of evaluating
stochastic integrals.

Example 8.1.2. To evaluate the stochastic integral
∫ t

0 B(s)eB(s) dB(s), note
that the integrand is given by f(B(s)) with f(x) = xex. Hence

F (x) =
∫

xex dx = xex −
∫

ex dx = xex − ex + C,

f ′(x) = xex + ex.

Therefore, by Equation (8.1.1),∫ t

0
B(s)eB(s) dB(s) =

(
B(t)− 1

)
eB(t) + 1− 1

2

∫ t

0

(
B(s) + 1

)
eB(s) ds.

Example 8.1.3. The integrand of the stochastic integral
∫ t

0
1

1+B(s)2 dB(s) is
given by f(B(s)) with f(x) = 1

1+x2 . Hence F (x) and f ′(x) are given by

F (x) =
∫

1
1 + x2 dx = arctanx + C, f ′(x) = − 2x

(1 + x2)2
.

By Equation (8.1.1), we have∫ t

0

1
1 + B(s)2

dB(s) = arctanB(t) +
∫ t

0

B(s)
(1 + B(s)2)2

ds.

Example 8.1.4. Consider the stochastic integral
∫ t

0
B(s)

1+B(s)2 dB(s). Note that
the integrand is given by f(B(s)) with f(x) = x

1+x2 and we have

F (x) =
∫

x

1 + x2 dx =
1
2

log(1 + x2) + C, f ′(x) =
1− x2

(1 + x2)2
.

Then apply Equation (8.1.1) to find the value of the stochastic integral∫ t

0

B(s)
1 + B(s)2

dB(s) =
1
2

log
(
1 + B(t)2

)− 1
2

∫ t

0

1−B(s)2

(1 + B(s)2)2
ds.
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Example 8.1.5. To evaluate the stochastic integral
∫ t

0 eB(s)− 1
2 s dB(s), note

that the integrand is given by f(s, B(s)) with f(t, x) = ex− 1
2 t. Hence

F (t, x) = ex− 1
2 t,

∂F

∂t
= −1

2
ex− 1

2 t,
∂f

∂x
= ex− 1

2 t.

Then by Theorem 8.1.1 we have∫ t

0
eB(s)− 1

2 s dB(s) = eB(t)− 1
2 t − 1.

8.2 Decomposition and Compensators

Itô’s formula can be applied to find the Doob–Meyer decomposition for certain
submartingales that are functions of a Brownian motion B(t). In particular,
we can find the compensator 〈M〉t of M2

t for Mt =
∫ t

a
f(s) dB(s).

Let f ∈ L2
ad([a, b] × Ω) (see Notation 4.3.1) and consider the stochastic

process Mt defined by

Mt =
∫ t

a

f(s) dB(s), a ≤ t ≤ b. (8.2.1)

By Theorem 4.6.1, the stochastic process Mt is a martingale. Let ϕ be a
C2-function. Then by Itô’s formula,

ϕ(Mt) = ϕ(0) +
∫ t

a

ϕ′(Ms)f(s) dB(s) +
1
2

∫ t

a

ϕ′′(Ms)f(s)2 ds. (8.2.2)

Suppose further that ϕ is a convex function and E
∫ b

a
|ϕ′(Mt)f(t)|2 dt < ∞.

Then ϕ(Mt) is a submartingale by the conditional Jensen’s inequality (see
Section 2.4) and the sum of the first two terms in the right-hand side of the
above equation is a martingale. Moreover, the last integral is an increasing
process since ϕ′′(x) ≥ 0 by the convexity of ϕ. Hence Equation (8.2.2) gives
the Doob–Meyer decomposition of the submartingale ϕ(Mt). In particular,
when ϕ(x) = x2, we have

M2
t = 2

∫ t

a

Msf(s) dB(s) +
∫ t

a

f(s)2 ds.

Hence the compensator of M2
t for M(t) in Equation (8.2.1) is given by

〈M〉t =
∫ t

a

f(s)2 ds,

or equivalently,

d〈M〉t = f(t)2 dt = (dMt)2, 〈M〉a = 0. (8.2.3)
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In general, suppose we start with a reasonably good function θ(t, x). We
can apply Itô’s formula to θ(t, B(t)) to get a martingale

Mt =
∫ t

a

∂θ

∂x
(s, B(s)) dB(s).

Then Equation (8.2.3) can be used to find the compensator 〈M〉t of M2
t . We

give several examples below to show this method.

Example 8.2.1. Consider the martingale Mt = B(t)2− t. There are three ways
to find the compensator of M2

t . The first way was done in Example 6.4.5. The
second way is to apply Itô’s formula to the function f(t, x) = (x2−t)2 in order
to find the Doob–Meyer decomposition of M2

t , which yields the compensator
of M2

t . This is somewhat complicated. The third way is to use the following
representation of Mt as an Itô integral:

Mt = B(t)2 − t = 2
∫ t

0
B(s) dB(s), (8.2.4)

so that dMt = 2B(t) dB(t). Then by Equation (8.2.3),

d〈M〉t = (dMt)2 = 4B(t)2 dt,

or equivalently in the integral form

〈M〉t = 4
∫ t

0
B(s)2 ds,

which is the same as Equation (6.4.11). But the derivation here is easier due
to the use of Equation (8.2.3) and the representation in Equation (8.2.4).

Example 8.2.2. By the last example, the stochastic process

Kt = (B(t)2 − t)2 − 4
∫ t

0
B(s)2 ds

is a martingale. In order to find the compensator of K2
t , let us first find the

representation of Kt as an Itô integral. Apply Itô’s formula to get

dKt = −2(B(t)2 − t) dt + 2(B(t)2 − t)2B(t) dB(t)

+
1
2

[
4(B(t)2 − t) + 8B(t)2

]
dt− 4B(t)2 dt

= 4B(t)(B(t)2 − t) dB(t).

Hence we have

d〈K〉t = (dKt)2 = 16B(t)2(B(t)2 − t)2 dt,

which can be written in an integral form to get the compensator of K2
t :

〈K〉t = 16
∫ t

0
B(s)2(B(s)2 − s)2 ds.
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Example 8.2.3. Let Mt be a continuous and square integrable martingale with
M0 = 0. Then Gt ≡ M2

t − 〈M〉t is a martingale. In fact, we have

Gt = 2
∫

0
Ms dMs.

Therefore, the compensator 〈G〉t is given by

〈G〉t = 4
∫ t

0
M2

s d〈M〉s.

Hence the stochastic process Ht defined by

Ht = (M2
t − 〈M〉t)2 − 4

∫ t

0
M2

s d〈M〉s

is a martingale. In fact, we can use Theorem 7.6.4 to carry out the same
computation as in the previous example to get

Ht = 4
∫ t

0
Ms(M2

s − 〈M〉s) dMs.

Thus the compensator 〈H〉t is given by

〈H〉t = 16
∫ t

0
M2

s (M2
s − 〈M〉s)2 d〈M〉s.

8.3 Stratonovich Integral

Consider a simple integral in the Leibniz–Newton calculus:∫ b

a

ex dx = eb − ea. (8.3.1)

The corresponding equality in the Itô calculus is given by Equation (7.1.6)
with t = b, namely,∫ b

a

eB(t) dB(t) = eB(b) − eB(a) − 1
2

∫ b

a

eB(t) dt. (8.3.2)

Obviously, the difference between these two equalities is the extra term in
Equation (8.3.2). This extra term is a consequence of the nonzero quadratic
variation of the Brownian motion B(t). But it is also a consequence of how
an Itô integral is defined, namely, the evaluation points for the integrand are
the left endpoints of the intervals in a partition.

Recall the two limits in Equations (4.1.9) and (4.1.10) resulting from the
evaluation of the integrand at the right and left endpoints, respectively. If we
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take the average of these two limits, then the extra term b−a disappears. Thus
the resulting integral will behave in the same way as in the Leibniz–Newton
calculus. This new integral was introduced by Stratonovich in [76].

Below we use Itô’s idea to define Stratonovich integrals within the class of
Itô processes.

Definition 8.3.1. Let Xt and Yt be Itô processes. The Stratonovich integral
of Xt with respect to Yt is defined by∫ b

a

Xt ◦ dYt =
∫ b

a

Xt dYt +
1
2

∫ b

a

(dXt)(dYt), (8.3.3)

or equivalently in the stochastic differential form

Xt ◦ dYt = Xt dYt +
1
2
(dXt)(dYt). (8.3.4)

Suppose Xt and Yt are given by

Xt = Xa +
∫ t

a

f(s) dB(s) +
∫ t

a

ξ(s) ds, a ≤ t ≤ b,

Yt = Ya +
∫ t

a

g(s) dB(s) +
∫ t

a

η(s) ds, a ≤ t ≤ b,

where Xa and Ya are Fa-measurable, f, g ∈ Lad(Ω, L2[a, b]), and ξ, η ∈
Lad(Ω, L1[a, b]). Then we have (dXt)(dYt) = f(t)g(t) dt and so Equation
(8.3.3) means that∫ b

a

Xt ◦ dYt =
∫ b

a

Xtg(t) dB(t) +
∫ b

a

(
Xtη(t) +

1
2
f(t)g(t)

)
dt. (8.3.5)

Recall that Xt is a continuous stochastic process by Theorem 5.5.5. Hence
almost all of its sample paths are continuous functions. Therefore,∫ b

a

|Xtg(t)|2 dt ≤ sup
a≤s≤b

|Xs|2
∫ b

a

|g(t)|2 dt < ∞, almost surely.

In addition, Xtg(t) is adapted. Thus Xg ∈ Lad(Ω, L2[a, b]). Similarly,∫ b

a

|Xtη(t)| dt ≤ sup
a≤s≤b

|Xs|
∫ b

a

|η(t)| dt < ∞, almost surely,

and Xtη(t) is adapted. Hence Xη ∈ Lad(Ω, L1[a, b]). Moreover, f(t)g(t) is
adapted and by the Schwarz inequality∫ b

a

|f(t)g(t)| dt ≤
[ ∫ b

a

|f(t)|2 dt

]1/2[ ∫ b

a

|g(t)|2 dt

]1/2

< ∞, almost surely.

Hence fg ∈ Lad(Ω, L1[a, b]). It follows from Equation (8.3.5) with b = t that
the stochastic process Lt =

∫ t

a
Xs ◦ dYs is also an Itô process.

We summarize the above discussion as the next theorem.
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Theorem 8.3.2. If Xt and Yt are Itô processes, then the stochastic process

Lt =
∫ t

a

Xs ◦ dYs, a ≤ t ≤ b,

is also an Itô process.

This theorem implies that the collection of Itô processes is closed under
the operation of taking the Stratonovich integral of two Itô processes.

Example 8.3.3. To evaluate the integral
∫ b

a
eB(t) ◦ dB(t), we use Itô’s formula:

eB(t) ◦ dB(t) = eB(t) dB(t) +
1
2
(deB(t))(dB(t))

= eB(t) dB(t) +
1
2

(
eB(t) dB(t) +

1
2
eB(t) dt

)
dB(t)

= eB(t) dB(t) +
1
2
eB(t) dt.

Therefore, we have∫ b

a

eB(t) ◦ dB(t) =
∫ b

a

eB(t) dB(t) +
1
2

∫ b

a

eB(t) dt.

Then use Equation (8.3.2) to get∫ b

a

eB(t) ◦ dB(t) = eB(b) − eB(a),

which is the counterpart part of Equation (8.3.1) in the Itô calculus.

In general, consider a function F (t, x). We can use Equation (8.3.4) and
Itô’s formula to get

∂F

∂x
(t, B(t)) ◦ dB(t)

=
∂F

∂x
(t, B(t)) dB(t) +

1
2

(
d
∂F

∂x
(t, B(t))

)
(dB(t))

=
∂F

∂x
dB(t) +

1
2

( ∂2F

∂x∂t
dt +

∂2F

∂x2 dB(t) +
1
2

∂3F

∂x3 dt
)
dB(t)

=
∂F

∂x
(t, B(t)) dB(t) +

1
2

∂2F

∂x2 (t, B(t)) dt. (8.3.6)

On the other hand, by Itô’s formula, we have

dF (t, B(t)) =
∂F

∂t
(t, B(t)) dt +

∂F

∂x
(t, B(t)) dB(t) +

1
2

∂2F

∂x2 (t, B(t)) dt.

Therefore, we have the equality

∂F

∂x
(t, B(t)) ◦ dB(t) = dF (t, B(t))− ∂F

∂t
(t, B(t)) dt.

This equality is converted into an integral form in the next theorem.
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Theorem 8.3.4. Suppose F (t, x) is an antiderivative in x of a continuous
function f(t, x). Assume that ∂F

∂t , ∂f
∂t , and ∂f

∂x are continuous. Then∫ b

a

f(t, B(t)) ◦ dB(t) = F (t, B(t))
]b

a
−
∫ b

a

∂F

∂t
(t, B(t)) dt.

In particular, when the function f does not depend on t, we have∫ b

a

f(B(t)) ◦ dB(t) = F (B(t))
]b

a
. (8.3.7)

This equation shows that the Stratonovich integral behaves like the integral
in the Leibniz–Newton calculus. Note that Equations (8.1.1) and (8.3.7) are
actually equivalent. Hence if we know the value of an Itô integral, then we
can use Equation (8.3.3) to evaluate the corresponding Stratonovich integral.
Conversely, we can use Theorem 8.3.4 to evaluate a given Stratonovich integral
and then use Equation (8.3.6) with F ′(x) = f(x) to find the value of the
corresponding Itô integral, namely,∫ b

a

f(B(t)) dB(t) =
∫ b

a

f(B(t)) ◦ dB(t)− 1
2

∫ b

a

f ′(B(t)) dt. (8.3.8)

Example 8.3.5. We want to evaluate the Itô integral
∫ b

a
sin B(t) dB(t) and the

Stratonovich integral
∫ b

a
sin B(t) ◦ dB(t). Use Equation (8.3.7) to get∫ b

a

sin B(t) ◦ dB(t) = − cos B(t)
]b

a
= − cos B(b) + cos B(a).

Then use Equation (8.3.8) to find∫ b

a

sin B(t) dB(t) =
∫ b

a

sin B(t) ◦ dB(t)− 1
2

∫ b

a

cos B(t) dt

= − cos B(b) + cos B(a)− 1
2

∫ b

a

cos B(t) dt.

Example 8.3.6. Use Equation (8.3.7) to obtain∫ t

0
eB(s) ◦ dB(s) = eB(s)

]t
0

= eB(t) − 1,

which can be written in stochastic differential form as deB(t) = eB(t) ◦ dB(t).
Hence Xt = eB(t) is a solution of the equation

dXt = Xt ◦ dB(t), X0 = 1.

On the other hand, from Example 8.1.5 we see that Yt = eB(t)− 1
2 t is a solution

of the equation
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dYt = Yt dB(t), Y0 = 1. (8.3.9)

Note that EeB(t) = e
1
2 t. Thus Yt = Xt/EXt. The stochastic process Yt,

being defined as Xt divided by its expectation, is often referred to as the
multiplicative renormalization of Xt.

We have defined a Stratonovich integral in terms of an Itô integral in the
collection of Itô processes. It is natural to ask the following questions:

(1) Can a Stratonovich integral
∫ b

a
f(t)◦dB(t) be directly defined as the limit

of Riemann-like sums?
(2) What is the class of stochastic processes f(t) for which

∫ b

a
f(t) ◦ dB(t) is

defined?

For the second question, it is somewhat involved to state the answer, and
we refer to the book by Elworthy [14] and the original paper by Stratonovich
[76] for more information. The answer to the first question for an integrand
of the form f(t, B(t)) is given in the next theorem.

Theorem 8.3.7. Let f(t, x) be a continuous function with continuous partial
derivatives ∂f

∂t , ∂f
∂x , and ∂2f

∂x2 . Then∫ b

a

f(t, B(t)) ◦ dB(t)

= lim
‖∆n‖→0

n∑
i=1

f
(
t∗i ,

1
2
(
B(ti−1) + B(ti)

))(
B(ti)−B(ti−1)

)
(8.3.10)

= lim
‖∆n‖→0

n∑
i=1

f
(
t∗i , B

( ti−1 + ti
2

))(
B(ti)−B(ti−1)

)
(8.3.11)

in probability, where ti−1 ≤ t∗i ≤ ti, ∆n = {t0, t1, . . . , tn−1, tn} is a partition
of the finite interval [a, b], and ‖∆n‖ = max1≤i≤n (ti − ti−1).

Proof. We only sketch the ideas of the proof. The arguments for a rigorous
proof are the same as those in Sections 7.1 and 7.2. For simplicity, we assume
that the function f does not depend on t. For the first limit, note that for
each i = 1, 2, . . . , n,[

f
(1

2
(
B(ti−1) + B(ti)

))− f(B(ti−1))
](

B(ti)−B(ti−1)
)

≈ 1
2
f ′(B(ti−1))

(
B(ti)−B(ti−1)

)2 ≈ 1
2
f ′(B(ti−1))(ti − ti−1).

Therefore, summing up over i, we have
n∑

i=1

f
(1

2
(
B(ti−1) + B(ti)

))(
B(ti)−B(ti−1)

)
≈

n∑
i=1

f(B(ti−1))
(
B(ti)−B(ti−1)

)
+

1
2

n∑
i=1

f ′(B(ti−1))(ti − ti−1).
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Note that the limit in probability of the right-hand side of this equation is∫ b

a

f(B(t)) dB(t) +
1
2

∫ b

a

f ′(B(t)) dt,

which, by Equation (8.3.8), equals the Stratonovich integral
∫ b

a
f(B(t))◦dB(t).

Hence Equation (8.3.10) is proved.
For the limit in Equation (8.3.11), note that for each i = 1, 2, . . . , n,[
f
(
B
( ti−1 + ti

2

))
− f(B(ti−1))

](
B(ti)−B(ti−1)

)
≈ f ′(B(ti−1))

[
B
( ti−1 + ti

2

)
−B(ti−1)

](
B(ti)−B(ti−1)

)
= f ′(B(ti−1))

[
B
( ti−1 + ti

2

)
−B(ti−1)

]2
+ f ′(B(ti−1))

[
B
( ti−1 + ti

2

)
−B(ti−1)

][
B(ti)−B

( ti−1 + ti
2

)]
≈ 1

2
f ′(B(ti−1))(ti − ti−1).

Then we can use the same arguments as those above for proving Equation
(8.3.10) to show that the limit in Equation (8.3.11) is the Stratonovich integral∫ b

a
f(B(t)) ◦ dB(t). ��

8.4 Lévy’s Characterization Theorem

In Chapter 2 a Brownian motion is defined to be a stochastic process B(t)
satisfying conditions (1), (2), (3), and (4) in Definition 2.1.1. Obviously, the
probability measure P in the underlying probability space (Ω,F , P ) plays a
crucial role in these conditions. To emphasize this fact, if necessary, we will
say that B(t) is a Brownian motion with respect to P .

Question 8.4.1. Given a stochastic process, how can we tell whether it is a
Brownian motion with respect to some probability measure?

Consider a simple example. Let B(t), 0 ≤ t ≤ 1, be a given Brownian
motion with respect to P . Is the stochastic process Mt = B(t)− t, 0 ≤ t ≤ 1,
a Brownian motion with respect to some probability measure Q?

Define a function Q : F −→ [0,∞) by

Q(A) =
∫

A

eB(1)− 1
2 dP, A ∈ F . (8.4.1)

Let EP denote the expectation with respect to P . We have EP eB(1) = e
1
2 ,

which implies that Q(Ω) = 1. Thus Q is a probability measure. We will show
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that the stochastic process Mt = B(t) − t, 0 ≤ t ≤ 1, is indeed a Brownian
motion with respect to Q. (In Section 8.9 we will show how to find Q.)

It is easily seen that Q(A) = 0 if and only if P (A) = 0. Hence Q and P
are equivalent. It follows that Q{ω ; M0(ω) = 0} = P{ω ; B(0, ω) = 0} = 1
and Q{ω ; Mt(ω) is continuous in t} = P{ω ; B(t, ω) is continuous in t} = 1.
Thus conditions (1) and (4) in Definition 2.1.1 are satisfied for Mt with respect
to the probability measure Q.

Next we show that condition (2) in Definition 2.1.1 is satisfied for Mt

with respect to Q. Let EQ denote the expectation with respect to Q and let
0 ≤ s < t ≤ 1. Then for any λ ∈ R,

EQ eiλ(Mt−Ms) = e−iλ(t−s)EQ eiλ(B(t)−B(s)). (8.4.2)

By the definition of Q in Equation (8.4.1) we have

EQ eiλ(B(t)−B(s)) = EP

(
eiλ(B(t)−B(s))eB(1)− 1

2
)

= EP

(
EP

[
eiλ(B(t)−B(s))eB(1)− 1

2
∣∣Ft

])
= EP

(
eiλ(B(t)−B(s))EP

[
eB(1)− 1

2
∣∣Ft

])
, (8.4.3)

where Ft = σ{B(s); s ≤ t} and EP [ · | Ft] denotes the conditional expectation
given Ft with respect to P . By Example 7.3.4, the stochastic process eB(t)− 1

2 t

is a martingale. Hence

EP

[
eB(1)− 1

2
∣∣Ft

]
= eB(t)− 1

2 t. (8.4.4)

Put this equality into Equation (8.4.3) to get

EQ eiλ(B(t)−B(s)) = e− 1
2 tEP

(
e(iλ+1)(B(t)−B(s)) · eB(s)).

Note that the factors inside the parentheses are independent. Moreover, we
have EP ec(B(t)−B(s)) = e

1
2 c2(t−s) for s ≤ t. Therefore,

EQ eiλ(B(t)−B(s)) = e(− 1
2 λ2+iλ)(t−s). (8.4.5)

It follows from Equations (8.4.2) and (8.4.5) that

EQ eiλ(Mt−Ms) = e− 1
2 λ2(t−s).

Therefore, the random variable Mt −Ms is normally distributed with mean
0 and variance t − s with respect to Q. This shows that condition (2) in
Definition 2.1.1 is satisfied for Mt under the probability measure Q.

Now let 0 ≤ t1 < t2 ≤ 1. Then for any λ1, λ2 ∈ R,

EQ eiλ1Mt1+iλ2(Mt2−Mt1 )

= e−iλ1t1−iλ2(t2−t1)EQ eiλ1B(t1)+iλ2(B(t2)−B(t1)). (8.4.6)
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We can use the same arguments as those in the above derivation of Equations
(8.4.3), (8.4.4), and (8.4.5) to show that

EQ eiλ1B(t1)+iλ2(B(t2)−B(t1))

= e− 1
2 t2EP

(
e(iλ2+1)(B(t2)−B(t1)) · e(iλ1+1)B(t1)

)
= e− 1

2 λ2
1t1− 1

2 λ2
2(t2−t1)+iλ1t1+iλ2(t2−t1). (8.4.7)

Then we put Equation (8.4.7) into Equation (8.4.6) to get

EQ eiλ1Mt1+iλ2(Mt2−Mt1 ) = e− 1
2 λ2

1t1− 1
2 λ2

2(t2−t1).

In general, we can repeat the above arguments inductively to show that for
any 0 ≤ t1 < t2 < · · · < tn ≤ 1,

EQ eiλ1Mt1+iλ2(Mt2−Mt1 )+···+iλn(Mtn −Mtn−1 )

= e− 1
2 λ2

1t1− 1
2 λ2

2(t2−t1)−···− 1
2 λ2

n(tn−tn−1), ∀λ1, λ2, . . . , λn ∈ R.

This equality implies that Mt1 , Mt2 −Mt1 , . . . , Mtn −Mtn−1 are independent
and normally distributed under Q. In particular, Mt satisfies condition (3) in
Definition 2.1.1 with respect to Q. This completes the proof that the stochastic
process Mt = B(t) − t is a Brownian motion with respect to the probability
measure Q defined in Equation (8.4.1).

Obviously, the stochastic process Mt = B(t)− t is not a Brownian motion
with respect to P since EP (Mt) = −t �= 0. However, as shown above, Mt

is indeed a Brownian motion with respect to Q. In general, the answer to
Question 8.4.1 is given by the next theorem. Recall that 〈M〉t denotes the
compensator of M2

t for a right continuous, square integrable martingale Mt

with left-hand limits.

Theorem 8.4.2. (Lévy’s characterization theorem) A stochastic process Mt

is a Brownian motion if and only if there exist a probability measure Q and a
filtration {Ft} such that Mt is a continuous martingale with respect to {Ft}
under Q, Q{M0 = 0} = 1, and 〈M〉t = t almost surely with respect to Q for
each t.

Remark 8.4.3. Recall that the compensated Poisson process Ñ(t) = N(t)−λt

is a martingale and 〈Ñ〉t = λt. Hence the compensated Poisson process with
λ = 1 satisfies all conditions in the above theorem except for the continuity.
Therefore, it is the continuity property that distinguishes a Brownian motion
from a compensated Poisson process with λ = 1. We also mention that the
theorem remains valid when “martingale” is replaced by “local martingale.”
For the proof, see the book by Durrett [11].

Proof. The necessity part of this theorem is obvious. We prove the sufficiency
part. The underlying probability space is (Ω,F , Q) with the filtration {Ft}.
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By assumption, Mt satisfies conditions (1) and (4) in Definition 2.1.1. Hence
we only need to verify conditions (2) and (3). Apply Itô’s formula in Theorem
7.6.4 to the martingale Mt and the function F (t, x) = eiλx+ 1

2 λ2t to get

dF (t, Mt) =
1
2
λ2F (t, Mt) dt + iλF (t, Mt) dMt − 1

2
λ2F (t, Mt) d〈M〉t.

By assumption, d〈M〉t = dt. Hence we have dF (t, Mt) = iλF (t, Mt) dMt,
which can be written in the integral form as

eiλMt+ 1
2 λ2t = 1 + iλ

∫ t

0
eiλMs+ 1

2 λ2s dMs.

Hence by Theorem 6.5.8, the stochastic process eiλMt+ 1
2 λ2t is a martingale

with respect to Q and {Ft}. Then for any 0 ≤ s ≤ t,

EQ

[
eiλMt+ 1

2 λ2t
∣∣Fs

]
= eiλMs+ 1

2 λ2s, (8.4.8)

or equivalently,
EQ

[
eiλ(Mt−Ms)

∣∣Fs

]
= e− 1

2 λ2(t−s).

Upon taking the expectation in both sides we get

EQ eiλ(Mt−Ms) = e− 1
2 λ2(t−s), ∀λ ∈ R. (8.4.9)

This equality shows that Mt −Ms, s ≤ t, is normally distributed with mean
0 and variance t − s under Q. Hence Mt satisfies condition (2) in Definition
2.1.1 with respect to Q.

Next, suppose 0 ≤ t1 < t2. For any λ1, λ2 ∈ R,

EQ eiλ1Mt1+iλ2(Mt2−Mt1 ) = EQ

(
EQ

[
eiλ1Mt1+iλ2(Mt2−Mt1 )

∣∣Ft1

])
= EQ

(
ei(λ1−λ2)Mt1 EQ

[
eiλ2Mt2

∣∣Ft1

])
. (8.4.10)

But by Equation (8.4.8) with s = t1 and t = t2, we have

EQ

[
eiλ2Mt2

∣∣Ft1

]
= eiλ2Mt1− 1

2 λ2
2(t2−t1). (8.4.11)

Put Equation (8.4.11) into Equation (8.4.10) to get

EQ eiλ1Mt1+iλ2(Mt2−Mt1 ) = e− 1
2 λ2

2(t2−t1)EQ eiλ1Mt1 .

By Equation (8.4.9), EQ eiλ1Mt1 = e− 1
2 λ2

1t1 . Therefore, for all λ1, λ2 ∈ R,

EQ eiλ1Mt1+iλ2(Mt2−Mt1 ) = e− 1
2 λ2

1t1− 1
2 λ2

2(t2−t1).

In general, we can repeat the same arguments inductively to show that for
any 0 ≤ t1 < t2 < · · · < tn ≤ 1,
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EQ eiλ1Mt1+iλ2(Mt2−Mt1 )+···+iλn(Mtn −Mtn−1 )

= e− 1
2 λ2

1t1− 1
2 λ2

2(t2−t1)−···− 1
2 λ2

n(tn−tn−1), ∀λ1, λ2, . . . , λn ∈ R.

It follows that the random variables Mt1 , Mt2 − Mt1 , . . . , Mtn
− Mtn−1 are

independent and normally distributed. In particular, Mt satisfies condition
(3) in Definition 2.1.1 with respect to Q. This completes the proof that Mt is
a Brownian motion with respect to Q. ��
Example 8.4.4. Let B(t) be a Brownian motion with respect to P . Consider
the stochastic process

Xt =
∫ t

0
sgn(B(s)) dB(s). (8.4.12)

Obviously, P{X0 = 0} = 1 and Xt is a continuous martingale with respect to
P and the filtration Ft = σ{B(s); s ≤ t}. Moreover, the compensator of X2

t

is given by

〈X〉t =
∫ t

0
|sgn(B(s))|2 ds =

∫ t

0
1 ds = t.

Therefore, by Theorem 8.4.2, the stochastic process Xt is a Brownian motion
with respect to the same probability measure P .

Example 8.4.5. Let (Ω,F , P ) be a probability space and let B(t), 0 ≤ t ≤ 1,
be a Brownian motion with respect to P . Consider the stochastic process
Mt = B(t)− ct, where c is a fixed constant. Define Q : F −→ [0,∞) by

Q(A) =
∫

A

ecB(1)− 1
2 c2

dP, A ∈ F . (8.4.13)

We have EP ecB(1) = e
1
2 c2

. Hence Q is a probability measure on (Ω,F). Let
{Ft; 0 ≤ t ≤ 1} be a filtration given by Ft = σ{B(s); s ≤ t}.

Note that Q and P are equivalent. Hence Q{M0 = 0} = P{B(0) = 0} = 1.
To show that Mt is a martingale with respect to Q, first note that ecB(t)− 1

2 c2t

is a martingale by Example 7.3.4. Thus for any A ∈ Ft,∫
A

Mt dQ = EQ(1AMt) = EP

(
1AMte

cB(1)− 1
2 c2)

= EP

(
EP

[
1AMte

cB(1)− 1
2 c2 ∣∣Ft

])
= EP

(
1AMte

cB(t)− 1
2 c2t
)

=
∫

A

Mte
cB(t)− 1

2 c2t dP. (8.4.14)

Equation (8.4.14) implies that for any 0 ≤ s ≤ t,

EQ[Mt | Fs] = Ms ⇐⇒ EP

[
Mte

cB(t)− 1
2 c2t
∣∣Fs

]
= Mse

cB(s)− 1
2 c2s,
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or equivalently, Mt is a martingale with respect to Q if and only if Xt =
Mte

cB(t)− 1
2 c2t is a martingale with respect to P . Apply Itô’s formula to Xt to

find that

Xt =
∫ t

0
(1 + cB(s)− c2s)ecB(s)− 1

2 c2s dB(s),

which implies that Xt is a martingale with respect to P . Therefore, Mt is a
martingale with respect to Q. Moreover, note that dMt = dB(t)− c dt. Hence
d〈M〉t = (dMt)2 = dt or 〈M〉t = t. Thus by Theorem 8.4.2 the stochastic
process Mt = B(t)− ct is a Brownian motion with respect to the probability
measure Q defined in Equation (8.4.13).

8.5 Multidimensional Brownian Motions

In this section a Brownian motion on R will mean a stochastic process B(t)
satisfying conditions (2), (3), and (4) in Definition 2.1.1. If P{B(0) = x} = 1,
then we say that B(t) is a Brownian motion starting at x.

By a Brownian motion on R
n, we mean a stochastic process

B(t) = (B1(t), B2(t), . . . , Bn(t)),

where B1(t), B2(t), . . . , Bn(t) are n independent Brownian motions on R. This
Brownian motion starts at a point x ∈ R

n.
Suppose f : R

n → R is a C2-function. Then by Itô’s formula in Equation
(7.5.2), we have

df(B(t)) =
n∑

i=1

∂f

∂xi
(B(t)) dBi(t) +

1
2

n∑
i,j=1

∂2f

∂xi∂xj
(B(t)) dBi(t)dBj(t)

=
n∑

i=1

∂f

∂xi
(B(t)) dBi(t) +

1
2

n∑
i=1

∂2f

∂x2
i

(B(t)) dt,

where we have used Itô Table (2) in Section 7.5 to get dBi(t)dBj(t) = δij dt.
The Laplacian of f is defined to be the function ∆f =

∑n
i=1

∂2f
∂x2

i

. Hence

f(B(t)) = f(x) +
n∑

i=1

∫ t

0

∂f

∂xi
(B(s)) dBi(s) +

1
2

∫ t

0
∆f(B(s)) ds. (8.5.1)

In this section we will need the following fact about the transience of a
Brownian motion B(t) on R

n. For the proof and more information, see page
100 of the book by Durrett [11].

Fact. Let n ≥ 2. Then P{B(t) = 0 for some t > 0 |B(0) = x} = 0 for any
x ∈ R

n.
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This fact is related to the property of the corresponding Newton potential
function: limx→0 p(x) = ∞ for n ≥ 2. Here p(x) is defined by

p(x) =

{
− log |x|, if n = 2;
|x|2−n, if n ≥ 3.

Suppose B(t) starts at a point a �= 0. Then Equation (8.5.1) holds for any
C2-function f on the domain R

n \ {0} for n ≥ 2.
Now consider n = 3 and let f(x) = |x|−1 = (x2

1+x2
2+x2

3)
−1/2. The function

f(x) is a C2-function on the domain R
3 \ {0}. By direct computation, we can

easily check that

∂f

∂xi
= − xi

|x|3 ,
∂2f

∂x2
i

= − 1
|x|3 + 3

x2
i

|x|5 , i = 1, 2, 3.

Therefore,

∆f(x) =
3∑

i=1

(
− 1
|x|3 + 3

x2
i

|x|5
)

= −3
1
|x|3 + 3

|x|2
|x|5 = 0.

Then by Equation (8.5.1) we have

1
|B(t)| =

1
|a| −

3∑
i=1

∫ t

0

Bi(s)
|B(s)|3 dBi(s).

By the above fact, the integrand Bi(s)
|B(s)|3 is a continuous function of s almost

surely. This implies that the integrand belongs to Lad(Ω, L2[0, t]) for any t > 0.
Hence by Theorem 5.5.2, the stochastic process 1

|B(t)| is a local martingale.
We state this conclusion as the next theorem.

Theorem 8.5.1. Let B(t) be a Brownian motion on R
3 starting at a point

a �= 0. Then the stochastic process 1
|B(t)| , t ≥ 0, is a local martingale.

Next, consider n ≥ 2 and let B(t) be a Brownian motion on R
n starting

at a point a �= 0. The function f(x) = |x| = (x2
1 + x2

2 + · · · + x2
n)1/2 is a

C2-function on the domain R
n \ {0} with partial derivatives given by

∂f

∂xi
=

xi

|x| ,
∂2f

∂x2
i

=
1
|x| −

x2
i

|x|3 , i = 1, 2, . . . , n.

Therefore, we have

∆f(x) =
n∑

i=1

( 1
|x| −

x2
i

|x|3
)

= n
1
|x| −

|x|2
|x|3 = (n− 1)

1
|x| .

Then we can apply Equation (8.5.1) to the function f(x) to get
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|B(t)| = |a|+
n∑

i=1

∫ t

0

Bi(s)
|B(s)| dBi(s) +

n− 1
2

∫ t

0

1
|B(s)| ds. (8.5.2)

Now we make a crucial observation that we can take the limit as a → 0.
For the summation term, taking the limit is justified since each integrand is
dominated by 1. For the last term, the justification is a little bit involved.
Suppose B(t) starts at 0. Then

E
1

|B(t)| =
∫

Rn

1√
x2

1 + · · ·+ x2
n

( 1√
2πt

)n

e− 1
2t (x2

1+···+x2
n) dx.

Then we use the polar coordinates x = ru with r ≥ 0 and |u| = 1. The
Lebesgue measure becomes dx = rn−1 dr dσ, where σ is the surface measure
on the unit sphere Sn−1 = {u ∈ R

n ; |u| = 1}. Hence we get

E
1

|B(t)| =
∫

Sn−1

∫ ∞

0

1
r

( 1√
2πt

)n

e− r2
2t rn−1 dr dσ

= σ(Sn−1)
( 1√

2πt

)n
∫ ∞

0
rn−2e− r2

2t dr. (8.5.3)

Make a change of variables r =
√

2ty in order to evaluate the last integral,∫ ∞

0
rn−2e− r2

2t dr =
1
2
(√

2t
)n−1

∫ ∞

0
y

n−1
2 −1 e−y dy

=
1
2
(√

2t
)n−1

Γ
(
(n− 1)/2

)
, (8.5.4)

where Γ is the gamma function defined by

Γ (α) =
∫ ∞

0
xα−1e−x dx, α > 0. (8.5.5)

On the other hand, the total surface measure σ(Sn−1) is known to be

σ(Sn−1) =
2πn/2

Γ (n/2)
, (8.5.6)

see, e.g., page 1427 of the the encyclopedia [42]. Put Equations (8.5.4) and
(8.5.6) into Equation (8.5.3) to get

E
1

|B(t)| =
Γ
(
(n− 1)/2

)
Γ (n/2)

1√
2t

, (8.5.7)

where Γ (m/2) for a positive integer m has the value:

Γ
(m

2

)
=

⎧⎪⎨⎪⎩
(m

2
− 1
)
!, if m is even;(m

2
− 1
)(m

2
− 2
)
· · · 3

2
1
2
√

π, if m is odd.



132 8 Applications of the Itô Formula

From Equation (8.5.7), we see that the dependence of E 1
|B(t)| on t is given

by 1/
√

2t for any dimension n ≥ 2 (Observation: when n = 1, the equation
breaks down! cf. Section 8.6.)

Note that
∫ t

0 1/
√

2s ds =
√

2t < ∞ for any positive real number t. Hence
Equation (8.5.7) implies that

∫ t

0 E 1
|B(s)| ds < ∞. This shows that the last

integral in Equation (8.5.2) is defined almost surely for a Brownian motion
B(t) starting at 0. Therefore, we can let a→ 0 in Equation (8.5.2) to get

|B(t)| =
n∑

i=1

∫ t

0

Bi(s)
|B(s)| dBi(s) +

n− 1
2

∫ t

0

1
|B(s)| ds, (8.5.8)

where B(t) is a Brownian motion on R
n, n ≥ 2, starting at 0. In the next

lemma we show that the summation term is indeed a Brownian motion.

Lemma 8.5.2. Let B(t) = (B1(t), B2(t), . . . , Bn(t)) be a Brownian motion
on R

n, n ≥ 2, starting at 0. Then the stochastic process

W (t) =
n∑

i=1

∫ t

0

Bi(s)
|B(s)| dBi(s) (8.5.9)

is a Brownian motion.

Proof. We will use Theorem 8.4.2 to show that W (t) is a Brownian motion.
For this purpose, take Q to be the same probability measure P with respect
to which the Bi(t)’s are Brownian motions and let {Ft} be the filtration given
by Ft = σ{Bi(s) ; s ≤ t, 1 ≤ i ≤ n}. Since each integrand in Equation (8.5.9)
has absolute value less than or equal to 1 almost surely with respect to P ,
the stochastic process W (t) is a continuous martingale with respect to {Ft}
by Theorems 4.6.1 and 4.6.2.

Obviously, we have P{W (0) = 0} = 1. Moreover, the compensator of
W (t)2 is given by

〈W 〉t =
n∑

i=1

∫ t

0

Bi(s)2

|B(s)|2 ds =
∫ t

0

1
|B(s)|2

n∑
i=1

Bi(s)2 ds =
∫ t

0
1 ds = t.

Thus by Theorem 8.4.2, W (t) is a Brownian motion. ��
Now, by using the Brownian motion W (t) in Equation (8.5.9), we can

rewrite Equation (8.5.8) as follows:

|B(t)| = W (t) +
n− 1

2

∫ t

0

1
|B(s)| ds. (8.5.10)

Definition 8.5.3. Let B(t) = (B1(t), B2(t), . . . , Bn(t)) be a Brownian motion
on R

n, n ≥ 2, starting at 0. The stochastic process

Ln−1(t) = |B(t)| =
√

B1(t)2 + B2(t)2 + · · ·+ Bn(t)2

is called a Bessel process with index n− 1.
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From the above discussion, we have proved Equation (8.5.10), which can
be stated as the next theorem.

Theorem 8.5.4. The Bessel process Ln−1(t) with index n−1 is a solution of
the stochastic integral equation

X(t) = W (t) +
n− 1

2

∫ t

0

1
X(s)

ds, (8.5.11)

where W (t) is given by Equation (8.5.9).

Theorem 8.5.5. For each t > 0, the density function of Ln−1(t) is given by

f(x) =

⎧⎨⎩
2

(2t)n/2Γ (n/2)
xn−1e−x2/2t, if x ≥ 0;

0, if x < 0,

where Γ is the gamma function defined in Equation (8.5.5).

Proof. For x ≥ 0, we have

P{Ln−1(t) ≤ x} = P{B1(t)2 + · · ·+ Bn(t)2 ≤ x2}
=
∫

x2
1+···+x2

n≤x2

( 1√
2πt

)n

e−(x2
1+···+x2

n)/2t dx.

Then we use polar coordinates as in the derivation of Equation (8.5.3) to
check that

P{Ln−1(t) ≤ x} = σ(Sn−1)
( 1√

2πt

)n
∫ x

0
rn−1e−r2/2t dr.

This equation together with Equation (8.5.6) gives the density function of the
random variable Ln−1(t) for t > 0. ��

8.6 Tanaka’s Formula and Local Time

In applying Itô’s formula to the function f(x) = |x| on R
n in the previous

section, we mentioned that Equation (8.5.7) breaks down when n = 1. In
fact, a one-dimensional Brownian motion B(t) is recurrent. Hence we cannot
apply Itô’s formula to f(B(t)) for the function f(x) = |x|, x ∈ R. However,
we can modify the function f(x) = |x| a little bit so that Itô’s formula can
be applied to derive an interesting property of the one-dimensional Brownian
motion B(t).

Let a ∈ R be a fixed real number in this section. For each ε > 0, define a
function fε on R by
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fε(x) =

⎧⎪⎨⎪⎩
|x− a| − ε

2
, if |x− a| > ε;

1
2ε

(x− a)2, if |x− a| ≤ ε.

The first two derivatives of fε are given by

f ′
ε(x) =

⎧⎪⎪⎨⎪⎪⎩
1, if x > a + ε;
1
ε
(x− a), if |x− a| ≤ ε;

−1, if x < a− ε,

f ′′
ε (x) =

⎧⎨⎩0, if |x− a| > ε;
1
ε
, if |x− a| < ε.

Note that the function fε is not a C2-function since f ′′
ε (x) is discontinuous at

x = a± ε. However, we can still apply Itô’s formula to the function fε due to
the following fact.

Fact. Let B(t) be a one-dimensional Brownian motion. Then for any real
number c, the set {t ∈ R; B(t) = c} has Lebesgue measure 0 almost surely.

Therefore, we get the equality

fε(B(t)) = fε(B(0)) +
∫ t

0
f ′

ε(B(s)) dB(s) +
1
2

∫ t

0
f ′′

ε (B(s)) ds

= fε(0) +
∫ t

0
f ′

ε(B(s)) dB(s) +
1
2

∫ t

0
f ′′

ε (B(s)) ds. (8.6.1)

Obviously, limε→0 fε(B(t)) = |B(t)−a| almost surely, limε→0 fε(0) = |a|, and∫ t

0
f ′′

ε (B(s)) ds =
1
ε

∫ t

0
1(a−ε,a+ε)(B(s)) ds.

Moreover, for each Brownian motion path B(·, ω), we can apply the Lebesgue
dominated convergence theorem to see that

lim
ε→0

∫ t

0

∣∣f ′
ε(B(s, ω))− sgn(B(s, ω)− a)

∣∣2 ds = 0.

Therefore, we have

lim
ε→0

∫ t

0

∣∣f ′
ε(B(s))− sgn(B(s)− a)

∣∣2 ds = 0, almost surely.

Note that convergence almost surely implies convergence in probability and
that the stochastic process f ′

ε(B(·)) belongs to L2
ad([a, t] × Ω). Hence by the

definition of general stochastic integrals in Section 5.3,

lim
ε→0

∫ t

0
f ′

ε(B(s)) dB(s) =
∫ t

0
sgn(B(s)− a) dB(s), in probability.
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Thus from Equation (8.6.1) we get the equality

|B(t)− a| = |a|+
∫ t

0
sgn(B(s)− a) dB(s)

+ lim
ε→0

1
2ε

∫ t

0
1(a−ε,a+ε)(B(s)) ds. (8.6.2)

Note that the equality implies implicitly that the limit in probability exists.

Definition 8.6.1. The local time of a Brownian motion B(t) at a, up to and
including t, is defined to be the random variable

La(t)(ω) = lim
ε→0

1
2ε

∫ t

0
1(a−ε,a+ε)(B(s, ω)) ds, in probability. (8.6.3)

Observe that

1
2ε

∫ t

0
1(a−ε,a+ε)(B(s)) ds =

1
2ε

Leb
{
s ∈ [0, t] ; B(s) ∈ (a− ε, a + ε)

}
,

where Leb(·) denotes the Lebesgue measure. Hence we can interpret the local
time La(t, ω) as the amount of time a Brownian motion path B( · , ω) spends
at a up to and including time t. Thus La(t, ω) is also given by

La(t)(ω) = lim
ε→0

1
2ε

Leb
{
s ∈ [0, t] ; B(s, ω) ∈ (a− ε, a + ε)

}
. (8.6.4)

From Equation (8.6.2) we have the next theorem.

Theorem 8.6.2. (Tanaka’s formula) Let B(t) be a Brownian motion on the
real line starting at 0. Then for any a ∈ R,

|B(t)− a| = |a|+
∫ t

0
sgn(B(s)− a) dB(s) + La(t). (8.6.5)

Note that B(t) − a is a martingale. Hence by the conditional Jensen’s
inequality, the stochastic process |B(t)−a| is a submartingale. Thus Equation
(8.6.5) gives the Doob–Meyer decomposition of |B(t)−a|. Moreover, it is easy
to see that the stochastic process

Mt =
∫ t

0
sgn(B(s)− a) dB(s)

is a Brownian motion by the same arguments as those in Example 8.4.4.
We make some comments on Equation (8.6.3). It is a fact in the theory of

generalized functions that

lim
ε→0

1
2ε

1(a−ε,a+ε) = δa, (8.6.6)
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where δa is the Dirac delta function at a. This equation means that for any
continuous function f(x),

lim
ε→0

∫ ∞

−∞
f(x)

1
2ε

1(a−ε,a+ε)(x) dx = f(a),

which is true by the fundamental theorem of calculus. Hence the local time
La(t) can be expressed as

La(t) =
∫ t

0
δa(B(s)) ds.

The integrand δa(B(s)) is called the Donsker delta function. It is a generalized
function on an infinite-dimensional space. Although δa(B(s)) is not a random
variable, its integral La(t) is a random variable. For more information, see the
book [56].

8.7 Exponential Processes

In this section we study exponential processes, which will play a crucial role
for the Girsanov theorem in Section 8.9.

Let h be a deterministic function in L2[0, T ]. Then for any t ∈ [0, T ],
the Wiener integral

∫ t

0 h(s) dB(s) has a normal distribution with mean 0 and
variance σ2 =

∫ t

0 h(s)2 ds. Hence by elementary computation,

Ee

∫ t

0
h(s) dB(s) =

1√
2π σ

∫ ∞

−∞
exe− x2

2σ2 dx = e
1
2

∫ t

0
h(s)2 ds

. (8.7.1)

The multiplicative renormalization of e

∫ t

0
h(s) dB(s) is defined by

Yt =
e

∫ t

0
h(s) dB(s)

Ee

∫ t

0
h(s) dB(s)

= e

∫ t

0
h(s) dB(s)− 1

2

∫ t

0
h(s)2 ds

.

By Example 7.4.4, Yt has the representation

Yt = 1 +
∫ t

0
h(s)e

∫ s

0
h(u) dB(u)− 1

2

∫ s

0
h(u)2 du

dB(s). (8.7.2)

Observe that the integrand of the Itô integral in Equation (8.7.2) belongs
to the space L2

ad([0, T ] × Ω). Hence by Theorem 4.6.1 the stochastic process
Yt, 0 ≤ t ≤ T , is a martingale.

For convenience, we introduce the following definition and notation.

Definition 8.7.1. The exponential process given by h ∈ Lad(Ω, L2[0, T ]) is
defined to be the stochastic process

Eh(t) = exp
[ ∫ t

0
h(s) dB(s)− 1

2

∫ t

0
h(s)2 ds

]
, 0 ≤ t ≤ T. (8.7.3)
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By applying Itô’s formula, we see that dEh(t) = h(t)Eh(t) dB(t). Hence

Eh(t) = 1 +
∫ t

0
h(s)Eh(s) dB(s), 0 ≤ t ≤ T,

which shows that Eh(t) is a local martingale by Theorem 5.5.2. This leads to
the following question.

Question 8.7.2. Let h ∈ Lad(Ω, L2[0, T ]). Is the exponential process given by
h a martingale with respect to the filtration Ft = σ{B(s); 0 ≤ s ≤ t}?

The answer to this question is given by the next theorem.

Theorem 8.7.3. If h ∈ Lad(Ω, L2[0, T ]) satisfies the condition that

E(Eh(t)) = 1, ∀ t ∈ [0, T ], (8.7.4)

then the exponential process Eh(t), 0 ≤ t ≤ T , given by h is a martingale.

Remark 8.7.4. Obviously, the converse is valid because

E(Eh(t)) = E
(
E[Eh(t) | F0]

)
= EEh(0) = E1 = 1, ∀ 0 ≤ t ≤ T.

In general, the condition in Equation (8.7.4) is very hard to verify. A stronger
condition, due to Novikov [64], is the following:

E exp
[
1
2

∫ T

0
h(t)2 dt

]
< ∞. (8.7.5)

For more information, see the books by Elliott [13], Ikeda and Watanabe [30],
Øksendal [66], and Protter [68].

Proof. If h(t) is a deterministic function in L2[0, T ], then Equation (8.7.4) is
satisfied in view of Equation (8.7.1). In this case, we have already shown that
Eh(t) (denoted by Yt above) is a martingale.

By assumption, dQ = Eh(T ) dP defines a probability measure. Let Qt be
the restriction of Q to Ft. The condition in Equation (8.7.4) implies that
dQt = Eh(t) dP (a fact that seems to be obvious, but the verification is rather
involved and hence omitted). Let s ≤ t and let EP [·|Fs] denote the conditional
expectation with respect to P . Then for any A ∈ Fs,∫

A

EP [Eh(t) | Fs] dP =
∫

A

Eh(t) dP =
∫

A

dQt = Q(A). (8.7.6)

On the other hand, we also have∫
A

Eh(s) dP =
∫

A

dQs = Q(A). (8.7.7)

It follows from Equations (8.7.6) and (8.7.7) that EP [Eh(t)|Fs] = Eh(s). Thus
Eh(t), 0 ≤ t ≤ T , is a martingale. ��
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Example 8.7.5. Let h(t) = sgn(B(t)). The corresponding exponential process
is given by

Eh(t) = exp
[ ∫ t

0
sgn(B(s)) dB(s)− 1

2
t
]
.

It is proved in Example 8.4.4 that Xt =
∫ t

0 sgn(B(s)) dB(s) is a Brownian
motion. Hence

E(Eh(t)) = e− 1
2 tEeXt = e− 1

2 te
1
2 t = 1, ∀ 0 ≤ t ≤ T.

Thus the condition in Equation (8.7.4) is satisfied. By the above theorem,
Eh(t) is a martingale. On the other hand, since Xt is a Brownian motion, we
know from Equation (8.7.2) with h ≡ 1 that Eh(t) = eXt− 1

2 t is a martingale.

Example 8.7.6. Suppose h ∈ Lad(Ω, L2[0, T ]) is L2-bounded, i.e., there exists
a finite number C > 0 such that

∫ T

0 h(t)2 dt ≤ C almost surely. In general,
it is impossible to check whether h satisfies the condition in Equation (8.7.4)
by evaluating the expectation of Eh(t) directly. However, it is obvious that
h satisfies the Novikov condition in Equation (8.7.5). Hence the associated
stochastic process Eh(t), 0 ≤ t ≤ T , is a martingale. For example, when
h(t) = sin(B(t)), we get the martingale

Eh(t) = exp
[ ∫ t

0
sin(B(s)) dB(s)− 1

2

∫ t

0
sin2(B(s)) ds

]
.

Example 8.7.7. Consider the stochastic process h(t) defined by

h(t) =

{
0, if 0 ≤ t < 1

2 ;

B
( 1

2

)
, if 1

2 ≤ t ≤ 1.
(8.7.8)

We have
∫ 1
0 h(t)2 dt = 1

2B
( 1

2

)2. Hence h is not L2-bounded in the sense of the
previous example. However, it satisfies the Novikov condition since

Ee

∫ 1

0
h(t)2 dt = Ee

1
2 B
(

1
2

)2
=
∫ ∞

−∞
e

1
2 x2 1√

π
e−x2

dx =
√

2 < ∞.

Therefore, we have the following martingale:

Eh(t) =

⎧⎨⎩1, if 0 ≤ t < 1
2 ;

exp
[
B
( 1

2

)
B(t)− 1

2 (t + 3
2 )B
( 1

2

)2]
, if 1

2 ≤ t ≤ 1.
(8.7.9)

8.8 Transformation of Probability Measures

In this section we will give two examples to explain the background for the
Girsanov theorem in the next section.
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Example 8.8.1. Consider a random variable X having normal distribution
with mean µ and variance 1. Suppose we want to find the value of E(X4).
The first method is to compute the integral

E(X4) =
∫ ∞

−∞
x4 1√

2π
e−(x−µ)2/2 dx. (8.8.1)

The second method is to make a change of random variables. Let Y = X −µ.
Then Y is a standard normal random variable. Express X4 in terms of Y as

X4 = (Y + µ)4 = Y 4 + 4µY 3 + 6µ2Y 2 + 4µ3Y + µ4. (8.8.2)

Hence we get

E(X4) = E(Y 4) + 4µE(Y 3) + 6µ2E(Y 2) + 4µ3E(Y ) + µ4

= 3 + 6µ2 + µ4. (8.8.3)

Note that taking the expectation in Equation (8.8.2) corresponds to evaluating
the integral in Equation (8.8.1) by making a change of variables y = x− µ.

Example 8.8.2. Let B(t) be a Brownian motion and consider the problem to
compute the expectation E

(
B(t)3eB(1)− 1

2
)

for 0 < t ≤ 1. The first method
to solve this problem is to express the random variable as the product of two
independent random variables,

E
(
B(t)3eB(1)− 1

2
)

= e− 1
2 E
[(

B(t)3eB(t))(eB(1)−B(t))]
= e− 1

2 E
(
B(t)3eB(t))E(eB(1)−B(t)), (8.8.4)

and then compute the expectations separately. The second method to solve
this problem is to use the probability measure Q defined by Equation (8.4.1).
Observe the following equality:

E
(
B(t)3eB(1)− 1

2
)

=
∫

Ω

B(t)3eB(1)− 1
2 dP =

∫
Ω

B(t)3 dQ = EQ(B(t)3),

where EQ is the expectation with respect to the probability measure Q. It
was shown in Section 8.4 that Mt = B(t)− t, 0 ≤ t ≤ 1, is a Brownian motion
with respect to the probability measure Q. Therefore,

E
(
B(t)3eB(1)− 1

2
)

= EQ(B(t)3) = EQ

(
(Mt + t)3

)
= EQ(M3

t + 3tM2
t + 3t2Mt + t3)

= 3t2 + t3. (8.8.5)

In fact, we can further explore the ideas in Example 8.8.2 to find the
intrinsic relationship between the two methods. Let Ft = σ{B(s); s ≤ t}.
Recall that the stochastic process eB(t)− 1

2 t, 0 ≤ t ≤ 1, is a martingale. Suppose
a(t) is a deterministic function. Then
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Ω

f(B(t)− a(t))eB(1)− 1
2 dP = E

(
f(B(t)− a(t))eB(1)− 1

2
)

= E
(
E
[
f(B(t)− a(t))eB(1)− 1

2
∣∣Ft

])
= E

(
f(B(t)− a(t))E

[
eB(1)− 1

2
∣∣Ft

])
= E

(
f(B(t)− a(t))eB(t)− 1

2 t
)

=
∫

Ω

f(B(t)− a(t))eB(t)− 1
2 t dP. (8.8.6)

The last integral can be evaluated by∫
Ω

f(B(t)− a(t))eB(t)− 1
2 t dP =

∫ ∞

−∞
f(x− a(t))ex− 1

2 t 1√
2πt

e− 1
2t x2

dx.

Make a change of variables y = x− a(t) to obtain∫ ∞

−∞
f(x− a(t))ex− 1

2 t 1√
2πt

e− 1
2t x2

dx

=
∫ ∞

−∞
f(y)e

1
t (t−a(t))y− 1

2t (t−a(t))2 1√
2πt

e− 1
2t y2

dy

=
∫

Ω

f(B(t))e
1
t (t−a(t))B(t)− 1

2t (t−a(t))2 dP.

Therefore, we get∫
Ω

f(B(t)− a(t))eB(t)− 1
2 t dP =

∫
Ω

f(B(t))e
1
t (t−a(t))B(t)− 1

2t (t−a(t))2 dP.

(8.8.7)
It follows from Equations (8.8.6) and (8.8.7) that∫

Ω

f(B(t)− a(t))eB(1)− 1
2 dP =

∫
Ω

f(B(t))e
1
t (t−a(t))B(t)− 1

2t (t−a(t))2 dP.

In particular, take a(t) = t to get∫
Ω

f(B(t)− t)eB(1)− 1
2 dP =

∫
Ω

f(B(t)) dP.

Thus we have proved the next theorem.

Theorem 8.8.3. Let B(t), 0 ≤ t ≤ 1, be a Brownian motion with respect to
a probability measure P . Let Q be the probability measure dQ = eB(1)− 1

2 dP .
Then for any function f such that EP |f(B(t))| < ∞, we have∫

Ω

f(B(t)− t) dQ =
∫

Ω

f(B(t)) dP, (8.8.8)

which can also be expressed as EQf(B(t)− t) = EP f(B(t)).
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The formula in Equation (8.8.8) involves the transformation of probability
measures from P to Q. Take the function f(x) = eiλx with λ ∈ R to get∫

Ω

eiλ(B(t)−t) dQ =
∫

Ω

eiλB(t) dP = e− 1
2 λ2t, ∀λ ∈ R.

This implies that B(t) − t is normally distributed with mean 0 and variance
t with respect to the probability measure Q. Actually, one can easily guess
that B(t) − t is a Brownian motion under Q. This fact has also been shown
in Section 8.4 using Lévy’s characterization theorem of a Brownian motion.

8.9 Girsanov Theorem

Let (Ω,F , P ) be a fixed probability space and let B(t) be a Brownian motion
with respect to P . Recall from the previous section that B(t)− t, 0 ≤ t ≤ 1,
is a Brownian motion with respect to the probability measure Q given by
dQ = eB(1)− 1

2 dP . This leads to the following question.

Question 8.9.1. Are there other stochastic processes ϕ(t) such that B(t)−ϕ(t)
is a Brownian motion with respect to some probability measure?

We will show that if ϕ(t) =
∫ t

0 h(s) ds, 0 ≤ t ≤ T , with h ∈ Lad(Ω, L2[0, T ])
satisfying the condition in Theorem 8.7.3, then Wt = B(t) − ϕ(t) is indeed
a Brownian motion with respect to the probability measure dQ = Eh(T ) dP .
Here Eh is the exponential process given by h as defined by Equation (8.7.3).
The main idea in the proof of this important theorem, due to Girsanov [23], is
the transformation of probability measures described in the previous section
and Lévy’s characterization theorem of Brownian motion in Section 8.4.

In this section we will take the expectation and the conditional expectation
of a random variable with respect to several probability measures. Therefore,
we will use a subindex Q to denote the relevant quantities with respect to
the probability measure Q. For convenience, a martingale under Q (and with
respect to a fixed filtration) will be called a Q-martingale.

Lemma 8.9.2. Let θ ∈ L1(P ) be nonnegative such that dµ = θ dP defines a
probability measure. Then for any σ-field G ⊂ F and X ∈ L1(µ), we have

Eµ

[
X | G] =

EP

[
Xθ | G]

EP

[
θ | G] , µ-almost surely.

Proof. First note that EP |Xθ | =
∫

Ω
|X| θ dP =

∫
Ω
|X| dµ < ∞, so that the

conditional expectation EP [Xθ | G] is defined. For any G ∈ G, use condition
(2) in Definition 2.4.1 and the definition of µ to get∫

G

EP

[
Xθ | G] dP =

∫
G

Xθ dP =
∫

G

X dµ =
∫

G

Eµ

[
X | G] dµ. (8.9.1)
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Moreover, write dµ = θ dP and then use condition (2) in Definition 2.4.1 and
Property 4 of the conditional expectation in Section 2.4 to derive∫

G

Eµ

[
X | G] dµ =

∫
G

Eµ

[
X| G] θ dP =

∫
G

EP

{
Eµ

[
X | G] θ ∣∣G} dP

=
∫

G

Eµ

[
X | G] · EP

[
θ | G]dP. (8.9.2)

Equations (8.9.1) and (8.9.2) imply the conclusion of the lemma. ��
Now suppose h(t) is a stochastic process in Lad(Ω, L2[0, T ]) satisfying the

condition in Equation (8.7.4). Then by Theorem 8.7.3, the exponential process
Eh(t) is a P -martingale. Let Q be the probability measure on (Ω,F) given by
dQ = Eh(T ) dP , namely,

Q(A) =
∫

A

Eh(T ) dP, A ∈ F . (8.9.3)

Lemma 8.9.3. Assume that h ∈ Lad(Ω, L2[0, T ]) satisfies the condition in
Equation (8.7.4). Then an {Ft}-adapted stochastic process X(t), 0 ≤ t ≤ T ,
is a Q-martingale if and only if X(t)Eh(t) is a P -martingale.

Proof. First we make a loose remark on the integrability. As we mentioned
in the proof of Theorem 8.7.3, the restriction of Q to Ft is the probability
measure Eh(t) dP . This implies that X(t)Eh(T ) is P -integrable if and only
if X(t)Eh(t) is P -integrable. Since dQ = Eh(T ) dP , this means that X(t)
is Q-integrable if and only if X(t)Eh(t) is P -integrable. This provides the
integrability below for taking the conditional expectation.

Suppose X(t)Eh(t) is a P -martingale and let s ≤ t. Apply Lemma 8.9.2
with µ = Q and θ = Eh(T ) to get

EQ[X(t) | Fs] =
EP [X(t)Eh(T ) | Fs]

EP [Eh(T ) | Fs]
. (8.9.4)

Since Eh(t) is a P -martingale by Theorem 8.7.3, we have EP [Eh(T ) | Fs] =
Eh(s). On the other hand, we can use Properties 4 and 5 of the conditional
expectation in Section 2.4 to show that

EP

[
X(t)Eh(T ) | Fs

]
= EP

{
EP

[
X(t)Eh(T ) | Ft

] ∣∣Fs

}
= EP

{
X(t)EP

[Eh(T ) | Ft

] ∣∣Fs

}
= EP

{
X(t)Eh(t)

∣∣Fs

}
= X(s)Eh(s).

Therefore, from Equation (8.9.4),

EQ

[
X(t) | Fs

]
=

X(s)Eh(s)
Eh(s)

= X(s).
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This shows that X(t) is a Q-martingale.
Conversely, suppose X(t) is a Q-martingale and let s ≤ t. Then as shown

above we have

EP

{
X(t)Eh(t)

∣∣Fs

}
= EP

[
X(t)Eh(T ) | Fs

]
. (8.9.5)

Moreover, we use Lemma 8.9.2 to get

EP

[
X(t)Eh(T ) | Fs

]
= EQ

[
X(t) | Fs

] · EP

[Eh(T ) | Fs

]
= X(s)Eh(s). (8.9.6)

Equations (8.9.5) and (8.9.6) show that X(t)Eh(t) is a P -martingale. ��
Now, for a stochastic process h(t) in the space Lad(Ω, L2[0, T ]), consider

the following translation of a Brownian motion:

W (t) = B(t)−
∫ t

0
h(s) ds, 0 ≤ t ≤ T. (8.9.7)

Theorem 8.9.4. (Girsanov theorem) Let h ∈ Lad(Ω, L2[0, T ]) and assume
that EP (Eh(t)) = 1 for all t ∈ [0, T ]. Then the stochastic process

W (t) = B(t)−
∫ t

0
h(s) ds, 0 ≤ t ≤ T,

is a Brownian motion with respect to the probability measure dQ = Eh(T ) dP
defined by Equation (8.9.3).

Proof. First note that the probability measures P and Q are equivalent. Hence
Q{W (0) = 0} = 1 and W (t) is a continuous stochastic process. Let {Ft} be
the filtration given by Ft = σ{B(s); 0 ≤ s ≤ t}, 0 ≤ t ≤ T.

First apply Itô’s formula to check that

dEh(t) = h(t)Eh(t) dB(t). (8.9.8)

Then apply the Itô product formula in Equation (7.5.3) to get

d
{
W (t)Eh(t)

}
=
{
dW (t)

}Eh(t) + W (t)
{
dEh(t)

}
+
{
dW (t)

}{
dEh(t)

}
=
{
dB(t)− h(t) dt

}Eh(t) + W (t)h(t)Eh(t) dB(t) + h(t)Eh(t) dt

=
{
1 + h(t)W (t)

}Eh(t) dB(t),

or, in the stochastic integral form,

W (t)Eh(t) =
∫ t

0

{
1 + h(s)W (s)

}Eh(s) dB(s). (8.9.9)

Therefore, by Theorem 5.5.2, the stochastic process W (t)Eh(t), 0 ≤ t ≤ T , is
a local P -martingale. It turns out that W (t)Eh(t) is indeed a P -martingale (a
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fact that can be easily verified when h(t) is a deterministic function in L2[0, T ],
but whose proof in the general case is very involved). Hence by Lemma 8.9.3,
W (t) is a Q-martingale.

Next, replace W (t) by W (t)2 − t and repeat the same arguments as those
in the derivation of Equation (8.9.9) to show that(

W (t)2 − t
)Eh(t) =

∫ t

0

{
2W (t) +

(
W (t)2 − t

)}Eh(s) dB(s). (8.9.10)

Hence
(
W (t)2− t

)Eh(t) is a P -martingale by the same reason as above for the
stochastic process W (t)Eh(t). Then use Lemma 8.9.3 to see that W (t)2 − t
is a Q-martingale. It follows that the Doob–Meyer decomposition of W (t)2 is
given by

W (t)2 =
(
W (t)2 − t

)
+ t,

which implies that 〈W 〉t = t almost surely under the probability measure Q
for each t. Hence by Lévy’s characterization theorem (Theorem 8.4.2), W (t)
is a Brownian motion with respect to Q. ��
Corollary 8.9.5. Under the same assumption of Theorem 8.9.4, the following
equality holds for any measurable function f such that EP |f(B(t))| < ∞:∫

Ω

f
(
B(t)− ∫ t

0h(s) ds
)
dQ =

∫
Ω

f
(
B(t)

)
dP. (8.9.11)

Example 8.9.6. Let h(t) be a deterministic function in L2[0, T ]. As pointed
out in the beginning of the proof of Theorem 8.7.3, h satisfies the condition
in the Girsanov theorem. Hence the stochastic process

W (t) = B(t)−
∫ t

0
h(s) ds, 0 ≤ t ≤ T,

is a Brownian motion with respect to the probability measure Q given by

dQ = e

∫ T

0
h(s) dB(s)− 1

2

∫ T

0
h(s)2 ds

dP.

The probability measure Q is the translation of P by the function h. In this
case, the equality in Equation (8.9.11) is called the Cameron and Martin
formula [4] for the translation of Wiener measure.

Example 8.9.7. Consider h(t) = sgn(B(t)). As shown in Example 8.7.6, the
function h satisfies the condition in the Girsanov theorem. Therefore, the
stochastic process

W (t) = B(t)−
∫ t

0
sgn(B(s)) dB(s), 0 ≤ t ≤ T,

is a Brownian motion with respect to the probability measure Q given by

dQ = e

∫ T

0
sgn(B(s)) dB(s)− 1

2 T
dP.
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Example 8.9.8. Let h(t) be the stochastic process given by Equation (8.7.8).
As shown in Example 8.7.7, h satisfies the condition in the Girsanov theorem.
Hence the stochastic process

W (t) =

{
B(t), if 0 ≤ t < 1/2;

B(t)− (t− 1/2)B
(
1/2
)
, if 1/2 ≤ t ≤ 1,

is a Brownian motion with respect to the probability measure Q given by

dQ = eB
(
1/2
)
B(1)−5B

(
1/2
)2

/4 dP.

Exercises

1. Evaluate the stochastic integral
∫ t

0 arctanB(s) dB(s).

2. Let Mt =
∫ t

0 sgn(B(s)) dB(s).
(a) Show that the compensator of M2

t is given by 〈M〉t = t.
(b) Show that Lt = M2

t −t is a martingale without using the Doob–Meyer
decomposition theorem.
(c) Find the compensator of L2

t .
3. Let X(t) and Y (t) be two Itô processes. Prove the following equality for

the Stratonovich integral:∫ b

a

X(t)◦dY (t) = lim
‖∆n‖→0

n∑
i=1

X(ti−1) + X(ti)
2

(
Y (ti)− Y (ti−1)

)
,

in probability, where ∆n = {t0, t1, . . . , tn−1, tn} is a partition of [a, b].
4. Suppose X1, . . . , Xn are random variables such that for all λ1, . . . , λn ∈ R,

Eei(λ1X1+···+λnXn) = ei(λ1µ1+···+λnµn)− 1
2 (λ2

1σ2
1+···+λ2

nσ2
n),

where µj ∈ R and σj > 0 for j = 1, . . . , n. Prove that the random variables
X1, . . . , Xn are independent and normally distributed.

5. Check whether X(t) =
∫ t

0 sgn(B(s)− s) dB(s) is a Brownian motion.

6. Use Example 8.4.5 to compute E
(
B(t)4eB(1)

)
for 0 < t ≤ 1. On the other

hand, compute this expectation directly from the definition of a Brownian
motion. Moreover, compute E

(
B(t)4eB(1)

)
for t > 1.

7. Consider the local time La(t) defined by Equation (8.6.3).
(a) Find the expectation ELa(t).
(b) Check that lima→∞

(
La(t) + |a|) = lima→−∞

(
La(t) + |a|) = 1.

(c) Show that E
[
La(t)

∣∣Fs

] ≥ |B(s)| − |a| − ∫ s

0 sgn(B(u) − a) dB(u) for
any s ≤ t. Here Fs = σ{B(u); 0 ≤ u ≤ s}.
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8. Prove that if h satisfies the Novikov condition, then h belongs to the space
L2

ad([a, b]×Ω).
9. Verify that the value of the integral in Equation (8.8.1) coincides with

that of Equation (8.8.3).
10. Verify without using Theorem 8.7.3 that the exponential process given by

Equation (8.7.9) is a martingale.
11. Verify that the value of the right-hand side of Equation (8.8.4) coincides

with that of Equation (8.8.5).
12. Let h(t) be a deterministic function in L2[0, T ].

(a) Show that the stochastic process W (t)Eh(t) in Equation (8.9.9) is a
P -martingale.
(b) Show that the stochastic process (W (t)2−t)Eh(t) in Equation (8.9.10)
is a P -martingale.

13. Let B(t) be a Brownian motion with respect to a probability measure P .
Find the density function of B

( 2
3

)
with respect to the probability measure

dQ = eB(1)− 1
2 dP .

14. Let B(t) be a Brownian motion with respect to a probability measure P .
Find a probability measure with respect to which the stochastic process
W (t) = B(t) + t− t3, 0 ≤ t ≤ 2, is a Brownian motion.

15. Let B(t) be a Brownian motion with respect to a probability measure P .
Find a probability measure with respect to which the stochastic process
W (t) = B(t) +

∫ t

0 min{1, B(s)} ds, 0 ≤ t ≤ 3, is a Brownian motion.
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Multiple Wiener–Itô Integrals

In 1938, N. Wiener introduced polynomial and homogeneous chaos in his study
of statistical mechanics. He defined polynomial chaos as sums of finitely many
multiple integrals with respect to a Brownian motion. The polynomial chaoses
of different orders are not orthogonal. On the other hand, the homogeneous
chaoses (which are defined in terms of polynomial chaos) of different orders
are orthogonal. However, Wiener did not directly define homogeneous chaos
as integrals. In 1951, K. Itô introduced new multiple integrals that turn out
to be exactly homogeneous chaos. The new integrals are nowadays referred to
as multiple Wiener–Itô integrals. They are related to the stochastic integral
that K. Itô introduced in 1944. We will follow the original idea of K. Itô to
define multiple Wiener–Itô integrals. Two important theorems in this chapter
are the Wiener–Itô theorem and the martingale representation theorem for
square integrable Brownian martingales.

9.1 A Simple Example

Let B(t) be a Brownian motion. The Wiener integral I(f) =
∫ b

a
f(t) dB(t) is

defined in Section 2.3 for deterministic functions f in L2[a, b]. The random
variable I(f) is normally distributed with mean 0 and variance

∫ b

a
f(t)2 dt. The

mapping I : L2[a, b] → L2(Ω) is an isometry. In view of Riemann integrals
and double integrals one studies in calculus, we ask the following question.

Question 9.1.1. How can we define a double integral
∫ b

a

∫ b

a
f(t, s) dB(t)dB(s)

for a deterministic function f(t, s)?

(a) Wiener’s Idea

The process to define the integral consists of two steps. The first step is to
define the integral for step functions. The second step is to approximate an
L2([a, b]2) function by step functions and take the limit of the corresponding
integrals. Suppose f is a step function given by
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f =
n∑

i=1

m∑
j=1

aij1[ti−1,ti)×[sj−1,sj),

where {a = t0, t1, . . . , tn−1, tn = b} and {a = s0, s1, . . . , sm−1, sm = b} are
partitions of [a, b]. Then define the double Wiener integral of f by

(W )
∫ b

a

∫ b

a

f(t, s) dB(t)dB(s) =
∑
i,j

aij

(
B(ti)−B(ti−1)

)(
B(sj)−B(sj−1)

)
.

Consider a simple example, f = 1[0,1]×[0,1]. Obviously, we have

(W )
∫ 1

0

∫ 1

0
1 dB(t)dB(s) = B(1)2. (9.1.1)

The double Wiener integral has the separation property, namely,

(W )
∫ b

a

∫ b

a

f(t)g(s) dB(t)dB(s) =
∫ b

a

f(t) dB(t)
∫ b

a

g(s) dB(s), (9.1.2)

where the integrals in the right-hand side of the equation are Wiener integrals
defined in Section 2.3. In general, the expectation of a double Wiener integral
is nonzero. For example, the one in Equation (9.1.1), being equal to B(1)2,
has expectation 1. Thus a double Wiener integral may not be orthogonal to
constant functions.

(b) Itô’s Idea

There are also two steps in defining a double Wiener–Itô integral. The first
step is to define the integral for “off-diagonal step functions.” The second step
is to approximate an L2([a, b]2) function by “off-diagonal step functions” and
take the limit of the corresponding integrals.

To motivate the notion of an “off-diagonal step function” and its necessity,
consider the example of defining the double integral

∫ 1
0

∫ 1
0 1 dB(t)dB(s).

Let ∆n = {t0, t1, . . . , tn} be a partition of the interval [0, 1]. If we take the
partition of the unit square [0, 1)2,

[0, 1)2 =
n⋃

i,j=1

[ti−1, ti)× [tj−1, tj), (9.1.3)

then we get the following Riemann sum for the integrand f ≡ 1:

n∑
i,j=1

(
B(ti)−B(ti−1)

)(
B(tj)−B(tj−1)

)
=
[ n∑

i=1

(
B(ti)−B(ti−1)

)]2
=B(1)2,

which is the value of the double Wiener integral in Equation (9.1.1).



9.1 A Simple Example 149

Here is the crucial idea of K. Itô in the paper [34]. Remove the diagonal
squares from [0, 1)2 in Equation (9.1.3),

[0, 1)2 \
n⋃

i=1

[ti−1, ti)2 =
⋃
i�=j

[ti−1, ti)× [tj−1, tj). (9.1.4)

Then use the remaining squares in the right-hand side of this equation to form
the sum from the increments of the Brownian motion,

Sn =
∑
i�=j

(
B(ti)−B(ti−1)

)(
B(tj)−B(tj−1)

)
. (9.1.5)

Obviously, we have

Sn =
n∑

i,j=1

(
B(ti)−B(ti−1)

)(
B(tj)−B(tj−1)

)− n∑
i=1

(
B(ti)−B(ti−1)

)2
= B(1)2 −

n∑
i=1

(
B(ti)−B(ti−1)

)2
.

Notice that the limit of the last summation is the quadratic variation of the
Brownian motion B(t) on the interval [0, 1] and equals 1. Hence

lim
‖∆n‖→0

Sn = B(1)2 − 1, in L2(Ω). (9.1.6)

The limit is defined to be the double Wiener–Itô integral of f ≡ 1,∫ 1

0

∫ 1

0
1 dB(t)dB(s) = B(1)2 − 1, (9.1.7)

which is different from the value in Equation (9.1.1). Can this double integral
be written as an iterated integral? We can try to write∫ 1

0

∫ 1

0
1 dB(t)dB(s) =

∫ 1

0

[∫ 1

0
1 dB(s)

]
dB(t) =

∫ 1

0
B(1) dB(t).

But the last integral
∫ 1
0 B(1) dB(t) is not defined as an Itô integral since the

integrand B(1) is not adapted with respect to the filtration {Ft; 0 ≤ t ≤ 1},
where Ft = σ{B(s); 0 ≤ s ≤ t}. We can try another way to write∫ 1

0

∫ 1

0
1 dB(t)dB(s) = 2

∫ ∫
0≤s≤t≤1

1 dB(t)dB(s)

= 2
∫ 1

0

[∫ t

0
1 dB(s)

]
dB(t)

= 2
∫ 1

0
B(t) dB(t)

= B(1)2 − 1,
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which is the double Wiener–Itô integral in Equation (9.1.7).
In order to find out how in general double Wiener–Itô integrals should be

defined, let us examine more closely the sum in Equation (9.1.5). It is the
double integral of the following “off-diagonal step function”

fn =
∑
i�=j

1[ti−1,ti)×[ti−1,ti). (9.1.8)

Observe that as ‖∆n‖ → 0,∫ 1

0

∫ 1

0
|1− fn(t, s)|2 dt ds =

n∑
i=1

(ti − ti−1)2 ≤ ‖∆n‖ → 0. (9.1.9)

Hence the function f ≡ 1 is approximated by a sequence {fn} of “off-diagonal
step functions” that are supported by squares off the diagonal line. This is
the crucial idea for multiple Wiener–Itô integrals. We will start with double
Wiener–Itô integrals in the next section.

9.2 Double Wiener–Itô Integrals

The object in this section is to define the double Wiener–Itô integral∫ b

a

∫ b

a

f(t, s) dB(t)dB(s), f ∈ L2([a, b]2).

This will be done in two steps as in the case of Wiener integrals in Section
2.3. However, there is the new crucial notion of “off-diagonal step functions”
mentioned at the end of the previous section.

Let D = {(t, s) ∈ [a, b]2; t = s} denote the diagonal of the square [a, b]2.
By a rectangle in this section we will mean a subset of [a, b]2 of the form
[t1, t2)× [s1, s2).

Step 1. Off-diagonal step functions

Definition 9.2.1. An off-diagonal step function on the square [a, b]2 is defined
to be a function of the form

f =
∑
i�=j

aij1[ti−1,ti)×[tj−1,tj), (9.2.1)

where a = t0 < t1 < t2 < · · · < tn−1 < tn = b.

Note that an off-diagonal step function vanishes on the diagonal D. Hence
the function f ≡ 1 on [a, b]2 is not an off-diagonal step function. If A =
[t1, t2) × [s1, s2) is a rectangle disjoint from the diagonal D, then 1A can be
written in the form of Equation (9.2.1) by taking the set {t1, t2, s1, s2} as
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the partition points of [a, b]. Hence 1A is an off-diagonal step function. More
generally, suppose A1, A2, . . . , An are rectangles disjoint from the diagonal D.
Then the function f =

∑n
i=1 ai1Ai is an off-diagonal step function for any

a1, a2, . . . , an ∈ R. This fact implies that if f and g are off-diagonal step
functions, then af +bg is an off-diagonal step function for any a, b ∈ R. Hence
the set of off-diagonal step functions is a vector space.

For an off-diagonal step function f given by Equation (9.2.1), define

I2(f) =
∑
i�=j

aij

(
B(ti)−B(ti−1)

)(
B(tj)−B(tj−1)

)
. (9.2.2)

Note that the representation of an off-diagonal step function f by Equation
(9.2.1) is not unique. But it is easily seen that I2(f) is uniquely defined.
Moreover, I2 is linear, i.e., I2(af + bg) = aI2(f) + bI2(g) for any off-diagonal
step functions f and g and a, b ∈ R.

The symmetrization f̂ (t, s) of a function f(t, s) is defined by

f̂ (t, s) =
1
2
(
f(t, s) + f(s, t)

)
.

Obviously, f̂ is a symmetric function. If f is a symmetric function, then f̂ = f .
In general, ‖f̂‖ ≤ ‖f ‖. The strict inequality can happen. For example, for the
function f(t, s) = t on [0, 1]2, we have f̂ (t, s) = 1

2 (t + s) and

‖f‖2 =
∫ 1

0

∫ 1

0
f(t, s)2 dt ds =

1
3
, ‖f̂ ‖2 =

∫ 1

0

∫ 1

0
f̂(t, s)2 dt ds =

7
24

.

Notice that the symmetrization operation is linear, i.e., (af +bg)̂= af̂ +bĝ. If
f is an off-diagonal step function, then f̂ is also an off-diagonal step function.

Lemma 9.2.2. Let f be an off-diagonal step function. Then I2(f) = I2(f̂ ).

Proof. Since I2 and the symmetrization operation are linear, it suffices to
prove the lemma for the case f = 1[t1,t2)×[s1,s2) with [t1, t2)∩ [s1, s2) = ∅. The
symmetrization f̂ of f is given by

f̂ =
1
2
(
1[t1,t2)×[s1,s2) + 1[s1,s2)×[t1,t2)

)
.

Hence by the definition of I2 in Equation (9.2.2),

I2(f) =
(
B(t2)−B(t1)

)(
B(s2)−B(s1)

)
,

I2(f̂ ) =
1
2
{(

B(t2)−B(t1)
)(

B(s2)−B(s1)
)

+
(
B(s2)−B(s1)

)(
B(t2)−B(t1)

)}
=
(
B(t2)−B(t1)

)(
B(s2)−B(s1)

)
.

Therefore, I2(f) = I2(f̂ ) and the lemma is proved. ��
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Lemma 9.2.3. If f is an off-diagonal step function, then E[I2(f)] = 0 and

E
[
I2(f)2

]
= 2
∫ b

a

∫ b

a

f̂ (t, s)2 dt ds. (9.2.3)

Proof. Suppose f is represented by Equation (9.2.1). Then I2(f) is given by
Equation (9.2.2). Since the intervals [ti−1, ti) and [tj−1, tj) are disjoint when
i �= j, the expectation of each term in the summation of Equation (9.2.2) is
zero. Hence E[I2(f)] = 0.

To prove Equation (9.2.3), first assume that f is symmetric. In this case,
aij = aji for all i �= j. For convenience, let ξi = B(ti)−B(ti−1). Then

I2(f) =
∑
i�=j

aijξiξj = 2
∑
i<j

aijξiξj .

Therefore, we have

E
[
I2(f)2

]
= 4
∑
i<j

∑
p<q

aijapqE(ξiξjξpξq). (9.2.4)

Let i < j be fixed. By observing the position of intervals, we can easily see
the following implications:

p �= i =⇒ E(ξiξjξpξq) = 0 ∀ q > p,

q �= j =⇒ E(ξiξjξpξq) = 0 ∀ p < q.

Hence for fixed i < j, the summation over p < q in Equation (9.2.4) reduces
to only one term given by p = i and q = j. Therefore,

E
[
I2(f)2

]
= 4
∑
i<j

a2
ijE(ξ2

i ξ2
j )

= 4
∑
i<j

a2
ij(ti − ti−1)(tj − tj−1)

= 2
∑
i�=j

a2
ij(ti − ti−1)(tj − tj−1)

= 2
∫ b

a

∫ b

a

f(t, s)2 dt ds.

Finally, for any off-diagonal step function f , we have I2(f) = I2(f̂ ) by Lemma
9.2.2. Hence

E
[
I2(f)2

]
= E

[
I2(f̂ )2

]
= 2
∫ b

a

∫ b

a

f̂ (t, s)2 dt ds,

which proves Equation (9.2.3). ��
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Step 2. Approximation by off-diagonal step functions

Recall that ‖f‖ denotes the L2-norm of a function f defined on the square
[a, b]2, i.e., ‖f‖2 =

∫ b

a

∫ b

a
f(t, s)2 dt ds. By Lemma 9.2.3, E

[
I2(f)2

]
= 2‖f̂ ‖2 for

any off-diagonal step function f . But ‖f̂ ‖ ≤ ‖f‖. Hence E
[
I2(f)2

] ≤ 2‖f‖2
for all off-diagonal step functions. This inequality shows that we can extend
the mapping I2 to L2([a, b]2) provided that each function in L2([a, b]2) can be
approximated by a sequence of off-diagonal step functions.

Suppose f is a function in L2([a, b]2). Let Dδ denote the set of points in
[a, b]2 having a distance < δ from the diagonal D. For a given ε > 0, we can
choose δ > 0 small enough such that∫∫

Dδ

f(t, s)2 dt ds <
ε

2
. (9.2.5)

On the other hand, let Dc
δ = [a, b]2 \Dδ and consider the restriction of f to

Dc
δ. A fact from measure theory says that there exists a function φ of the form

φ =
∑n

i=1 ai1Ai with rectangles Ai ⊂ Dc
δ for all 1 ≤ i ≤ n such that∫∫

Dc
δ

|f(t, s)− φ(t, s)|2 dt ds <
ε

2
. (9.2.6)

We can sum up the integrals in Equations (9.2.5) and (9.2.6) to get∫ b

a

∫ b

a

|f(t, s)− φ(t, s)|2 dt ds < ε.

Note that the function φ vanishes on the set Dδ. Hence the function φ is
an off-diagonal step function, as pointed out in the first paragraph following
Definition 9.2.1. Thus we have proved the next approximation lemma.

Lemma 9.2.4. Let f be a function in L2([a, b]2). Then there exists a sequence
{fn} of off-diagonal step functions such that

lim
n→∞

∫ b

a

∫ b

a

|f(t, s)− fn(t, s)|2 dt ds = 0. (9.2.7)

Now, we are ready to extend the mapping I2 to the space L2([a, b]2).
Let f ∈ L2([a, b]2). Choose a sequence {fn} of off-diagonal step functions
converging to f in L2([a, b]2). The existence of such a sequence is guaranteed
by Lemma 9.2.4. Then by the linearity of I2 and Lemma 9.2.3,

E
{(

I2(fn)− I2(fm)
)2} = 2

∥∥f̂n − f̂m

∥∥2 ≤ 2‖fn − fm‖2 → 0,

as n, m →∞. Hence the sequence {I2(fn)} is Cauchy in L2(Ω). Define

I2(f) = lim
n→∞ I2(fn), in L2(Ω). (9.2.8)

It is easily seen that I2(f) is well-defined, namely, it does not depend on the
choice of the sequence {fn} used in Equation (9.2.8).
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Definition 9.2.5. Let f ∈ L2([a, b]2). The limit I2(f) in Equation (9.2.8) is
called the double Wiener–Itô integral of f .

We will also use
∫ b

a

∫ b

a
f(t, s) dB(t) dB(s) to denote the double Wiener–Itô

integral I2(f) of f .

Example 9.2.6. Note that the function f ≡ 1 on [0, 1]2 is not an off-diagonal
step function. Hence its double Wiener–Itô integral is not defined in Step 1.
Define fn by Equation (9.1.8). Then we have I2(fn) = Sn by Equation (9.1.5).
As shown in Equation (9.1.9), fn converges to f in L2([0, 1]2). Therefore, by
Definition 9.2.5 and Equation (9.1.6),

I2(f) = lim
n→∞ I2(fn) = lim

n→∞ Sn = B(1)2 − 1, in L2(Ω).

Hence we have
∫ 1
0

∫ 1
0 1 dB(t) dB(s) = B(1)2 − 1.

Lemmas 9.2.2 and 9.2.3 can be extended to functions in L2([a, b]2) using
the approximation in Lemma 9.2.4 and the definition of a double Wiener–Itô
integral. We state the extension as the next theorem without proof since the
verification is routine.

Theorem 9.2.7. Let f(t, s) ∈ L2([a, b]2). Then we have

(1) I2(f) = I2(f̂ ). Here f̂ is the symmetrization of f .
(2) E[I2(f)] = 0.

(3) E
[
I2(f)2

]
= 2‖f̂ ‖2. Here ‖ · ‖ is the norm on L2([a, b]2).

There is an important relationship between double Wiener–Itô integrals
and iterated Itô integrals. It is given by the next theorem.

Theorem 9.2.8. Let f(t, s) ∈ L2([a, b]2). Then∫ b

a

∫ b

a

f(t, s) dB(t) dB(s) = 2
∫ b

a

[ ∫ t

a

f̂ (t, s) dB(s)
]

dB(t), (9.2.9)

where f̂ is the symmetrization of f .

Remark 9.2.9. The inner integral Xt =
∫ t

a
f̂ (t, s) dB(s) is a Wiener integral,

defined in Section 2.3. By Theorem 2.3.4, E(X2
t ) =

∫ t

a
f̂ (t, s)2 ds. Hence∫ b

a

E(X2
t ) dt =

∫ b

a

[ ∫ t

a

f̂ (t, s)2 ds

]
dt =

1
2
‖f̂ ‖2 ≤ 1

2
‖f‖2 < ∞.

This shows that the stochastic process Xt belongs to L2
ad([a, b]×Ω) and the

integral
∫ b

a
Xt dB(t) is an Itô integral as defined in Section 4.3.
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Proof. First consider the case f = 1[t1,t2)×[s1,s2) with [t1, t2) ∩ [s1, s2) = ∅.
The symmetrization of f is given by

f̂ =
1
2
(
1[t1,t2)×[s1,s2) + 1[s1,s2)×[t1,t2)

)
.

We may assume that s1 < s2 < t1 < t2. For the other case t1 < t2 < s1 < s2,
just interchange [s1, s2) with [t1, t2). By the definition of I2(f) in Step 1,∫ b

a

∫ b

a

f(t, s) dB(t) dB(s) =
(
B(t2)−B(t1)

)(
B(s2)−B(s1)

)
. (9.2.10)

On the other hand, we have∫ b

a

[ ∫ t

a

f̂ (t, s) dB(s)
]

dB(t) =
1
2

∫ t2

t1

[ ∫ s2

s1

1 dB(s)
]

dB(t)

=
1
2

∫ t2

t1

(
B(s2)−B(s1)

)
dB(t)

=
1
2
(
B(s2)−B(s1)

)(
B(t2)−B(t1)

)
. (9.2.11)

Hence Equation (9.2.9) follows from Equations (9.2.10) and (9.2.11).
Next, by the linearity of the mapping I2 and the symmetrization operation,

Equation (9.2.9) is also valid for any off-diagonal step function. Finally, use
the approximation to extend Equation (9.2.9) to functions f ∈ L2([a, b]2). ��

The generalization of the double Wiener–Itô integral to higher order is
almost straightforward except for complicated notation. This will be done in
Section 9.6 after we study homogeneous chaos in Sections 9.4 and 9.5.

9.3 Hermite Polynomials

In this section we will explain Hermite polynomials and their properties to be
used in Sections 9.4 and 9.5.

Let ν be the Gaussian measure with mean 0 and variance ρ > 0, i.e.,

dν(x) =
1√
2πρ

e− 1
2ρ x2

dx.

Consider the sequence 1, x, x2, . . . , xn, . . . of monomials in the real Hilbert
space L2(ν). Apply the Gram–Schmidt orthogonalization procedure to this
sequence (in order of increasing powers) to obtain orthogonal polynomials
P0(x), P1(x), . . . , Pn(x), . . . in the Hilbert space L2(ν), where P0(x) = 1 and
Pn(x) is a polynomial of degree n ≥ 1 with leading coefficient 1.

Question 9.3.1. Is it possible to define the polynomials Pn(x) directly so that
they are computable?
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Take the function θ(t, x) = etx. The expectation of θ(t, ·) with respect to
the measure ν is given by

Eν [θ(t, ·)] =
∫ ∞

−∞
etx 1√

2πρ
e− 1

2ρ x2
dx = e

1
2 ρt2 . (9.3.1)

The multiplicative renormalization ψ(t, x) of θ(t, x) is defined by

ψ(t, x) =
θ(t, x)

Eν [θ(t, ·)] = etx− 1
2 ρt2 .

We can expand the function ψ(t, x) as a power series in t. Note that the
coefficient of tn in the series expansion depends on n, x, and ρ. Let Hn(x; ρ)/n!
denote this coefficient. Then we have the equality

etx− 1
2 ρt2 =

∞∑
n=0

Hn(x; ρ)
n!

tn. (9.3.2)

On the other hand, we can use the power series ez =
∑∞

n=0 zn/n! to find the
coefficient of tn in another way. Write etx− 1

2 ρt2 as etxe− 1
2 ρt2 to get

etx− 1
2 ρt2 =

[
1 + xt + · · ·+ xn

n!
tn + · · ·

][
1 +

−ρ

2
t2 + · · ·+ (−ρ)m

m!2m
t2m + · · ·

]
,

which can be multiplied out to find the coefficient of tn:

xn

n!
· 1 +

xn−2

(n− 2)!
(−ρ)

2
+ · · ·+ xn−2k

(n− 2k)!
(−ρ)k

k!2k
+ · · · ,

with the last term being an x-term (when n is odd) or a constant (when n
is even). But the coefficient of tn is also given by Hn(x; ρ)/n! in Equation
(9.3.2). Therefore,

Hn(x; ρ) = n!
(xn

n!
· 1 +

xn−2

(n− 2)!
(−ρ)

2
+ · · ·+ xn−2k

(n− 2k)!
(−ρ)k

k!2k
+ · · ·

)
= xn+

n!
(n− 2)!2

(−ρ)xn−2+· · ·+ n!
(n− 2k)!k!2k

(−ρ)kxn−2k+· · · .

Observe that
n!

(n− 2k)!k!2k
=
(

n

2k

)
(2k − 1)!!, (9.3.3)

where (2k− 1)!! = (2k− 1)(2k− 3) · · · 3 · 1 and by convention (−1)!! = 1. The
number in Equation (9.3.3) represents the number of ways of choosing k pairs
from a set of n distinct objects.

By using Equation (9.3.3), we can express Hn(x; ρ) as follows:

Hn(x; ρ) =
[[n/2]]∑
k=0

(
n

2k

)
(2k − 1)!! (−ρ)kxn−2k, (9.3.4)
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where [[n/2]] is the integer part of n/2. Note that Hn(x; ρ) is a polynomial in
x of degree n with leading coefficient 1. For example, the first few of these
polynomials are given by

H0(x; ρ) = 1,

H1(x; ρ) = x,

H2(x; ρ) = x2 − ρ,

H3(x; ρ) = x3 − 3ρx,

H4(x; ρ) = x4 − 6ρx2 + 3ρ2,

H5(x; ρ) = x5 − 10ρx3 + 15ρ2x.

Definition 9.3.2. The polynomial Hn(x; ρ) given by Equation (9.3.4) is called
the Hermite polynomial of degree n with parameter ρ.

Theorem 9.3.3. Let Hn(x; ρ) be the Hermite polynomial of degree n defined
by Equation (9.3.4). Then

Hn(x; ρ) = (−ρ)n ex2/2ρ Dn
x e−x2/2ρ, (9.3.5)

where Dx is the differentiation operator in the x-variable.

Remark 9.3.4. Most books, if not all, define the Hermite polynomial Hn(x; ρ)
by Equation (9.3.5). In that case, Equation (9.3.4) becomes a theorem.

Proof. The exponent in the left-hand side of Equation (9.3.2) can be rewritten
as − 1

2ρ(t− x
ρ )2 + x2

2ρ . Hence we have

ex2/2ρe− 1
2 ρ(t− x

ρ )2 =
∞∑

n=0

Hn(x; ρ)
n!

tn.

Differentiate both sides n times in the t-variable and then put t = 0 to get

Hn(x; ρ) = ex2/2ρ
(
Dn

t e− 1
2 ρ(t− x

ρ )2
)∣∣∣

t=0
.

Note that Dn
t e− 1

2 ρ(t− x
ρ )2 = (−ρ)nDn

x e− 1
2 ρ(t− x

ρ )2 . Therefore,

Hn(x; ρ) = ex2/2ρ
(
(−ρ)nDn

x e− 1
2 ρ(t− x

ρ )2
)∣∣∣

t=0

= (−ρ)n ex2/2ρ Dn
x e−x2/2ρ,

which proves Equation (9.3.5). ��
Now, what is the relationship between the Hermite polynomial Hn(x; ρ)

and the polynomial Pn(x) in Question 9.3.1? If we can show that the Hermite
polynomials Hn(x; ρ), n = 0, 1, . . . , are orthogonal, then we can conclude that
Hn(x; ρ) = Pn(x). This is indeed the case.



158 9 Multiple Wiener–Itô Integrals

Theorem 9.3.5. Let ν be the Gaussian measure with mean 0 and variance
ρ. Then the Hermite polynomials Hn(x; ρ), n ≥ 0, are orthogonal in L2(ν).
Moreover, we have ∫ ∞

−∞
Hn(x; ρ)2 dν(x) = n!ρn, n ≥ 0. (9.3.6)

Proof. For any t, s ∈ R, use Equation (9.3.2) to get

e(t+s)x− 1
2 ρ(t2+s2) =

∞∑
n,m=0

tnsm

n!m!
Hn(x; ρ)Hm(x; ρ). (9.3.7)

By Equation (9.3.1),∫ ∞

−∞
e(t+s)x− 1

2 ρ(t2+s2) dν(x) = e− 1
2 ρ(t2+s2) e

1
2 ρ(t+s)2 = eρts.

Therefore, upon integrating both sides of Equation (9.3.7), we obtain

eρts =
∞∑

n,m=0

tnsm

n!m!

∫ ∞

−∞
Hn(x; ρ)Hm(x; ρ) dν(x). (9.3.8)

Since the left-hand side is a function of the product ts, the coefficient of tnsm

in the right-hand side must be 0 for any n �= m, namely,∫ ∞

−∞
Hn(x; ρ)Hm(x; ρ) dν(x) = 0, ∀n �= m. (9.3.9)

Hence the Hermite polynomials are orthogonal in L2(ν). And then Equation
(9.3.8) becomes

eρts =
∞∑

n=0

(ts)n

(n!)2

∫ ∞

−∞
Hn(x; ρ)2 dν(x).

But we also have the power series expansion

eρts =
∞∑

n=0

ρn

n!
(ts)n.

Obviously, we get Equation (9.3.6) upon comparing the coefficients of (ts)n

in the last two power series. ��
By Theorem 9.3.5, the collection

{
Hn(x; ρ)/

√
n!ρn ; n = 0, 1, 2, . . .

}
is

an orthonormal system. Its orthogonal complement can be shown to be {0}.
Hence this collection forms an orthonormal basis for L2(ν). We state this fact
as the next theorem.
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Theorem 9.3.6. Let ν be the Gaussian measure with mean 0 and variance ρ.
Then every function f in L2(ν) has a unique series expansion

f(x) =
∞∑

n=0

an
Hn(x; ρ)√

n!ρn
, (9.3.10)

where the coefficients an are given by

an =
1√
n!ρn

∫ ∞

−∞
f(x)Hn(x; ρ) dν(x), n ≥ 0.

Moreover, we have

‖f‖2 =
∞∑

n=0

a2
n.

We list below several identities for the Hermite polynomials.

1. Generating function: etx− 1
2 ρt2 =

∑∞
n=0

tn

n! Hn(x; ρ).

2. Monomials: xn =
∑[[n/2]]

k=0

(
n
2k

)
(2k − 1)!! ρkHn−2k(x; ρ).

3. Recursion formula: Hn+1(x; ρ) = xHn(x; ρ)− ρnHn−1(x; ρ).

4. Derivative: DxHn(x; ρ) = nHn−1(x; ρ).

5. Eigenfunctions:
(− ρD2

x + xDx

)
Hn(x; ρ) = nHn(x; ρ).

6. Product: Hn(x; ρ)Hm(x; ρ) =
∑n∧m

k=0 k!
(
n
k

)(
m
k

)
ρkHn+m−2k(x; ρ).

7. Partial derivatives: ∂
∂ρHn(x; ρ) = − 1

2
∂2

∂x2 Hn(x; ρ).

9.4 Homogeneous Chaos

Let ν be the Gaussian measure on R with mean 0 and variance ρ. By Theorem
9.3.6 in the previous section, every function in the Hilbert space L2(ν) has a
unique series expansion by the Hermite polynomials Hn(x; ρ), n ≥ 0.

Recall the Wiener space in Section 3.1. Let C denote the Banach space
of real-valued continuous functions on [0, 1] vanishing at 0 and let µ be the
Wiener measure on C. The Wiener space (C, µ) is an infinite-dimensional
analogue of the one-dimensional probability space (R, ν).

Question 9.4.1. What is the analogue of Equation (9.3.10) for the Hilbert
space L2(µ) of square integrable functions on the Wiener space (C, µ)?

By Theorem 3.1.2, the stochastic process B(t, ω) = ω(t), 0 ≤ t ≤ 1, ω ∈ C,
is a Brownian motion. To prevent us from being restricted to the interval [0, 1],
we will consider a little bit more general setup for Question 9.4.1.
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Let (Ω,F , P ) be a fixed probability space and let B(t) be a Brownian
motion with respect to P . We will fix a finite interval [a, b]. Recall that for
a function f ∈ L2[a, b], the Wiener integral

∫ b

a
f(t) dB(t) is measurable with

respect to a smaller σ-field than F , namely, the Brownian σ-field

FB ≡ σ{B(t) ; a ≤ t ≤ b}.
In general, FB �= F . An FB-measurable function on Ω can be referred to as a
Brownian function. Let L2

B(Ω) denote the Hilbert space of P -square integrable
functions on Ω that are measurable with respect to FB . Note that L2

B(Ω) is
a subspace of L2(Ω).

Question 9.4.2. What is the analogue of Equation (9.3.10) for the space
L2

B(Ω) of square integrable functions on the probability space (Ω,FB , P )?

Note that when Ω = C and P = µ, we have F = FB = B(C), the Borel
σ-field of C. Hence the above question reduces to Question 9.4.1.

First we prove a lemma, which we will need below.

Lemma 9.4.3. Let (Ω,G, P ) be a probability space and let {Gn} be a filtration
such that σ{∪nGn} = G. Suppose X ∈ L1(Ω). Then E[X | Gn] converges to X
in L1(Ω) as n →∞.

Remark 9.4.4. Actually, it is also true that E[X | Gn] converges to X almost
surely. In general, the martingale convergence theorem says that if {Xn} is an
L1(Ω)-bounded martingale, then Xn converges almost surely to some random
variable. But the proof is much more involved than this lemma.

Proof. Let ε > 0 be given. Since σ{∪nGn} = G, there exist Sε =
∑k

i=1 ai1Ai ,
ai ∈ R, Ai ∈ ∪nGn, such that

‖X − Sε‖1 < ε/2, (9.4.1)

where ‖ · ‖1 is the norm on L1(Ω). For simplicity, let Xn = E[X | Gn]. Then

‖X −Xn‖1 = ‖{X − Sε}+ {Sε − E[Sε|Gn]}+ {E[Sε −X|Gn]}‖1
≤ ‖X − Sε‖1 + ‖Sε − E[Sε|Gn]‖1 + ‖E[Sε −X|Gn]‖1. (9.4.2)

Note that |E[Sε − X | Gn]| ≤ E[|Sε − X| | Gn] by the conditional Jensen’s
inequality. Then take the expectation to get

‖E[Sε −X | Gn]‖1 ≤ E|Sε −X| = ‖Sε −X‖1 < ε/2. (9.4.3)

Moreover, observe that Ai ∈ ∪nGn for i = 1, 2, . . . , k. Hence there exists N
such that Ai ∈ GN for all i = 1, 2, . . . , k. This implies that

E[Sε|Gn] = Sε, ∀n ≥ N. (9.4.4)

By putting Equations (9.4.1), (9.4.3), and (9.4.4) into Equation (9.4.2), we
immediately see that ‖X −Xn‖1 ≤ ε for all n ≥ N . Hence Xn converges to
X in L1(Ω) as n →∞. ��
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Now we return to the Brownian motion B(t) on the probability space
(Ω,FB , P ). Let I(f) =

∫ b

a
f(t) dB(t) be the Wiener integral of f ∈ L2[a, b]. A

product I(f1)I(f2) · · · I(fk) with f1, f2, . . . , fk ∈ L2[a, b] is called a polynomial
chaos of order k; cf. Equation (9.1.2).

Let J0 = R and for n ≥ 1, define Jn to be the L2
B(Ω)-closure of the linear

space spanned by constant functions and polynomial chaos of degree ≤ n.
Then we have the inclusions

J0 ⊂ J1 ⊂ · · · ⊂ Jn ⊂ · · · ⊂ L2
B(Ω). (9.4.5)

Theorem 9.4.5. The union
⋃∞

n=0 Jn is dense in L2
B(Ω).

Proof. Let {en}∞
n=1 be an orthonormal basis for L2[a, b] and let Gn be the

σ-field generated by I(e1), I(e2), . . . , I(en). Then {Gn} is a filtration and we
have σ{∪nGn} = FB .

Let φ ∈ L2
B(Ω) be orthogonal to

⋃∞
n=0 Jn. Then for any fixed n,

E
{
φ · I(e1)k1I(e2)k2 · · · I(en)kn

}
= 0, ∀ k1, k2, . . . , kn ≥ 0.

Observe that I(e1)k1I(e2)k2 · · · I(en)kn is Gn-measurable. Hence

E
{
φ · I(e1)k1I(e2)k2 · · · I(en)kn

}
= E

{
I(e1)k1I(e2)k2 · · · I(en)knE[φ | Gn]

}
.

Therefore, for all integers k1, k2, . . . , kn ≥ 0,

E
{
I(e1)k1I(e2)k2 · · · I(en)knE[φ | Gn]

}
= 0.

Note that the random variables I(e1), I(e2), . . . , I(en) are independent with
the same standard normal distribution. Moreover,

E[φ | Gn] = θn

(
I(e1), I(e2), . . . , I(en)

)
(9.4.6)

for some measurable function θn on R
n (this fact can be shown by the same

arguments as those in Exercise 13 of Chapter 2). Thus for all k1, k2, . . . , kn ≥ 0,∫
Rn

xk1
1 xk2

2 · · ·xkn
n θn(x1, x2, . . . , xn) dµ(x) = 0,

where µ is the standard Gaussian measure on R
n. In view of Equation (9.3.4),

this equality implies that for any integers k1, k2, . . . , kn ≥ 0,∫
Rn

Hk1(x1; 1)Hk2(x2; 1) · · ·Hkn
(xn; 1)θn(x1, x2, . . . , xn) dµ(x) = 0.

But it follows from Theorem 9.3.6 that the collection{
Hk1(x1; 1)Hk2(x2; 1) · · ·Hkn(xn; 1) ; k1, k2, . . . , kn ≥ 0

}
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is an orthogonal basis for L2(Rn, µ). Hence θn = 0 almost everywhere with
respect to µ. Then by Equation (9.4.6), we have

E[φ | Gn] = 0, almost surely

for any n ≥ 1. On the other hand, by Lemma 9.4.3, E[φ | Gn] converges to φ
in L2

B(Ω) as n → ∞. Hence φ = 0 almost surely. This proves the assertion
that the union

⋃∞
n=0 Jn is dense in L2

B(Ω). ��
Now recall the sequence {Jn} of subspaces of L2

B(Ω) in Equation (9.4.5).
Let K0 = R and for each n ≥ 1, define Kn to be the orthogonal complement
of Jn−1 in Jn, namely,

Jn = Jn−1 ⊕Kn (orthogonal direct sum).

Then we have the following sequence of orthogonal subspaces of the real
Hilbert space L2

B(Ω):

K0, K1, K2, . . . , Kn, . . . .

Definition 9.4.6. Let n be a nonnegative integer. The elements of the Hilbert
space Kn are called homogeneous chaoses of order n.

The spaces Kn, n ≥ 1, are all infinite-dimensional. The homogeneous
chaoses of order 1 are Gaussian random variables. The next theorem follows
from Theorem 9.4.5 and the construction of the homogeneous chaos.

Theorem 9.4.7. The space L2
B(Ω) is the orthogonal direct sum of the spaces

Kn of homogeneous chaoses of order n ≥ 0, namely,

L2
B(Ω) = K0 ⊕K1 ⊕K2 ⊕ · · · ⊕Kn ⊕ · · · .

Each function φ in L2
B(Ω) has a unique homogeneous chaos expansion

φ =
∞∑

n=0

φn. (9.4.7)

Moreover,

‖φ‖2 =
∞∑

n=0

‖φn‖2, (9.4.8)

where ‖ · ‖ is the norm on L2
B(Ω).

Example 9.4.8. Let f ∈ L2[a, b] and I(f) =
∫ b

a
f(t) dB(t). Obviously,

I(f)2 = ‖f‖2 +
(
I(f)2 − ‖f‖2).

Direct computation shows that I(f)2 − ‖f‖2 is orthogonal to K0 and K1.
Hence I(f)2 − ‖f‖2 belongs to K2. On the other hand, consider the double
Wiener–Itô integral

∫ b

a

∫ b

a
f(t)f(s) dB(t) dB(s). By Theorem 9.2.8,
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a

∫ b

a

f(t)f(s) dB(t) dB(s) = 2
∫ b

a

f(t)
[ ∫ t

a

f(s) dB(s)
]

dB(t)

= 2
∫ b

a

f(t)Xt dB(t), (9.4.9)

where Xt =
∫ t

a
f(s) dB(s). Then dXt = f(t) dB(t). Use Itô’s formula to get

d(X2
t ) = 2Xt dXt + (dXt)2 = 2f(t)Xt dB(t) + f(t)2 dt,

which gives the stochastic integral

2
∫ b

a

f(t)Xt dB(t) = X2
b −X2

a −
∫ b

a

f(t)2 dt = I(f)2 − ‖f‖2. (9.4.10)

From Equations (9.4.9) and (9.4.10) we get the double Wiener–Itô integral∫ b

a

∫ b

a

f(t)f(s) dB(t) dB(s) = I(f)2 − ‖f‖2. (9.4.11)

This equality shows that the homogeneous chaos I(f)2 − ‖f‖2 is a double
Wiener–Itô integral.

Theorem 9.4.9. Let Pn denote the orthogonal projection of L2
B(Ω) onto Kn.

If f1, . . . , fk are nonzero orthogonal functions in L2[a, b] and n1, . . . , nk are
nonnegative integers, then

Pn

(
I(f1)n1 · · · I(fk)nk

)
= Hn1

(
I(f1) ; ‖f1‖2

) · · ·Hnk

(
I(fk) ; ‖fk‖2

)
,

where n = n1 + · · ·+ nk. In particular, we have

Pn

(
I(f)n

)
= Hn(I(f) ; ‖f‖2) (9.4.12)

for any nonzero function f in L2[a, b].

Remark 9.4.10. It follows from the theorem that Hn(I(f) ; ‖f‖2), and more
generally, Hn1

(
I(f1) ; ‖f1‖2

) · · ·Hnk

(
I(fk) ; ‖fk‖2

)
with n1 + · · ·+ nk = n are

all homogeneous chaoses of order n.

Proof. In order to avoid complicated notation, we will prove only Equation
(9.4.12). First use the second identity in the list of identities for the Hermite
polynomials at the end of Section 9.3 to get

I(f)n = Hn(I(f) ; ‖f‖2) +
n(n− 1)

2
‖f‖2Hn−2(I(f) ; ‖f‖2) + · · · . (9.4.13)

Observe that all terms, except for the first one, in the right-hand side are
orthogonal to Kn because they have degree less than n. Therefore, to prove
Equation (9.4.12), it suffices to prove that
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Hn(I(f) ; ‖f‖2) ⊥ Jn−1,

or equivalently, for any nonzero g1, . . . , gm ∈ L2[a, b] and 0 ≤ m ≤ n− 1,

E
{
Hn(I(f) ; ‖f‖2) · I(g1) · · · I(gm)

}
= 0. (9.4.14)

Obviously, we may assume that g1, . . . , gm are orthogonal. Moreover, for each
gi, we can write it as gi = cif + hi with ci ∈ R and hi ⊥ f . Hence in order to
prove Equation (9.4.14), it suffices to prove that for any nonzero hi, . . . , hm

orthogonal to f and p + q1 + · · ·+ qm ≤ n− 1,

E
{
Hn(I(f) ; ‖f‖2) · I(f)pI(h1)q1 · · · I(hm)qm

}
= 0.

Finally, using Equation (9.4.13), we see that it suffices to prove that for any
0 ≤ r + r1 + · · ·+ rm ≤ n− 1,

E
{

Hn(I(f) ; ‖f‖2) ·Hr(I(f) ; ‖f‖2)
m∏

i=1

Hri(I(hi) ; ‖hi‖2)
}

= 0.

Note that the random variables I(f), I(h1), . . . , I(hm) are independent. Hence
it suffices to show that for any r ≤ n− 1,

E
{
Hn(I(f) ; ‖f‖2) Hr(I(f) ; ‖f‖2)} = 0.

But this is true by Theorem 9.3.6. Hence the theorem is proved. ��
Example 9.4.11. Let f ∈ L2[a, b] be a nonzero function. In the generating
function in Equation (9.3.2), put x = I(f) and ρ = ‖f‖2 to get

etI(f)− 1
2 ‖f‖2t2 =

∞∑
n=0

tn

n!
Hn

(
I(f) ; ‖f‖2). (9.4.15)

By Theorem 9.4.9, Hn

(
I(f) ; ‖f‖2) ∈ Kn for each n ≥ 0. Hence Equation

(9.4.15) gives the homogeneous chaos expansion in Equation (9.4.7) for the
function φ = etI(f)− 1

2 ‖f‖2t2 .

9.5 Orthonormal Basis for Homogeneous Chaos

In this section we will give an answer to Question 9.4.2 raised in the previous
section, namely, what is the analogue of Equation (9.3.10) for the Hilbert
space L2

B(Ω) of square integrable functions on (Ω,FB , P )?
By Theorem 9.4.7, L2

B(Ω) is the orthogonal direct sum of homogeneous
chaoses L2

B(Ω) = K0 ⊕K1 ⊕K2 ⊕ · · · ⊕Kn ⊕ · · · . What is the analogue of
this orthogonal direct sum for the standard Gaussian measure on the real
line? Observe that in view of Equation (9.3.10), the corresponding space for
each Kn is the one-dimensional space spanned by the Hermite polynomial
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Hn(x; 1). This observation gives us a clue for finding an orthonormal basis
for L2

B(Ω) that can be used for series expansion of functions in L2
B(Ω). Then

we have the answer to Question 9.4.2. However, in the case of L2
B(Ω), every

space Kn, n ≥ 1, is an infinite-dimensional Hilbert space.
Let f ∈ L2[a, b]. For convenience, we will also use the notation f̃ to denote

the Wiener integral of f , namely,

f̃ = I(f) =
∫ b

a

f(t) dB(t).

In this section we fix an orthonormal basis {ek}∞
k=1 for the space L2[a, b].

For a sequence {nk}∞
k=1 of nonnegative integers with finite sum, define

Hn1,n2,... =
∏
k

1√
nk!

Hnk
(ẽk; 1)

=
1√

n1!n2! · · ·
Hn1(ẽ1; 1)Hn2(ẽ2; 1) · · · . (9.5.1)

Note that H0(x; 1) = 1 and there are only finitely many nonzero nk’s. Hence
the product in this equation is a product of only finitely many factors.

Example 9.5.1. Suppose n1 + n2 + · · · = 1. This equation has infinitely many
solutions given by 1, 0, 0, . . . ; 0, 1, 0, . . . ; 0, 0, 1, . . . ; . . . . Hence we get the
corresponding functions ẽn, n = 1, 2, 3, . . . , which are all in the space K1 of
homogeneous chaoses of order 1.

Example 9.5.2. Consider the case n1 + n2 + · · · = 2. The solutions of this
equation are given by either nk = 2 for a single index 1 ≤ k < ∞ and 0 for
other indices or ni = nj = 1 for two indices 1 ≤ i < j < ∞ and 0 for other
indices. Then we get the functions

1√
2

(
I(ek)2 − 1

)
, 1 ≤ k <∞ ; I(ei)I(ej), 1 ≤ i < j <∞,

all of which belong to the space K2 of homogeneous chaoses of order 2.

Lemma 9.5.3. For any fixed integer n ≥ 1, the collection of functions{Hn1,n2,... ; n1 + n2 + · · · = n
}

is a subset of Kn. Moreover, the linear space spanned by this collection of
functions is dense in Kn.

Proof. The first assertion follows from Theorem 9.4.9. To prove the second
assertion, notice that the same arguments as those in the proof of Theorem
9.4.5 show the following implication:

E
[
φ · Hn1,n2,...

]
= 0, ∀n1, n2, . . . ≥ 0 =⇒ φ = 0. (9.5.2)



166 9 Multiple Wiener–Itô Integrals

Now, suppose φ ∈ Kn is orthogonal to Hn1,n2,... for all n1, n2, . . . with
n1 + n2 + · · · = n. Then Pnφ = φ and E(φ · Hn1,n2,...) = 0 for all such nk’s.
Here Pn is the orthogonal projection of L2

B(Ω) onto Kn. Moreover, observe
that for any n1, n2, . . .,

Pn

(Hn1,n2,...

)
=

{
Hn1,n2,..., if n1 + n2 + · · · = n;

0, otherwise.
(9.5.3)

Then for any n1, n2, . . . ≥ 0, we can use the assumption on φ and Equation
(9.5.3) to show that

E
[
φ · Hn1,n2,...

]
= 〈φ,Hn1,n2,...〉 = 〈Pnφ,Hn1,n2,...〉
= 〈φ, PnHn1,n2,...〉 = E

[
φ · (PnHn1,n2,...)

]
= 0,

where 〈·, ·〉 is the inner product on the Hilbert space L2
B(Ω). Therefore, by

the implication in Equation (9.5.2), we conclude that φ = 0. This finishes the
proof for the second assertion of the lemma. ��
Theorem 9.5.4. For any fixed integer n ≥ 1, the collection of functions{Hn1,n2,... ; n1 + n2 + · · · = n

}
(9.5.4)

is an orthonormal basis for the space Kn of homogeneous chaoses of order n.

Proof. In view of Lemma 9.5.3, we only need to show that the collection of
functions in Equation (9.5.4) is an orthonormal system. For each k, we use
Equation (9.3.6) to show that

‖Hnk
(ẽk; 1)‖2 =

∫
Ω

Hnk
(ẽk; 1)2 dP

=
∫ ∞

−∞
Hnk

(x; 1)2
1√
2π

e−x2/2 dx

= n!.

Moreover, note that the random variables ẽ1, ẽ2, . . . are independent. Hence
we see easily from Equation (9.5.1) that ‖Hn1,n2,...‖2 = 1. Thus all functions
in Equation (9.5.4) have norm 1.

Next we show that the functions in Equation (9.5.4) are orthogonal. Let
{nk} and {jk} be two distinct sequences of nonnegative integers, regardless
of whether they have the same sum. Then there exists some k0 such that
nk0 �= jk0 . For simplicity, let

φk =
1√
nk!

Hnk
(ẽk; 1), θk =

1√
jk!

Hjk
(ẽk; 1).
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Use the independence of ẽ1, ẽ2, . . . and Equation (9.3.9) to check that

E
[Hn1,n2,...Hj1,j2,...

]
= E

[
φk0θk0

∏
k �=k0

φkθk

]

= E(φk0θk0) E

[ ∏
k �=k0

φkθk

]
= 0.

This shows that Hn1,n2,... and Hj1,j2,... are orthogonal. ��
Example 9.5.5. Suppose f ∈ L2[a, b] has the expansion f =

∑∞
n=1 anen, where

an = 〈f, en〉. Then the expansion of I(f) ∈ K1 in L2
B(Ω) is given by

I(f) =
∞∑

n=1

anI(en).

This expansion is a special case of Theorem 9.5.4 when n = 1. But it also
follows from the fact that the mapping I : L2[a, b] → L2

B(Ω) is an isometry
(see Theorem 2.3.4).

Example 9.5.6. Let f =
∑∞

n=1 anen ∈ L2[a, b] be as in the previous example.
The orthonormal basis in Theorem 9.5.4 for the case n = 2 is given by

ξk ≡ 1√
2

(
ẽ2

k − 1
)
, 1 ≤ k <∞ ; ηij ≡ ẽi ẽj , 1 ≤ i < j <∞.

By Theorem 9.4.9, P2(I(f)2) = I(f)2 − ‖f‖2 belongs to the space K2. Note
that 〈P2(I(f)2), ξk〉 = 〈I(f)2, P2 ξk〉 = 〈I(f)2, ξk〉. Hence for each k ≥ 1,

〈
P2(I(f)2), ξk

〉
= E

[
I(f)2ξk

]
= E

[ ∞∑
i,j

aiaj ẽiẽj
1√
2

(
ẽ2

k − 1
)]

.

We can in fact bring the expectation inside the summation sign. Observe that
the expectation is zero except possibly when i = j = k. Hence,〈

P2(I(f)2), ξk

〉
=

1√
2
a2

kE
[
ẽ2

k

(
ẽ2

k − 1
)]

=
√

2 a2
k.

Similarly, we can check that for any 1 ≤ i < j <∞,〈
P2(I(f)2), ηij

〉
= 2aiaj .

Therefore, the expansion of P2(I(f)2) is given by

P2(I(f)2) =
∞∑

k=1

√
2 a2

k

1√
2

(
I(ek)2 − 1

)
+
∑
i<j

2aiajI(ei)I(ej).
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Next we give a concrete example for the above expansions of the functions
f and P2(I(f)2) in the spaces L2[a, b] and K2, respectively. An orthonormal
basis for L2[0, 1] is given by

en(t) =
√

2 sin
(
(n− 1

2 )πt
)
, n = 1, 2, 3, . . .

(see page 50 of the book [55]). Consider a simple function f(t) = t. Use the
integration by parts formula to get

an =
∫ 1

0
t
√

2 sin
(
(n− 1

2 )πt
)
dt = (−1)n

√
2
(
(n− 1

2 )π
)−2

.

Therefore, f(t) has the expansion

f(t) =
∞∑

n=1

(−1)n
√

2
(
(n− 1

2 )π
)−2√2 sin

(
(n− 1

2 )πt
)

and the expansion of P2(I(f)2) is given by

2
∞∑

k=1

(
(k − 1

2 )π
)−4(

ẽ2
k − 1

)
+ 4
∑
i<j

(−1)i+j
(
(i− 1

2 )π
)−2((j − 1

2 )π
)−2

ẽiẽj .

Now we can put together the orthonormal bases in Theorem 9.5.4 for n ≥ 1
to give an answer to Question 9.4.2.

Theorem 9.5.7. The collection of functions{Hn1,n2,... ; n1 + n2 + · · · = n, n = 0, 1, 2, . . .
}

(9.5.5)

is an orthonormal basis for the Hilbert space L2
B(Ω). Every φ in L2

B(Ω) has
a unique series expansion

φ =
∞∑

n=0

∑
n1+n2+···=n

an1,n2,...Hn1,n2,..., (9.5.6)

where an1,n2,... = E
(
φHn1,n2,...

)
=
∫

Ω
φHn1,n2,... dP .

9.6 Multiple Wiener–Itô Integrals

Recall that B(t) is a fixed Brownian motion and L2
B(Ω) is the Hilbert space

of square integrable functions on the probability space (Ω,FB , P ). Here FB

is the σ-field FB = σ{B(t); a ≤ t ≤ b}. By Theorem 9.4.7, the Hilbert space
L2

B(Ω) is the orthogonal direct sum of the spaces Kn, n ≥ 0. In Example
9.4.8 the homogeneous chaos I(f)2 − ‖f‖2 for f ∈ L2[a, b] is shown to be
given by a double Wiener–Itô integral. It is reasonable to expect that there
is a one-to-one correspondence between the homogeneous chaoses of order 2
and double Wiener–Itô integrals. This leads to the next question.
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Question 9.6.1. Are all homogeneous chaoses of order n ≥ 2 given by some
kind of integrals?

This was the question considered by K. Itô in 1951. We will follow his
original idea in the paper [34] to define the multiple Wiener–Itô integrals. In
Section 9.7 we will show that there is a one-to-one correspondence between
the homogeneous chaoses and multiple Wiener–Itô integrals.

For simplicity, let T ≡ [a, b]. The first aim in this section is to define the
multiple Wiener–Itô integral∫

T n

f(t1, t2, . . . , tn) dB(t1) dB(t2) · · · dB(tn)

for f ∈ L2(Tn). The essential idea is already given in the case n = 2 for
the double Wiener–Itô integral. We will simply modify the arguments and
notation in Section 9.2 to the case n ≥ 3.

Let D = {(t1, t2, . . . , tn) ∈ Tn; ∃ i �= j such that ti = tj} be the “diagonal
set” of Tn. A subset of Tn of the form [t(1)1 , t

(2)
1 )× [t(1)2 , t

(2)
2 )× · · · × [t(1)n , t

(2)
n )

is called a rectangle.

Step 1. Off-diagonal step functions

A step function on Tn is a function of the form

f =
∑

1≤i1,i2,...,in≤k

ai1,i2,...,in
1[τi1−1,τi1 )×[τi2−1,τi2 )×···×[τin−1,τin ), (9.6.1)

where a = τ0 < τ1 < τ2 < · · · < τk = b. An off-diagonal step function is a step
function with coefficients satisfying the condition

ai1,i2,...,in = 0 if ip = iq for some p �= q. (9.6.2)

The condition in Equation (9.6.2) means that the function f vanishes on the
set D. The collection of off-diagonal step functions is a vector space.

For an off-diagonal step function f given by Equation (9.6.1), define

In(f) =
∑

1≤i1,i2,...,in≤k

ai1,i2,...,in
ξi1ξi2 · · · ξin

, (9.6.3)

where ξip
= B(τip)−B(τip−1), 1 ≤ p ≤ n. The value In(f) is well-defined, i.e.,

it does not depend on how f is represented by Equation (9.6.1). Moreover,
the mapping In is linear on the vector space of off-diagonal step functions.

The symmetrization f̂(t1, . . . , tn) of a function f(t1, . . . , tn) is defined by

f̂(t1, t2, . . . , tn) =
1
n!

∑
σ

f(tσ(1), tσ(2), . . . , tσ(n)),

where the summation is over all permutations σ of the set {1, 2, . . . , n}. Since
the Lebesgue measure is symmetric, we have
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T n

|f(tσ(1), . . . , tσ(n))|2 dt1 · · · dtn =
∫

T n

|f(t1, . . . , tn)|2 dt1 · · · dtn.

for any permutation σ. Therefore, by the triangle inequality,

‖f̂ ‖ ≤ 1
n!

∑
σ

‖f‖ =
1
n!

n! ‖f‖ = ‖f‖.

Thus we have the inequality ‖f̂ ‖ ≤ ‖f‖. In general, strict inequality can occur
as shown in Section 9.2. If f is an off-diagonal step function, then f̂ is also an
off-diagonal step function.

Lemma 9.6.2. If f is an off-diagonal step function, then In(f) = In(f̂ ).

Proof. Note that In and the symmetrization operator are linear. Hence it
suffices to prove the lemma for the case

f = 1[t(1)1 ,t
(2)
1 )×[t(1)2 ,t

(2)
2 )×···×[t(1)n ,t

(2)
n ),

where the intervals [t(1)i , t
(2)
i ), 1 ≤ i ≤ n, are disjoint. Then we have

In(f) =
n∏

i=1

(
B(t(2)i )−B(t(1)i )

)
. (9.6.4)

On the other hand, the symmetrization f̂ of f is given by

f̂ =
1
n!

∑
σ

1[t(1)
σ(1),t

(2)
σ(1))×[t(1)

σ(2),t
(2)
σ(2))×···×[t(1)

σ(n),t
(2)
σ(n))

.

Therefore,

In(f̂) =
1
n!

∑
σ

n∏
i=1

(
B(t(2)σ(i))−B(t(1)σ(i))

)
.

Observe that
∏n

i=1

(
B(t(2)σ(i)) − B(t(1)σ(i))

)
=
∏n

i=1

(
B(t(2)i ) − B(t(1)i )

)
for any

permutation σ. Moreover, there are n! permutations of the set {1, 2, . . . , n}.
It follows that

In(f̂) =
1
n!

∑
σ

n∏
i=1

(
B(t(2)i )−B(t(1)i )

)
=

n∏
i=1

(
B(t(2)i )−B(t(1)i )

)
. (9.6.5)

Equations (9.6.4) and (9.6.5) prove the assertion of the lemma. ��
Lemma 9.6.3. If f is an off-diagonal step function, then E[In(f)] = 0 and

E
[
In(f)2

]
= n!

∫
T n

∣∣f̂ (t1, t2, . . . , tn)
∣∣2 dt1dt2 · · · dtn. (9.6.6)
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Proof. Let f be an off-diagonal step function given by Equation (9.6.1). Then
In(f) is given by Equation (9.6.3). Since the function f satisfies the condition
in Equation (9.6.2), the coefficient ai1,i2,...,in

must be 0 whenever the intervals
[τi1−1, τi1), [τi2−1, τi2), . . . , [τin−1, τin) are not disjoint. On the other hand,
when these intervals are disjoint, the corresponding product ξi1ξi2 · · · ξin has
expectation 0. Hence we have E[In(f)] = 0.

Note that In(f) = In(f̂ ) by Lemma 9.6.2. Hence we may assume that f
is symmetric in proving Equation (9.6.6). In that case,

aiσ(1),iσ(2),...,iσ(n) = ai1,i2,...,in

for any permutation σ. Thus In(f) in Equation (9.6.3) can be rewritten as

In(f) = n!
∑

1≤i1<i2<···<in≤k

ai1,i2,...,in
ξi1ξi2 · · · ξin

.

Therefore,

E
[
In(f)2

]
= (n!)2

∑
i1<···<in

∑
j1<···<jn

ai1,...,in
aj1,...,jn

E
[
ξi1 · · · ξin

ξj1 · · · ξjn

]
,

where, for simplicity of notation, we have omitted the indices such as i2, j2,
etc. Observe that for a fixed set of indices i1 < · · · < in, we have

E
[
ξi1 · · · ξin ξj1 · · · ξjn

]
=

{∏n
p=1(τip − τip−1), if j1 = i1, . . . , jn = in;

0, otherwise.

It follows that

E
[
In(f)2

]
= (n!)2

∑
i1<···<in

a2
i1,...,in

n∏
p=1

(τip − τip−1)

= n!
∑

i1,...,in

a2
i1,...,in

n∏
p=1

(τip − τip−1)

= n!
∫

T n

f(t1, . . . , tn)2 dt1 · · · dtn,

which proves Equation (9.6.6) since f is assumed to be symmetric. ��
Step 2. Approximation by off-diagonal step functions

Recall the set D defined earlier in this section. The set D can be rewritten
as D = ∪i�=j [{ti = tj} ∩ D], which means that D is a finite union of the
intersections of (n− 1)-dimensional hyperplanes with D. Hence the Lebesgue
measure of D is zero. This fact allows us to adopt the same arguments as
those in the derivation of Equations (9.2.5), (9.2.6), and (9.2.7) to prove the
next approximation lemma.
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Lemma 9.6.4. Let f be a function in L2(Tn). Then there exists a sequence
{fk} of off-diagonal step functions such that

lim
k→∞

∫
T n

∣∣f(t1, t2, . . . , tn)− fk(t1, t2, . . . , tn)
∣∣2 dt1dt2 · · · dtn = 0. (9.6.7)

Now suppose f ∈ L2(Tn). Choose a sequence {fk} of off-diagonal step
functions converging to f in L2(Tn). By Lemma 9.6.4 such a sequence exists.
Then by the linearity of In and Lemma 9.6.3,

E
[(

In(fk)− In(f�)
)2] = n!‖f̂k − f̂�‖2 ≤ n!‖fk − f�‖2 → 0,

as k, �→∞. Hence the sequence {In(fk)}∞
k=1 is Cauchy in L2(Ω). Define

In(f) = lim
k→∞

In(fk), in L2(Ω). (9.6.8)

The value In(f) is well-defined, namely, it does not depend on the choice of
the sequence {fk} used in Equation (9.6.8).

Definition 9.6.5. Let f ∈ L2(Tn). The limit In(f) in Equation (9.6.8) is
called the multiple Wiener–Itô integral of f and is denoted by∫

T n

f(t1, t2, . . . , tn) dB(t1) dB(t2) · · · dB(tn).

Note that I1(f) is simply the Wiener integral I(f) of f defined in Section
2.3 and I2(f) is the double Wiener–Itô integral of f defined in Section 9.2.

Obviously, Lemmas 9.6.2 and 9.6.3 can be extended to functions in L2(Tn)
using the approximation in Lemma 9.6.4 and the definition of the multiple
Wiener–Itô integral. We state this fact as the next theorem.

Theorem 9.6.6. Let f ∈ L2(Tn), n ≥ 1. Then we have

(1) In(f) = In(f̂ ). Here f̂ is the symmetrization of f .
(2) E[In(f)] = 0.

(3) E
[
In(f)2

]
= n!‖f̂ ‖2. Here ‖ · ‖ is the norm on L2(Tn).

The next theorem gives an equality to write a multiple Wiener–Itô integral
as an iterated Itô integral. It is useful for computation.

Theorem 9.6.7. Let f ∈ L2(Tn), n ≥ 2. Then∫
T n

f(t1, t2, . . . , tn) dB(t1) dB(t2) · · · dB(tn)

= n!
∫ b

a

· · ·
∫ tn−2

a

[ ∫ tn−1

a

f̂ (t1, t2, . . . , tn) dB(tn)
]

dB(tn−1) · · · dB(t1),

where f̂ is the symmetrization of f .
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Proof. It suffices to prove the theorem for the case that f is the characteristic
function of a rectangle that is disjoint from the set D. By Lemma 9.6.2, we
may assume that f is of the form

f = 1[t(1)1 ,t
(2)
1 )×[t(1)2 ,t

(2)
2 )×···×[t(1)n ,t

(2)
n ),

where t
(1)
n < t

(2)
n ≤ t

(1)
n−1 < t

(2)
n−1 ≤ · · · ≤ t

(1)
2 < t

(2)
2 ≤ t

(1)
1 < t

(2)
1 . Then the

multiple Wiener–Itô integral of f is given by∫
T n

f(t1, . . . , tn) dB(t1) · · · dB(tn) =
n∏

i=1

(
B(t(2)i )−B(t(1)i )

)
. (9.6.9)

On the other hand, note that f̂ = 1
n!f on the region tn < tn−1 < · · · < t1.

Hence we get∫ tn−1

a

f̂ (t1, t2, . . . , tn) dB(tn)

=
1
n!

1[t(1)1 ,t
(2)
1 )×[t(1)2 ,t

(2)
2 )×···×[t(1)

n−1,t
(2)
n−1)

(
B(t(2)n )−B(t(1)n )

)
,

which is F
t
(1)
n−1

-measurable and can be regarded as a “constant” stochastic

process for integration on the interval [t(1)n−1, t
(2)
n−1] with respect to dB(tn−1).

Hence we can repeat the above arguments to get∫ b

a

· · ·
∫ tn−2

a

[ ∫ tn−1

a

f̂ (t1, . . . , tn) dB(tn)
]

dB(tn−1) · · · dB(t1),

=
1
n!

n∏
i=1

(
B(t(2)i )−B(t(1)i )

)
. (9.6.10)

The theorem follows from Equations (9.6.9) and (9.6.10). ��
Definition 9.6.8. Let g1, . . . , gn ∈ L2[a, b]. The tensor product g1 ⊗ · · · ⊗ gn

is defined to be the function

g1 ⊗ · · · ⊗ gn(t1, . . . , tn) = g1(t1) · · · gn(tn).

The tensor product f⊗n1
1 ⊗ · · · ⊗ f⊗nk

k means that fj is repeated nj times,
1 ≤ j ≤ k.

Theorem 9.6.9. Let f1, f2, . . . , fk be nonzero orthogonal functions in L2[a, b]
and let n1, . . . , nk be positive integers. Then

In

(
f⊗n1
1 ⊗ · · · ⊗ f⊗nk

k

)
=

k∏
j=1

Hnj

(
I(fj); ‖fj‖2

)
, (9.6.11)

where n = n1 + · · ·+ nk. In particular, for any nonzero f ∈ L2[a, b],

In

(
f⊗n
)

= Hn

(
I(f); ‖f‖2). (9.6.12)
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Proof. We first prove Equation (9.6.12). The case n = 1 is obvious. The case
n = 2 has already been proved by Equation (9.4.11). For general integer n, we
use mathematical induction. Suppose Equation (9.6.12) is valid for n. Then
by Theorem 9.6.7,∫

T n+1
f(t1) · · · f(tn+1) dB(t1) · · · dB(tn+1) = (n + 1)!

∫ b

a

f(t1)Xt1 dB(t1),

where Xt is given by

Xt =
∫ t

a

· · ·
[ ∫ tn

a

f(t2) · · · f(tn+1) dB(tn+1)
]
· · · dB(t2).

By Theorem 9.6.7 and the induction on n,

Xt =
1
n!

∫
[a,t]n

f(t2) · · · f(tn+1) dB(t2) · · · dB(tn+1)

=
1
n!

Hn

(∫ t

a

f(s) dB(s) ;
∫ t

a

f(s)2 ds
)
.

Therefore, we have the equality∫
T n+1

f(t1) · · · f(tn+1) dB(t1) · · · dB(tn+1)

= (n + 1)
∫ b

a

f(t1)Hn

(∫ t1

a

f(s) dB(s) ;
∫ t1

a

f(s)2 ds
)

dB(t1). (9.6.13)

On the other hand, we can apply Itô’s formula to Hn+1(x; ρ) to get

dHn+1

(∫ t

a

f(s) dB(s) ;
∫ t

a

f(s)2 ds
)

=
( ∂

∂x
Hn+1

)
f(t) dB(t) +

1
2

( ∂2

∂x2 Hn+1

)
f(t)2 dt +

( ∂

∂ρ
Hn+1

)
f(t)2 dt.

Recall the following identities from Section 9.3:

∂

∂x
Hn+1(x; ρ) = (n + 1)Hn(x; ρ),

∂

∂ρ
Hn+1(x; ρ) = −1

2
∂2

∂x2 Hn+1(x; ρ).

Thus we obtain

dHn+1

(∫ t

a

f(s) dB(s) ;
∫ t

a

f(s)2 ds
)

= (n + 1)f(t)Hn

(∫ t

a

f(s) dB(s) ;
∫ t

a

f(s)2 ds
)

dB(t),
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which, upon integration over [a, b], gives the equality

Hn+1
(
I(f); ‖f‖2)

= (n + 1)
∫ b

a

f(t)Hn

(∫ t

a

f(s) dB(s) ;
∫ t

a

f(s)2 ds
)

dB(t). (9.6.14)

Equations (9.6.13) and (9.6.14) show that Equation (9.6.12) is valid for n+1.
Hence by induction, Equation (9.6.12) holds for any positive integer n.

Now we prove Equation (9.6.11). Let f̃ = I(f). For any real numbers
r1, r2, . . . , rk, apply Equation (9.4.15) to get

exp
[ k∑

i=1

rif̃i − 1
2

k∑
i=1

r2
i ‖fi‖2

]
=

k∏
i=1

erif̃i− 1
2 r2

i ‖fi‖2

=
k∏

i=1

∞∑
ni=0

rni
i

ni!
Hni

(
f̃i; ‖fi‖2

)
. (9.6.15)

On the other hand, by Equation (9.4.15) with t = 1 and f =
∑k

i=1 rif̃i,

exp
[ k∑

i=1

rif̃i − 1
2

k∑
i=1

r2
i ‖fi‖2

]
=

∞∑
m=0

1
m!

Hm

( k∑
i=1

rif̃i ;
1
2

k∑
i=1

r2
i ‖fi‖2

)
.

Then we apply what we have already proved in Equation (9.6.12) to Hm in
the right-hand side to get

exp
[ k∑

i=1

rif̃i − 1
2

k∑
i=1

r2
i ‖fi‖2

]

=
∞∑

m=0

1
m!

∫
T m

m∏
j=1

[ k∑
i=1

rifi(tj)
]

dB(t1) · · · dB(tm). (9.6.16)

Equation (9.6.11) follows by comparing the coefficient of rn1
1 rn2

2 · · · rnk

k in the
right-hand sides of Equations (9.6.15) and (9.6.16). ��

Finally we prove a theorem on the orthogonality of In(f) and Im(g) in the
Hilbert space L2

B(Ω) when n �= m.

Theorem 9.6.10. Let n �= m. Then E
(
In(f)Im(g)

)
= 0 for any f ∈ L2(Tn)

and g ∈ L2(Tm).

Proof. It suffices to prove the theorem for f and g of the following form:

f = 1[t(1)1 ,t
(2)
1 )×[t(1)2 ,t

(2)
2 )×···×[t(1)n ,t

(2)
n ),

g = 1[s(1)
1 ,s

(2)
1 )×[s(1)

2 ,s
(2)
2 )×···×[s(1)

m ,s
(2)
m ),
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where the intervals satisfy the condition

t(1)n < t(2)n ≤ t
(1)
n−1 < t

(2)
n−1 ≤ · · · ≤ t

(1)
2 < t

(2)
2 ≤ t

(1)
1 < t

(2)
1 ,

s(1)
m < s(2)

m ≤ s
(1)
m−1 < s

(2)
m−1 ≤ · · · ≤ s

(1)
2 < s

(2)
2 ≤ s

(1)
1 < s

(2)
1 .

Then In(f)Im(g) is given by

In(f)Im(g) =
[ n∏

i=1

(
B(t(2)i )−B(t(1)i )

)][ m∏
j=1

(
B(s(2)

j )−B(s(1)
j )
)]

. (9.6.17)

Now, put these points t and s together to form an increasing set of points
τ1 < τ2 < · · · < τr with r ≤ n + m. Then each factor in the first product
of Equation (9.6.17) can be rewritten as a sum of increments of B(t) on the
τ -intervals. Hence, upon multiplying out the n factors, each term in the first
product

∏n
i=1 must be of the form(

B(τi1)−B(τi1−1)
) · · · (B(τin)−B(τin−1)

)
, (9.6.18)

where τi1 < · · · < τin . Similarly, each term in the second product
∏m

j=1 in
Equation (9.6.17) must be of the form(

B(τj1)−B(τj1−1)
) · · · (B(τjm

)−B(τjm−1)
)
, (9.6.19)

where τj1 < · · · < τjm .
It is easy to see that the product of Equations (9.6.18) and (9.6.19) has

expectation 0 because n �= m. Thus we can conclude from Equation (9.6.17)
that E

(
In(f)Im(g)

)
= 0. ��

9.7 Wiener–Itô Theorem

Let L2
sym(Tn) denote the real Hilbert space of symmetric square integrable

functions on Tn. Recall the following facts from the previous sections:

1. By Theorem 9.4.7, we have a decomposition of L2
B(Ω) as an orthogonal

direct sum L2
B(Ω) = K0 ⊕K1 ⊕K2 ⊕ · · · ⊕Kn ⊕ · · ·.

2. By Theorem 9.5.4, the collection
{Hn1,n2,... ; n1 + n2 + · · · = n

}
is an

orthonormal basis for Kn.

3. By Theorem 9.6.6, E
[
In(f)2

]
= n!‖f‖2 for any f ∈ L2

sym(Tn). Hence the
mapping 1√

n!
In : L2

sym(Tn) → L2
B(Ω) is an isometry.

4. By Theorem 9.6.9, multiple Wiener–Itô integrals are related to Hermite
polynomials of Wiener integrals.

Observe from the second and fourth facts that homogeneous chaoses must
be related to multiple Wiener–Itô integrals. In fact, the homogeneous chaoses
of order n are exactly multiple Wiener–Itô integrals of order n.
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Theorem 9.7.1. Let n ≥ 1. If f ∈ L2(Tn), then In(f) ∈ Kn. Conversely, if
φ ∈ Kn, then there exists a unique function f ∈ L2

sym(Tn) such that φ = In(f).

Remark 9.7.2. It follows from this theorem that Kn = {In(f); f ∈ L2
sym(Tn)}.

Moreover, ‖In(f)‖ =
√

n! ‖f‖ for all f ∈ L2
sym(Tn) by Theorem 9.6.6.

Proof. Let f⊗n1
1 ⊗̂f⊗n2

2 ⊗̂ · · · ⊗̂f⊗nk

k denote the symmetrization of the function
f⊗n1
1 ⊗ f⊗n2

2 ⊗ · · · ⊗ f⊗nk

k defined in Definition 9.6.8. Let {ek}∞
k=1 be an

orthonormal basis for L2(T ), T = [a, b]. It is a fact that the collection of
functions { √

n!√
n1!n2! · · ·

e⊗n1
1 ⊗̂e⊗n2

2 ⊗̂ · · · ; n1 + n2 + · · · = n

}
(9.7.1)

forms an orthonormal basis for L2
sym(Tn).

To prove the first assertion, we may assume that f ∈ L2(Tn) is a symmetric
function since In(f) = In(f̂ ) by Theorem 9.6.6. Then f can be written as

f =
∑

n1+n2+···=n

an1,n2,...

√
n!√

n1!n2! · · ·
e⊗n1
1 ⊗̂e⊗n2

2 ⊗̂ · · · ,

where the coefficients satisfy the condition

‖f‖2 =
∑

n1+n2+···=n

a2
n1,n2,... < ∞.

Then use Equations (9.5.1) and (9.6.11) to get

In(f) =
∑

n1+n2+···=n

an1,n2,...

√
n!√

n1!n2! · · ·
∏
j

Hnj

(
ẽj ; 1

)
=
√

n!
∑

n1+n2+···=n

an1,n2,...Hn1,n2,....

Hence by Theorem 9.5.4 we have

‖In(f)‖2 = n!
∑

n1+n2+···=n

a2
n1,n2,... = n! ‖f‖2 < ∞.

If follows that In(f) ∈ Kn.
Conversely, suppose φ ∈ Kn. By Theorem 9.5.4, φ can be expanded as

φ =
∑

n1+n2+···=n

bn1,n2,...Hn1,n2,....

Define a function f on Tn by

f =
∑

n1+n2+···=n

bn1,n2,...
1√

n1!n2! · · ·
e⊗n1
1 ⊗̂e⊗n2

2 ⊗̂ · · · .
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Then by the above arguments,

‖f‖2 =
1
n!

∑
n1+n2+···=n

b2
n1,n2,... =

1
n!
‖φ‖2 < ∞.

This shows that f ∈ L2
sym(Tn). Moreover, we see from the above arguments

that In(f) = φ. To show the uniqueness part, suppose f, g ∈ L2
sym(Tn) and

φ = In(f) = In(g). Then

‖f − g‖ =
1√
n!
‖In(f − g)‖ =

1√
n!
‖In(f)− In(g)‖ = 0,

which implies that f = g. ��
The next theorem follows from Theorems 9.4.7 and 9.7.1.

Theorem 9.7.3. (Wiener–Itô theorem) The space L2
B(Ω) can be decomposed

into the orthogonal direct sum

L2
B(Ω) = K0 ⊕K1 ⊕K2 ⊕ · · · ⊕Kn ⊕ · · · ,

where Kn consists of multiple Wiener–Itô integrals of order n. Each function
φ in L2

B(Ω) can be uniquely represented by

φ =
∞∑

n=0

In(fn), fn ∈ L2
sym(Tn), (9.7.2)

and the following equality holds:

‖φ‖2 =
∞∑

n=0

n! ‖fn‖2.

Now we ask the following question.

Question 9.7.4. Given a function φ ∈ L2
B(Ω), how can one derive the functions

fn, n ≥ 0, in Equation (9.7.2)?

We will give an answer to this question using the concept of derivative from
white noise theory. We state this concept in an informal way. For a rigorous
treatment, see the books [27] and [56].

Definition 9.7.5. Let φ = In(f), f ∈ L2
sym(Tn). The variational derivative

of φ is defined to be
δ

δt
φ = nIn−1

(
fn(t, ·)), (9.7.3)

where the right-hand side is understood to be 0 when n = 0. In particular,

δ

δt
I(f) = f(t). (9.7.4)
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Suppose φ ∈ L2
B(Ω) is represented by Equation (9.7.2). By applying the

operator δ/δt informally n times, we will get

δn

δt1δt2 · · · δtn φ = n!fn(t1, t2, . . . , tn)

+ (n + 1)!I1
(
fn+1(t1, t2, . . . , tn, ·))+ · · · . (9.7.5)

Recall that E(In(f)) = 0 for all n ≥ 1. Hence by taking the expectation in
both sides of Equation (9.7.5), we obtain the next theorem.

Theorem 9.7.6. Let φ ∈ L2
B(Ω). Assume that all variational derivatives exist

and have expectation. Put

fn(t1, t2, . . . , tn) =
1
n!

E
[ δn

δt1δt2 · · · δtn φ
]
.

Then the Wiener–Itô expansion of φ is given by φ =
∑∞

n=0 In(fn).

Example 9.7.7. Consider φ = e−B(1)2 . Obviously, φ ∈ L2
B(Ω). Let us find the

first three nonzero terms in the Wiener–Itô expansion of φ. First we have

Ee−B(1)2 =
1√
2π

∫ ∞

−∞
e−x2

e−x2/2 dx =
1√
3
.

Write φ as φ = exp
[− ( ∫ 1

0 1 dB(s)
)2] and use Equation (9.7.4) to obtain

δ

δt1
φ = φ ·

{
− 2
∫ 1

0
1 dB(s) · 1

}
= −2B(1) e−B(1)2 .

Therefore,

f1(t1) = E
[ δ

δt1
φ
]

= 0, ∀ 0 ≤ t1 ≤ 1.

Differentiate one more time to get

δ2

δt1δt2
φ = −2

(
1− 2B(1)2

)
e−B(1)2 ,

which has the following expectation:

f2(t1, t2) = E
[ δ2

δt1δt2
φ
]

= − 2
3
√

3
.

The next two variational derivatives of φ are given by

δ3

δt1δt2δt3
φ = 4

(
3B(1)− 2B(1)3

)
e−B(1)2 ,

δ4

δt1δt2δt3δt4
φ = 4

(
3− 12B(1)2 + 4B(1)4

)
e−B(1)2 .
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Obviously, f3 = 0. By direct computation, we have

f(t1, t2, t3, t4) = E
[ δ4

δt1δt2δt3δt4
φ
]

=
4

3
√

3
.

Thus we get the first three nonzero terms in the Wiener–Itô expansion:

e−B(1)2 =
1√
3
− 2

3
√

3
I2(1) +

4
3
√

3
I4(1) + · · · .

9.8 Representation of Brownian Martingales

Let B(t) be a Brownian motion and let T = [a, b] be a fixed interval. As
before, let FB = σ{B(t); a ≤ t ≤ b} and FB

t = σ{B(s); a ≤ s ≤ t}. Suppose
f(t) is a stochastic process in L2

ad([a, b] × Ω). Then by Theorems 4.6.1 and
4.6.2, the stochastic process Xt =

∫ t

a
f(s) dB(s), a ≤ t ≤ b, is a continuous

martingale with respect to the filtration {FB
t }. Moreover, by Theorem 4.3.5

we have E(X2
t ) =

∫ t

a
E
(
f(s)2

)
dt < ∞ for all t ∈ [a, b]. In this section we will

show that every square integrable {FB
t }-martingale occurs this way. This fact

is a simple application of the Wiener–Itô theorem.
Let n ≥ 1 and consider a multiple Wiener–Itô integral

X =
∫

T n

f(t1, t2, . . . , tn) dB(t1)dB(t2) · · · dB(tn),

where f ∈ L2
sym(Tn). By Theorem 9.6.7, X can be rewritten as

X = n!
∫ b

a

∫ t1

a

· · ·
[ ∫ tn−1

a

f(t1, . . . , tn) dB(tn)
]
· · · dB(t2) dB(t1).

Define a stochastic process θ(t) by

θ(t) = n!
∫ t

a

· · ·
[ ∫ tn−1

a

f(t, t2, . . . , tn) dB(tn)
]
· · · dB(t2), a ≤ t ≤ b.

Then we can write X as a stochastic integral

X =
∫ b

a

θ(t) dB(t). (9.8.1)

Note that the stochastic process θ(t) is adapted with respect to the filtration
{FB

t }. Moreover, we can again use Theorem 9.6.7 to rewrite θ(t) as a multiple
Wiener–Itô integral

θ(t) = n · (n− 1)!
∫ t

a

· · ·
[ ∫ tn−1

a

f(t, t2, . . . , tn) dB(tn)
]
· · · dB(t2)

= n

∫
[a,t]n−1

f(t, t2, . . . , tn) dB(t2) · · · dB(tn). (9.8.2)
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Then apply Theorem 9.6.6 to find that

E
(
θ(t)2

)
= n2 · (n− 1)!

∫
[a,t]n−1

f(t, t2, . . . , tn)2 dt2 · · · dtn

≤ n · n!
∫

[a,b]n−1
f(t, t2, . . . , tn)2 dt2 · · · dtn,

which implies that∫ b

a

E
(
θ(t)2

)
dt ≤ n · n!

∫
[a,b]n

f(t1, t2, . . . , tn)2 dt1 dt2 · · · dtn

= nE(X2) < ∞.

Thus θ ∈ L2
ad([a, b]×Ω) and the stochastic integral in Equation (9.8.1) is an

Itô integral as defined in Chapter 4.
Now we use the above discussion to prove the next theorem.

Theorem 9.8.1. Let X ∈ L2
B(Ω) and EX = 0. Then there exists a stochastic

process θ ∈ L2
ad([a, b]×Ω) such that

X =
∫ b

a

θ(t) dB(t).

Remark 9.8.2. Suppose X belongs to the domain of δ/δt. Then by the proof
below, we have the following formula:

θ(t) = E
[ δ

δt
X
∣∣∣FB

t

]
.

Proof. By the Wiener–Itô theorem, X has the expansion X =
∑∞

n=0 In(fn)
with fn ∈ L2

sym(Tn). But f0 = EX = 0. Hence we have

X =
∞∑

n=1

In(fn), ‖X‖2 =
∞∑

n=1

n! ‖fn‖2. (9.8.3)

For each n ≥ 1, define a stochastic process

θn(t) = n!
∫ t

a

· · ·
[ ∫ tn−1

a

fn(t, t2, . . . , tn) dB(tn)
]
· · · dB(t2).

Then by Equation (9.8.1) we get the equality

X =
∞∑

n=1

∫ b

a

θn(t) dB(t). (9.8.4)

By Equation (9.8.2) we can rewrite θn(t) as a multiple Wiener–Itô integral



182 9 Multiple Wiener–Itô Integrals

θn(t) = n

∫
[a,t]n−1

fn(t, t2, . . . , tn) dB(t2) · · · dB(tn).

Hence by Theorem 9.6.10, the θn’s are orthogonal. Define

Sn(t) =
n∑

k=1

θk(t), a ≤ t ≤ b.

Note that In(fn) =
∫ b

a
θn(t) dB(t). Hence E

(
In(fn)2

)
=
∫ b

a
E
(
θn(t)2

)
dt. Then

for any n > m,∫ b

a

E
(|Sn(t)− Sm(t)|2) dt =

n∑
k=m+1

∫ b

a

E
(
θk(t)2

)
dt

=
n∑

k=m+1

E
(
Ik(fk)2

)
,

which converges to 0 as n > m →∞. This shows that θ = limn→∞ Sn exists
in the space L2

ad([a, b]×Ω). Then by Equation (9.8.4) we have

X = lim
n→∞

n∑
k=1

∫ b

a

θk(t) dB(t) = lim
n→∞

∫ b

a

Sn(t) dB(t) =
∫ b

a

θ(t) dB(t).

This completes the proof of the theorem. ��
Recall from Definition 3.3.5 that a stochastic process X̃(t) is a version of

X(t) if P{X̃(t) = X(t)} = 1 for each t.

Theorem 9.8.3. (Martingale representation theorem) Let Mt, a ≤ t ≤ b, be
a square integrable martingale with respect to {FB

t ; a ≤ t ≤ b} and Ma = 0.
Then Mt has a continuous version M̃(t) given by

M̃(t) =
∫ t

a

θ(s) dB(s), a ≤ t ≤ b,

where θ ∈ L2
ad([a, b]×Ω).

Proof. By assumption Mb ∈ L2
B(Ω) and EMb = EMa = 0. Hence we can

apply Theorem 9.8.1 to the random variable Mb to get a stochastic process
θ(t) in L2

ad([a, b]×Ω) such that

Mb =
∫ b

a

θ(s) dB(s). (9.8.5)

Define a stochastic process M̃(t) by
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M̃(t) =
∫ t

a

θ(s) dB(s), a ≤ t ≤ b.

By Theorems 4.6.1 and 4.6.2, M̃(t) is a continuous martingale with respect
to the filtration {FB

t }. Moreover, for each t ∈ [a, b],

Mt = E
[
Mb | FB

t

]
= E

[
M̃(b) | FB

t

]
= M̃(t)

almost surely. Hence M̃(t) is a version of Mt and the theorem is proved. ��

Exercises

1. Consider the opposite diagonal squares ∪n
i=1[ti−1, ti) × [tn−i, tn−i+1) in

Equation (9.1.3). The corresponding Riemann sum is given by

Tn =
n∑

i=1

(
B(ti)−B(ti−1)

)(
B(tn−i+1)−B(tn−i)

)
.

Show that Tn → 0 in L2(Ω) as ‖∆n‖ → 0.
2. Prove the identities listed at the end of Section 9.3.
3. The Hermite polynomial of degree n is often defined by

Hn(x) = (−1)nex2
Dn

x e−x2
, n ≥ 0.

Show that Hn(x) = 2nHn

(
x; 1

2

)
and Hn(x; ρ) = 2−n/2ρn/2Hn(x/

√
2ρ ).

4. Suppose f, g ∈ L2[a, b]. Show that the double Wiener–Itô integral of the
function f(t)g(s) is given by∫ b

a

∫ b

a

f(t)g(s) dB(t) dB(s) = I(f)I(g)−
∫ b

a

f(t)g(t) dt,

where I(f) and I(g) are the Wiener integrals of f and g, respectively.

5. Evaluate the double Wiener–Itô integral
∫ 1
0

∫ 1
0 t dB(s) dB(t).

6. Let f be a nonzero function in L2[a, b] and let I(f) be the Wiener integral
of f . Find the homogeneous chaos expansion for the function φ = eI(f).

7. Find the homogeneous chaos expansion for the function B(t)4 + 2B(t)3.
8. Find the homogeneous chaos expansion for the function B(t)eB(t).
9. Find the homogeneous chaos expansion for the functions sinh(B(t)) and

cosh(B(t)).
10. Find the homogeneous chaos expansion for the functions sin(B(t)) and

cos(B(t)).
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11. List the orthonormal basis for the space K3 of homogeneous chaoses of
order 3 as given by Theorem 9.5.4.

12. Let µ be the standard Gaussian measure on R
2, i.e., its density function is

given by f(x, y) = (2π)−1e−(x2+y2)/2. Find an orthonormal basis for the
Hilbert space L2(µ).

13. Let f ∈ L2(T ) and g ∈ L2(Tn). The tensor product f ⊗ g is defined to be
the following function on Tn+1:

f ⊗ g(t1, t2, . . . , tn+1) = f(t1)g(t2, . . . , tn).

The contraction f  k g of f with the kth variable of g is defined to be the
following function on Tn−1:

f  k g(t1, . . . , t̂k, . . . , tn) =
∫ b

a

f(tk)g(t1, . . . , tk, . . . , tn) dtk,

where t̂k means that tk is deleted. Prove the equality

In+1(f ⊗ g) = I(f)In(g)−
n∑

k=1

In−1(f  k g).

14. Let 0 ≤ a < c < d < b ≤ 1. Find the Wiener–Itô decomposition of the
function φ =

(
B(b)−B(a)

)(
B(d)−B(c)

)
.

15. (a) Suppose θ ∈ L2[a, b] has the expansion

θ(x) =
∞∑

n=0

anHn(x; 1).

Let f be a unit vector in L2[a, b]. Show that the Wiener–Itô expansion of
θ(I(f)) is given by

θ(I(f)) =
∞∑

n=0

anHn

(
I(f); 1

)
.

(b) Use the result in part (a) to find the Wiener–Itô expansion of |B(1)|.
16. Let X = In(f) and f ∈ L2

sym(Tn). Prove that

E
[
X | FB

t

]
=
∫

[a,t]n
f(t1, t2, . . . , tn) dB(t1) dB(t2) · · · dB(tn).
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Stochastic Differential Equations

A differential equation dx
dt = f(t, x) in the Leibniz–Newton calculus can also

be interpreted as an integral equation x(t) = xa +
∫ t

a
f(s, x(s)) ds. When

perturbed by the informal derivative Ḃ(t) of a Brownian motion B(t), this
equation takes the form dX

dt = σ(t, X)Ḃ(t) + f(t, X). In the Itô calculus,
Ḃ(t) and dt are combined together to form the Brownian differential dB(t).
The stochastic differential equation dX = σ(t, X) dB(t) + f(t, X) dt is just
a symbolic expression and is interpreted as meaning the stochastic integral
equation Xt = Xa +

∫ t

a
σ(s, Xs) dB(s)+

∫ t

a
f(s, Xs) ds, a ≤ t ≤ b. The original

motivation for K. Itô to develop the theory of stochastic integration was to
construct diffusion processes by solving stochastic differential equations.

10.1 Some Examples

First we recall several examples of stochastic differential equations that arose
in the previous chapters.

Example 10.1.1. From Example 7.4.5, we have the Langevin equation

dXt = α dB(t)− βXt dt, X0 = x0.

The solution is an Ornstein–Uhlenbeck process

Xt = e−βtx0 + α

∫ t

0
e−β(t−u) dB(u).

Example 10.1.2. Recall that in Example 7.5.2 we used Itô’s formula to derive
an R

2-valued stochastic differential equation

dVt =
[

0 −1
1 0

]
Vt dB(t)− 1

2
Vt dt, V0 =

[
1
0

]
.

The solution Vt is the transpose of [cos B(t), sin B(t)].
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Example 10.1.3. In Example 7.5.3, we again used Itô’s formula to derive an
R

3-valued stochastic differential equation

dVt =
(
KVt + q

)
dB(t) + LVt dt, V0 = v0,

where K, q, L, and v0 are given by

K =

⎡⎣0 −1 0
1 0 0
0 0 0

⎤⎦ , q =

⎡⎣0
0
1

⎤⎦ , L =

⎡⎣− 1
2 0 0

0 − 1
2 0

0 0 0

⎤⎦ , v0 =

⎡⎣1
0
0

⎤⎦ .

The solution Vt is the transpose of [cos B(t), sin B(t), B(t)].

Example 10.1.4. Let B1(t) and B2(t) be independent Brownian motions. In
Example 7.5.4, we derived an R

3-valued stochastic differential equation

dVt = KVt dB1(t) + CVt dB2(t) + LVt dt, V0 = v0,

where K, C, L, and v0 are given by

K =

⎡⎣1 0 0
0 1 0
0 0 1

⎤⎦ , C =

⎡⎣0 −1 0
1 0 0
0 0 0

⎤⎦ , L =

⎡⎣0 0 0
0 0 0
0 0 1

2

⎤⎦ , v0 =

⎡⎣1
0
1

⎤⎦ .

The solution Vt is the transpose of
[
eB1(t) cos B2(t), eB1(t) sin B2(t), eB1(t)

]
.

Example 10.1.5. In Example 8.3.6, we have stochastic differential equations

dXt = Xt ◦ dB(t), X0 = 1; dYt = Yt dB(t), Y0 = 1,

where ◦ denotes the Stratonovich integral. The solutions are given by

Xt = eB(t); Yt = eB(t)− 1
2 t.

Example 10.1.6. The Bessel process Ln−1(t) defined in Definition 8.5.3 is
shown in Theorem 8.5.4 to satisfy the stochastic differential equation

dXt = dW (t) +
n− 1

2
1

Xt
dt, X0 = 0.

Example 10.1.7. The exponential process Eh(t) defined by Equation (8.7.3)
is shown in the proof of Theorem 8.9.4 to satisfy the stochastic differential
equation in Equation (8.9.8), namely,

dXt = h(t)Xt dB(t), X0 = 1.

Notice that all of the above examples except for Example 10.1.6 are linear
equations. Moreover, almost all sample paths of the solutions are functions
defined on the whole half-line [0,∞).

We give two more examples to show that the solution of a stochastic
differential equation can explode in finite time almost surely and that there
may exist several solutions of a stochastic differential equation.
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Example 10.1.8. Consider the stochastic differential equation

dXt = X2
t dB(t) + X3

t dt, X0 = 1, (10.1.1)

which means the following stochastic integral equation:

Xt = 1 +
∫ t

0
X2

s dB(s) +
∫ t

0
X3

s ds.

To solve this equation, apply Itô’s formula to find that

d
( 1

Xt

)
= − 1

X2
t

dXt +
1
2

2
X3

t

(dXt)2

= − 1
X2

t

(
X2

t dB(t) + X3
t dt
)

+ Xt dt

= −dB(t).

Therefore, 1
Xt

= −B(t)+C. The initial condition X0 = 1 implies that C = 1.
Hence the solution of Equation (10.1.1) is given by

Xt =
1

1−B(t)
.

Note that the solution Xt explodes at the first exit time of the Brownian
motion B(t) from the interval (−∞, 1).

Example 10.1.9. Consider the stochastic differential equation

dXt = 3X
2/3
t dB(t) + 3X

1/3
t dt, X0 = 0, (10.1.2)

which means the following stochastic integral equation:

Xt = 3
∫ t

0
X2/3

s dB(s) + 3
∫ t

0
X1/3

s ds.

For any fixed constant a > 0, define a function θa(x) = (x− a)3 1{x≥a}. It
is easily verified that the first two derivatives of θa are given by

θ′
a(x) = 3θa(x)2/3, θ′′

a(x) = 6θa(x)1/3.

By Itô’s formula, we have

d
(
θa(B(t))

)
= 3θa(B(t))2/3 dB(t) + 3θa(B(t))1/3 dt.

Moreover, θa(B(0)) = 0. Hence θa(B(t)) is a solution of Equation (10.1.2) for
any a > 0. This shows that Equation (10.1.2) has infinitely many solutions.

Observe that the last two examples are in fact simple modifications of
well-known examples in ordinary differential equations for the Leibniz–Newton
calculus. Hence we would expect to encounter similar phenomena in stochastic
differential equations for the Itô calculus. This means that in order to ensure
the existence and uniqueness of a globally defined solution, we need to impose
the Lipschitz and growth conditions.
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10.2 Bellman–Gronwall Inequality

In this section we will prove two inequalities to be used in the next section.
The first one, called the Bellman–Gronwall inequality, covers the following
situation. Suppose we have a function φ ∈ L1[a, b] satisfying the inequality

φ(t) ≤ f(t) + β

∫ t

a

φ(s) ds, ∀ t ∈ [a, b], (10.2.1)

where f ∈ L1[a, b] and β is a positive constant.

Question 10.2.1. Given Equation (10.2.1), how can we estimate φ(t) in terms
of f(t) and β?

Define a new function g(t) by

g(t) = β

∫ t

a

φ(s) ds, a ≤ t ≤ b.

Then by the fundamental theorem of calculus and Equation (10.2.1),

g′(t) = βφ(t) ≤ βf(t) + βg(t), almost everywhere.

Hence we have
g′(t)− βg(t) ≤ βf(t).

Multiply both sides of this inequality by the integrating factor e−βt to get

d

dt

(
e−βtg(t)

)
= e−βt

(
g′(t)− βg(t)

) ≤ βf(t)e−βt,

which, after we integrate from a to t, becomes

e−βtg(t) ≤ β

∫ t

a

f(s)e−βs ds.

Therefore,

g(t) ≤ β

∫ t

a

f(s)eβ(t−s) ds.

Hence by Equation (10.2.1),

φ(t) ≤ f(t) + g(t) ≤ f(t) + β

∫ t

a

f(s)eβ(t−s) ds.

Lemma 10.2.2. (Bellman–Gronwall inequality) Suppose φ ∈ L1[a, b] satisfies
Equation (10.2.1). Then

φ(t) ≤ f(t) + β

∫ t

a

f(s)eβ(t−s) ds.

In particular, when f(t) is a constant α, we have

φ(t) ≤ αeβ(t−a), ∀ a ≤ t ≤ b. (10.2.2)
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For the second inequality needed in the next section, let {θn}∞
n=1 be a

sequence of functions in L1[a, b] satisfying the inequality

θn+1(t) ≤ f(t) + β

∫ t

a

θn(s) ds, ∀ t ∈ [a, b], (10.2.3)

where f ∈ L1[a, b] and β is a positive constant.

Question 10.2.3. Given Equation (10.2.3), how can we estimate θn+1(t) in
terms of f(t), β, n, and θ1(t)?

The above trick in proving Lemma 10.2.2 does not work for this case.
Instead, we need to iterate the given inequality and apply induction, which in
fact can also be used to prove Lemma 10.2.2.

Put n = 1 in Equation (10.2.3) to get

θ2(t) ≤ f(t) + β

∫ t

a

θ1(s) ds. (10.2.4)

Put n = 2 in Equation (10.2.3) and then use Equation (10.2.4) to see that

θ3(t) ≤ f(t) + β

∫ t

a

θ2(s) ds

≤ f(t) + β

∫ t

a

f(s) ds + β2
∫ t

a

(∫ s

a

θ1(u) du
)

ds.

Change the order of integration in the above iterated integral to obtain

θ3(t) ≤ f(t) + β

∫ t

a

f(s) ds + β2
∫ t

a

(t− u)θ1(u) du.

Similarly, we have

θ4(t) ≤ f(t) + β

∫ t

a

f(s) ds + β2
∫ t

a

(t− u)f(u) du + β3
∫ t

a

(t− u)2

2
θ1(u) du.

In general, we can use induction to show that for any n ≥ 1,

θn+1(t) ≤ f(t) + β

∫ t

a

f(s) ds + β2
∫ t

a

(t− u)f(u) du

+ · · ·+ βn−1
∫ t

a

(t− u)n−2

(n− 2)!
f(u) du

+βn

∫ t

a

(t− u)n−1

(n− 1)!
θ1(u) du.

Note that
∑n−2

k=0
βk(t−u)k

k! ≤ eβ(t−u). Hence we can simplify the estimate
of θn+1(t) by
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θn+1(t) ≤ f(t) + β

∫ t

a

f(u)eβ(t−u) du + βn

∫ t

a

(t− u)n−1

(n− 1)!
θ1(u) du. (10.2.5)

Thus we have proved the next lemma.

Lemma 10.2.4. Let {θn}∞
n=1 be a sequence of functions in L1[a, b] satisfying

Equation (10.2.3). Then Equation (10.2.5) holds for any n ≥ 1. In particular,
when f(t) ≡ α and θ1(t) ≡ c are constants, then the following inequality holds
for any n ≥ 1:

θn+1(t) ≤ αeβ(t−a) + c
βn(t− a)n

n!
. (10.2.6)

10.3 Existence and Uniqueness Theorem

Let B(t) be a Brownian motion and {Ft; a ≤ t ≤ b} a filtration satisfying the
conditions given in the beginning of Section 4.3, namely, B(t) is Ft-measurable
for each t and B(t)−B(s) is independent of Fs for any s ≤ t.

Let σ(t, x) and f(t, x) be measurable functions of t ∈ [a, b] and x ∈ R.
Consider the stochastic differential equation (SDE)

dXt = σ(t, Xt) dB(t) + f(t, Xt) dt, Xa = ξ,

which must be interpreted as the stochastic integral equation (SIE)

Xt = ξ +
∫ t

a

σ(s, Xs) dB(s) +
∫ t

a

f(s, Xs) ds, a ≤ t ≤ b. (10.3.1)

First we need to explain what it means that a stochastic process Xt is a
solution of the SIE in Equation (10.3.1).

Definition 10.3.1. A jointly measurable stochastic process Xt, a ≤ t ≤ b, is
called a solution of the SIE in Equation (10.3.1) if it satisfies the following
conditions:

(1) The stochastic process σ(t, Xt) belongs to Lad(Ω, L2[a, b]) (see Notation
5.1.1), so that

∫ t

a
σ(s, Xs) dB(s) is an Itô integral for each t ∈ [a, b];

(2) Almost all sample paths of the stochastic process f(t, Xt) belong to L1[a, b];
(3) For each t ∈ [a, b], Equation (10.3.1) holds almost surely.

As pointed out by examples in Section 10.1, we need to impose conditions
on the functions σ(t, x) and f(t, x) in order to ensure the existence of a unique
nonexplosive solution of the SIE in Equation (10.3.1). We state the conditions
in the next two definitions.

Definition 10.3.2. A measurable function g(t, x) on [a, b]×R is said to satisfy
the Lipschitz condition in x if there exists a constant K > 0 such that

|g(t, x)− g(t, y)| ≤ K|x− y|, ∀ a ≤ t ≤ b, x, y ∈ R.
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Definition 10.3.3. A measurable function g(t, x) on [a, b]×R is said to satisfy
the linear growth condition in x if there exists a constant K > 0 such that

|g(t, x)| ≤ K(1 + |x|), ∀ a ≤ t ≤ b, x ∈ R. (10.3.2)

Note the following inequalities for all x ≥ 0:

1 + x2 ≤ (1 + x)2 ≤ 2(1 + x2).

Hence the condition in Equation (10.3.2) is equivalent to the existence of a
constant C > 0 such that

|g(t, x)|2 ≤ C(1 + x2), ∀ a ≤ t ≤ b, x ∈ R.

Lemma 10.3.4. Let σ(t, x) and f(t, x) be measurable functions on [a, b]× R

satisfying the Lipschitz condition in x. Suppose ξ is an Fa-measurable random
variable with E(ξ2) < ∞. Then the stochastic integral equation in Equation
(10.3.1) has at most one continuous solution Xt.

Proof. Let Xt and Yt be two continuous solutions of the SIE in Equation
(10.3.1). Put Zt = Xt − Yt. Then Zt is a continuous stochastic process and

Zt =
∫ t

a

(
σ(s, Xs)− σ(s, Ys)

)
dB(s) +

∫ t

a

(
f(s, Xs)− f(s, Ys)

)
ds.

Use the inequality (a + b)2 ≤ 2(a2 + b2) to get

Z2
t ≤ 2

[(∫ t

a

(
σ(s, Xs)− σ(s, Ys)

)
dB(s)

)2

+
(∫ t

a

(
f(s, Xs)− f(s, Ys)

)
ds
)2
]
. (10.3.3)

By the Lipschitz condition of the function σ(t, x), we have

E
(∫ t

a

(
σ(s, Xs)− σ(s, Ys)

)
dB(s)

)2
=
∫ t

a

E
[(

σ(s, Xs)− σ(s, Ys)
)2]

ds

≤ K2
∫ t

a

E(Z2
s ) ds. (10.3.4)

On the other hand, by the Lipschitz condition of the function f(t, x),(∫ t

a

(
f(s, Xs)− f(s, Ys)

)
ds
)2
≤ (t− a)

∫ t

a

(
f(s, Xs)− f(s, Ys)

)2
ds

≤ (b− a)K2
∫ t

a

Z2
s ds. (10.3.5)

Put Equations (10.3.4) and (10.3.5) into Equation (10.3.3) to see that
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E(Z2
t ) ≤ 2K2(1 + b− a)

∫ t

a

E(Z2
s ) ds.

By the Bellman–Gronwall inequality in Lemma 10.2.2, we have E(Z2
t ) = 0

for all t ∈ [a, b]. Hence Zt = 0 almost surely for each t ∈ [a, b]. Let {r1, r2, . . .}
be a counting of the rational numbers in the interval [a, b]. Then for each rn,
there exists Ωn such that P (Ωn) = 1 and Zrn

(ω) = 0 for all ω ∈ Ωn. Let
Ω′ = ∩∞

n=1Ωn. Then P (Ω′) = 1 and for each ω ∈ Ω′, we have Zrn
(ω) = 0 for

all n. Since Zt is a continuous stochastic process, there exists Ω′′ such that
P (Ω′′) = 1 and for each ω ∈ Ω′′, the function Zt(ω) is a continuous function
of t. Finally, let Ω0 = Ω′ ∩ Ω′′. Then P (Ω0) = 1 and for each ω ∈ Ω0, the
function Zt(ω) is a continuous function that vanishes at all rational numbers
in [a, b]. It follows that for each ω ∈ Ω0, the function Zt(ω) is 0 for all t ∈ [a, b].
Therefore, Xt and Yt are the same continuous stochastic process. ��
Theorem 10.3.5. Let σ(t, x) and f(t, x) be measurable functions on [a, b]×R

satisfying the Lipschitz and linear growth conditions in x. Suppose ξ is an
Fa-measurable random variable with E(ξ2) < ∞. Then the stochastic integral
equation in Equation (10.3.1) has a unique continuous solution Xt.

Remark 10.3.6. We point out that the above theorem covers Examples 10.1.1
and 10.1.5. It also covers Example 10.1.7 when h is a bounded deterministic
function. However, it does not cover Examples 10.1.6, 10.1.8, and 10.1.9.

Proof. The uniqueness of a continuous solution follows from Lemma 10.3.4.
We proceed to prove the existence of a solution.

By assumption, there exists a constant C > 0 such that the following
inequalities hold for all t ∈ [a, b] and x, y ∈ R:

|σ(t, x)− σ(t, y)| ≤ C|x− y|, |f(t, x)− f(t, y)| ≤ C|x− y|; (10.3.6)

|σ(t, x)|2 ≤ C(1 + x2), |f(t, x)|2 ≤ C(1 + x2). (10.3.7)

We use a similar iteration procedure as the one for ordinary differential
equations to produce a solution of the SIE in Equation (10.3.1). Define a
sequence {X(n)

t }∞
n=1 of continuous stochastic processes inductively by setting

X
(1)
t ≡ ξ and for n ≥ 1,

X
(n+1)
t = ξ +

∫ t

a

σ(s, X(n)
s ) dB(s) +

∫ t

a

f(s, X(n)
s ) ds. (10.3.8)

Obviously, X
(1)
t belongs to L2

ad([a, b]×Ω) (see Notation 4.3.1.) Assume by
induction that the stochastic process X

(n)
t belongs to L2

ad([a, b] × Ω). Then
by the linear growth condition in Equation (10.3.7),

E

∫ b

a

σ(t, X(n)
t )2 dt ≤ C(b− a) + CE

∫ b

a

∣∣X(n)
t

∣∣2 dt < ∞;∫ t

a

∣∣f(s, X(n)
s )
∣∣ ds ≤

√
C(b− a)

(∫ b

a

(
1 +
∣∣X(n)

t

∣∣2) dt

)1/2

< ∞, a.s.
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Hence the first integral in Equation (10.3.8) is an Itô integral as defined in
Chapter 4, while the second integral is a Lebesgue integral in t for almost all
ω ∈ Ω. Thus X

(n+1)
t is a continuous stochastic process and is adapted to the

filtration {Ft}. Moreover, since |a + b + c|2 ≤ 3(a2 + b2 + c2), we have

∣∣X(n+1)
t

∣∣2 ≤ 3
[
ξ2+
(∫ t

a

σ(s, X(n)
s ) dB(s)

)2
+
(∫ t

a

f(s, X(n)
s ) ds

)2
]
, (10.3.9)

which together with the linear growth condition implies that

E

∫ b

a

∣∣X(n+1)
t

∣∣2 dt < ∞.

This shows that the stochastic process X
(n+1)
t belongs to L2

ad([a, b]×Ω). Thus
by induction we have a sequence {X(n)

t }∞
n=1 of continuous stochastic processes

in the space L2
ad([a, b]×Ω).

Next, we estimate E
(|X(n+1)

t −X
(n)
t |2), which will be stated by Equation

(10.3.13) below. For convenience, let

Y
(n+1)
t =

∫ t

a

σ(s, X(n)
s ) dB(s), Z

(n+1)
t =

∫ t

a

f(s, X(n)
s ) ds.

Then X
(n+1)
t = ξ + Y

(n+1)
t + Z

(n+1)
t . Since (a + b)2 ≤ 2(a2 + b2), we have

E
(∣∣X(n+1)

t −X
(n)
t

∣∣2)
≤ 2
{

E
(∣∣Y (n+1)

t − Y
(n)
t

∣∣2)+ E
(∣∣Z(n+1)

t − Z
(n)
t

∣∣2)}. (10.3.10)

By the Lipschitz condition in Equation (10.3.6),

E
(∣∣Y (n+1)

t − Y
(n)
t

∣∣2) =
∫ t

a

E
(∣∣σ(s, X(n)

s − σ(s, X(n−1)
s

∣∣2) ds

≤ C2
∫ t

a

E
(∣∣X(n)

s −X(n−1)
s

∣∣2) ds. (10.3.11)

Similarly, the Lipschitz condition in Equation (10.3.6) yields that

∣∣Z(n+1)
t − Z

(n)
t

∣∣2 ≤ (b− a)C2
∫ t

a

∣∣X(n)
s −X(n−1)

s

∣∣2 ds. (10.3.12)

Equations (10.3.10), (10.3.11), and (10.3.12) imply that for any n ≥ 2,

E
(∣∣X(n+1)

t −X
(n)
t

∣∣2) ≤ 2C2(1 + b− a)
∫ t

a

E
(∣∣X(n)

s −X(n−1)
s

∣∣2) ds.

On the other hand, by the growth condition in Equation (10.3.7),
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E
(∣∣X(2)

t −X
(1)
t

∣∣2) ≤ 2C2(1 + b− a)
∫ t

a

(
1 + E(ξ2)

)
ds.

Then by Lemma 10.2.4,

E
(∣∣X(n+1)

t −X
(n)
t

∣∣2) ≤ ρ
βn(t− a)n

n!
, (10.3.13)

where ρ = 1 + E(ξ2) and β = 2C2(1 + b− a).
Now note that for any t ∈ [a, b],∣∣X(n+1)

t −X
(n)
t

∣∣ ≤ ∣∣Y (n+1)
t − Y

(n)
t

∣∣+ ∣∣Z(n+1)
t − Z

(n)
t

∣∣.
Hence we have

sup
a≤t≤b

∣∣X(n+1)
t −X

(n)
t

∣∣ ≤ sup
a≤t≤b

∣∣Y (n+1)
t − Y

(n)
t

∣∣+ sup
a≤t≤b

∣∣Z(n+1)
t − Z

(n)
t

∣∣,
which implies that{

sup
a≤t≤b

∣∣X(n+1)
t −X

(n)
t

∣∣ > 1
n2

}
⊂
{

sup
a≤t≤b

∣∣Y (n+1)
t − Y

(n)
t

∣∣ > 1
2n2

}
∪
{

sup
a≤t≤b

∣∣Z(n+1)
t − Z

(n)
t

∣∣ > 1
2n2

}
.

Therefore,

P

{
sup

a≤t≤b

∣∣X(n+1)
t − X

(n)
t

∣∣ > 1
n2

}
≤ P

{
sup

a≤t≤b

∣∣Y (n+1)
t − Y

(n)
t

∣∣ > 1
2n2

}
+ P

{
sup

a≤t≤b

∣∣Z(n+1)
t − Z

(n)
t

∣∣ > 1
2n2

}
. (10.3.14)

Apply the Doob submartingale inequality in Theorem 4.5.1 and then use
Equations (10.3.6) and (10.3.13) to get

P

{
sup

a≤t≤b

∣∣Y (n+1)
t − Y

(n)
t

∣∣ > 1
2n2

}
≤ 4n4E

(∣∣Y (n+1)
b − Y

(n)
b

∣∣2)
≤ 4n4C2

∫ b

a

E
(∣∣X(n)

t −X
(n−1)
t

∣∣2) dt

≤ 4n4C2ρ
βn−1(b− a)n

n!
. (10.3.15)

On the other hand, by Equation (10.3.6) using the function f ,

∣∣Z(n+1)
t − Z

(n)
t

∣∣2 ≤ C2(b− a)
∫ t

a

∣∣X(n)
s −X(n−1)

s

∣∣2 ds,

which immediately implies that
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sup
a≤t≤b

∣∣Z(n+1)
t − Z

(n)
t

∣∣2 ≤ C2(b− a)
∫ b

a

∣∣X(n)
t −X

(n−1)
t

∣∣2 ds.

From this inequality and Equation (10.3.13) we see that

P

{
sup

a≤t≤b

∣∣Z(n+1)
t − Z

(n)
t

∣∣ > 1
2n2

}
≤ 4n4E

[{
sup

a≤t≤b

∣∣Z(n+1)
t − Z

(n)
t

∣∣}2]
≤ 4n4C2(b− a)ρ

βn−1(b− a)n

n!
. (10.3.16)

It follows from Equations (10.3.14), (10.3.15), and (10.3.16) that

P

{
sup

a≤t≤b

∣∣X(n+1)
t −X

(n)
t

∣∣ > 1
n2

}
≤ 2ρ

n4βn(b− a)n

n!
.

It is easy to check that the series
∑

n
n4βn(b−a)n

n! is convergent. Hence by the
Borel–Cantelli lemma in Theorem 3.2.1, we have

P

{
sup

a≤t≤b

∣∣X(n+1)
t −X

(n)
t

∣∣ > 1
n2 i.o.

}
= 0.

This implies that the series ξ +
∑∞

n=1

(
X

(n+1)
t − X

(n)
t

)
converges uniformly

on [a, b] with probability 1 to, say, Xt. Note that the nth partial sum of this
series is X

(n)
t . Hence with probability 1,

lim
n→∞ X

(n)
t = Xt, uniformly for t ∈ [a, b].

Obviously, the stochastic process Xt is continuous and adapted to the filtration
{Ft; a ≤ t ≤ b}. Moreover, Equation (10.3.13) implies that∥∥X(n+1)

t −X
(n)
t

∥∥ ≤ √ρ
βn/2(b− a)n/2

√
n!

,

where ‖ · ‖ is the L2(Ω)-norm. This inequality implies that for each t, the
series ξ +

∑∞
n=1

(
X

(n+1)
t −X

(n)
t

)
converges in L2(Ω) and

‖Xt‖ ≤ ‖ξ‖+
∞∑

n=1

√
ρ

βn/2(b− a)n/2
√

n!
.

It follows that E
∫ b

a
|Xt|2 dt < ∞. Hence the stochastic process Xt belongs

to the space L2
ad([a, b] × Ω) ⊂ Lad(Ω, L2[a, b]). We can easily check that Xt

satisfies the conditions (1) and (2) in Definition 10.3.1. Moreover, we can verify
that the limit as n →∞ can be brought inside the integral signs in Equation
(10.3.8) to get

Xt = ξ +
∫ t

a

σ(s, Xs) dB(s) +
∫ t

a

f(s, Xs) ds.

Hence Xt is a solution of Equation (10.3.1) and the proof is complete. ��
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10.4 Systems of Stochastic Differential Equations

Let B
(1)
t , B

(2)
t , . . . , B

(m)
t be m independent Brownian motions. For 1 ≤ i ≤ n

and 1 ≤ j ≤ m, let σij(t, x) and fi(t, x) be functions of t ∈ [a, b] and x ∈ R
n.

Consider the following system of stochastic differential equations for 1 ≤ i ≤ n:

dX
(i)
t =

m∑
j=1

σij(t, X
(1)
t , . . . , X

(n)
t ) dB

(j)
t + fi(t, X

(1)
t , . . . , X

(n)
t ) dt, (10.4.1)

with the initial condition X
(i)
a = ξi. If we use the matrix notation

Xt =

⎡⎢⎢⎣
X

(1)
t
...

X
(n)
t

⎤⎥⎥⎦, σ =

⎡⎢⎣ σ11 · · · σ1m

...
. . .

...
σn1 · · · σnm

⎤⎥⎦, Bt =

⎡⎢⎢⎣
B

(1)
t
...

B
(m)
t

⎤⎥⎥⎦, f =

⎡⎢⎣ f1
...

fn

⎤⎥⎦, ξ =

⎡⎢⎣ ξ1
...

ξn

⎤⎥⎦,

then Equation (10.4.1) can be rewritten as a matrix SDE by

dXt = σ(t, Xt) dB(t) + f(t, Xt) dt, Xa = ξ. (10.4.2)

For an n × 1 column vector v in R
n, let |v| denote the Euclidean norm of v.

The Hilbert–Schmidt norm of an n×m matrix σ = [σij ] is defined by

‖σ‖ =
( n∑

i=1

m∑
j=1

σ2
ij

)1/2

. (10.4.3)

The multidimensional generalization of Theorem 10.3.5 is given in the next
theorem.

Theorem 10.4.1. Let the matrix-valued function σ(t, x) and the vector-valued
function f(t, x) in Equation (10.4.2) be measurable. Assume that there exists
a constant K > 0 such that for all t ∈ [a, b] and x, y ∈ R

n,

(1) (Lipschitz condition)

‖σ(t, x)− σ(t, y)‖ ≤ K|x− y|, |f(t, x)− f(t, y)| ≤ K|x− y|;
(2) (Linear growth condition)

‖σ(t, x)‖2 ≤ K(1 + |x|2), |f(t, x)|2 ≤ K(1 + |x|2).
Then for any Fa-measurable random vector ξ with E(|ξ|2) < ∞, the stochastic
integral equation

Xt = ξ +
∫ t

a

σ(s, Xs) dBs +
∫ t

a

f(s, Xs) ds, a ≤ t ≤ b,

has a unique continuous solution.

This theorem can be proved by exactly the same arguments as those in
the proof of Theorem 10.3.5 with simple modifications of notation. We point
out that Examples 10.1.2, 10.1.3, and 10.1.4 are covered by this theorem.
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10.5 Markov Property

In this section we explain the Markov property, an important concept that
will be needed in the next two sections.

Let X, Y1, Y2, . . . , Yn be random variables. Let σ{Y1, Y2, . . . , Yn} denote
the σ-field generated by Y1, Y2, . . . , Yn. The conditional expectation of X given
σ{Y1, Y2, . . . , Yn} will also be denoted by E[X |Y1, Y2, . . . , Yn], namely,

E[X |Y1, Y2, . . . , Yn] = E[X |σ{Y1, Y2, . . . , Yn}].

Then there exists a Borel measurable function θ on R
n such that

E[X |Y1, Y2, . . . , Yn] = θ(Y1, Y2, . . . , Yn).

Notation 10.5.1. We will use E[X |Y1 = y1, Y2 = y2, . . . , Yn = yn] to denote
θ(y1, y2, . . . , yn), i.e.,

E[X |Y1 = y1, Y2 = y2, . . . , Yn = yn] = θ(y1, y2, . . . , yn)

= E[X |Y1, Y2, . . . , Yn]
∣∣
Y1=y1,Y2=y2,...,Yn=yn

.

The function θ is characterized as the unique, up to the joint distribution of
Y1, Y2, . . . , Yn, Borel measurable function such that

E
{
Xg(Y1, Y2, . . . , Yn)

}
= E

{
θ(Y1, Y2, . . . , Yn) g(Y1, Y2, . . . , Yn)

}
(10.5.1)

for all bounded measurable functions g on R
n.

Definition 10.5.2. The conditional probability of an event A given a σ-field
G is defined by

P (A | G) = E[1A | G],

where 1A is the characteristic function of A, i.e., 1A(x) = 1 if x ∈ A and = 0
if x /∈ A. In particular, we have

P (X ≤ x |Y1, Y2, . . . , Yn) = E
{
1{X≤x} |Y1, Y2 . . . , Yn

}
,

P (X ≤ x |Y1 = y1, . . . , Yn = yn) = E[
{
1{X≤x} |Y1 = y1, . . . , Yn = yn

}
.

Example 10.5.3. Let f(x, y1, y2, . . . , yn) be the joint density function of X, Y1,
Y2, . . . , Yn. Then we have

P (X ≤ x |Y1 = y1, Y2 = y2, . . . , Yn = yn)

=
1

fY1,Y2,...,Yn(y1, y2, . . . , yn)

∫ x

−∞
f(u, y1, y2, . . . , yn) du, (10.5.2)

where fY1,Y2,...,Yn
is the marginal density function of Y1, Y2, . . . , Yn. This fact

can be easily verified using Equation (10.5.1).
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Consider a Brownian motion B(t). Let 0 < t1 < t2 < · · · < tn < t.
Using Equation (10.5.2) and the marginal density function of B(t) in Equation
(3.1.2), we immediately see that

P
(
B(t) ≤ x

∣∣B(t1) = y1, B(t2) = y2, . . . , B(tn) = yn

)
=

1√
2π(t− tn)

∫ x

−∞
exp
[
− (u− yn)2

2(t− tn)

]
du.

Observe that the right-hand side does not depend on y1, y2, . . . , yn−1. In fact,
we also have

P (B(t) ≤ x |B(tn) = yn) =
1√

2π(t− tn)

∫ x

−∞
exp
[
− (u− yn)2

2(t− tn)

]
du.

Therefore, a Brownian motion B(t) satisfies the following equality:

P (B(t) ≤ x |B(ti) = yi, i = 1, 2, . . . , n) = P (B(t) ≤ x |B(tn) = yn).

Now, if we use this property of a Brownian motion as a condition, then
we come to a new concept and an important class of stochastic processes in
the next definition.

Definition 10.5.4. A stochastic process Xt, a ≤ t ≤ b, is said to satisfy the
Markov property if for any a ≤ t1 < t2 < · · · < tn < t ≤ b, the equality

P
(
Xt ≤ x |Xt1 , Xt2 , . . . , Xtn

)
= P

(
Xt ≤ x |Xtn

)
holds for any x ∈ R, or equivalently, the equality

P
(
Xt ≤ x |Xti = yi, i = 1, 2, . . . , n

)
= P

(
Xt ≤ x |Xtn = yn

)
(10.5.3)

holds for any x, y1, y2, . . . , yn ∈ R. By a Markov process, we mean a stochastic
process Xt, a ≤ t ≤ b, satisfying the Markov property.

Remark 10.5.5. We can interpret tn as the present time, t1, t2, . . . , tn−1 as
the past, and t as the future. Then the Markov property in Equation (10.5.3)
means that given the past and the present, the future depends only on the
present. Equivalently, it means that given the present, the future and the past
are independent.

Obviously, a Brownian motion B(t) is a Markov process. Below we give
more examples to illustrate the Markov property.

Example 10.5.6. Let Xt be a stochastic process with independent increments
and X0 = 0. Then for any t1 < t2 < · · · < tn < t and x ∈ R,

P
(
Xt ≤ x |Xt1 , Xt2 , . . . , Xtn

)
= P

(
(Xt −Xtn

) + Xtn
≤ x |Xt1 , Xt2 , . . . , Xtn

)
= P

(
(Xt −Xtn) + Xtn ≤ x |Xtn

)
= P

(
Xt ≤ x |Xtn

)
.

This shows that Xt is a Markov process.
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Example 10.5.7. Let φ be an increasing function on R. Consider the stochastic
process Xt = φ(B(t)). For any t1 < t2 < · · · < tn < t and x ∈ R, we have

P
(
Xt ≤ x |Xti

= yi, i = 1, 2, . . . , n
)

= P
(
B(t) ≤ φ−1(x) |B(ti) = φ−1(yi), i = 1, 2, . . . , n

)
= P

(
B(t) ≤ φ−1(x) |B(tn) = φ−1(yn)

)
= P

(
Xt ≤ x |Xtn = yn

)
.

Therefore, Xt = φ(B(t)) is a Markov process.

Example 10.5.8. Let f ∈ L2[a, b] and Xt =
∫ t

a
f(s) dB(s), a ≤ t ≤ b. Then for

any t1 < t2 < · · · < tn < t, the random variable
∫ t

tn
f(s) dB(s) is independent

of Xti for i = 1, 2, . . . , n. Hence for any x ∈ R,

P
(
Xt ≤ x |Xt1 , Xt2 , . . . , Xtn

)
= P

(
Xtn +

∫ t

tn
f(s) dB(s)

∣∣Xt1 , Xt2 , . . . , Xtn

)
= P

(
Xtn +

∫ t

tn
f(s) dB(s)

∣∣Xtn

)
= P

(
Xt ≤ x |Xtn

)
.

This shows that the stochastic process Xt =
∫ t

a
f(s) dB(s), a ≤ t ≤ b, is a

Markov process for any f ∈ L2[a, b].

In the next section we will need the following lemma.

Lemma 10.5.9. Suppose a stochastic process Xt, a ≤ t ≤ b, is adapted to a
filtration {Ft ; a ≤ t ≤ b} and satisfies the condition

P
(
Xt ≤ x | Fs

)
= P

(
Xt ≤ x |Xs

)
, ∀ s < t, x ∈ R. (10.5.4)

Then Xt is a Markov process.

Proof. Let t1 < t2 < · · · < tn < t and x ∈ R. Use Property 5 of conditional
expectation in Section 2.4 and the assumption in Equation (10.5.4) to get

P
(
Xt ≤ x |Xt1 , Xt2 , . . . , Xtn

)
= E

[
P
(
Xt ≤ x | Ftn

)|Xt1 , Xt2 , . . . , Xtn

]
= E

[
P
(
Xt ≤ x |Xtn

) |Xt1 , Xt2 , . . . , Xtn

]
= P

(
Xt ≤ x |Xtn

)
.

Hence Xt satisfies the Markov property. Thus Xt is a Markov process. ��
Recall that by Kolmogorov’s extension theorem, a stochastic process can

be defined as a collection of marginal distributions satisfying the consistency
condition. This leads to the following question for Markov processes.

Question 10.5.10. How can we describe the Markov property by the marginal
distributions of a Markov process?
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Let Xt, a ≤ t ≤ b, be a Markov process. Let a = t1 < t2 and c1, c2 ∈ R.
Then using the conditional probability, we get

P (Xt1 ≤ c1, Xt2 ≤ c2) =
∫ c1

−∞
P (Xt2 ≤ c2 |Xt1 = x1) PXt1

(dx1)

=
∫ c1

−∞

∫ c2

−∞
P (Xt2 ∈ dx2 |Xt1 = x1) ν(dx1),

where PX denotes the distribution of a random variable X and ν = PXa is
the initial distribution of the Markov process Xt.

Next, consider a = t1 < t2 < t3. In this case, we need to apply the Markov
property to get

P (Xt1 ≤ c1, Xt2 ≤ c2, Xt3 ≤ c3)

=
∫ c1

−∞

∫ c2

−∞
P (Xt3 ≤ c3 |Xt1 = x1, Xt2 = x2) PXt1 ,Xt2

(dx1dx2)

=
∫ c1

−∞

∫ c2

−∞
P (Xt3 ≤ c3 |Xt2 = x2) PXt1 ,Xt2

(dx1dx2)

=
∫ c1

−∞

∫ c2

−∞

∫ c3

−∞
P (Xt3 ∈ dx3 |Xt2 = x2)P (Xt2 ∈ dx2 |Xt1 = x1) ν(dx1),

where PX,Y denotes the joint distribution of X and Y .
Now, observe from the above marginal distributions that the conditional

probability P (Xt ∈ dy |Xs = x) for s < t is a very special quantity. Thus we
give it a name in the following definition.

Definition 10.5.11. The conditional probability P (Xt ∈dy |Xs = x) is called
a transition probability of a Markov process Xt.

Notation 10.5.12. For convenience, we will use Ps,x(t, dy) to denote the
transition probability P (Xt ∈ dy |Xs = x).

If Xt is interpreted as the position of an object at time t, then the quantity
Ps,x(t, A) represents the probability that this object, being at x at time s, will
be in the set A at time t.

Using the transition probabilities, we can find the marginal distributions
of Xt. Let a = t1 < t2 < · · · < tn. Use the same arguments as those in the
above derivation to get

P (Xt1 ≤ c1, Xt2 ≤ c2, . . . , Xtn ≤ cn)

=
∫ c1

−∞

∫ c2

−∞
· · ·
∫ cn

−∞
Ptn−1,xn−1(tn, dxn)

×Ptn−2,xn−2(tn−1, dxn−1) · · ·Pt1,x1(t2, dx2) ν(dx1). (10.5.5)

Conversely, suppose {Ps,x(t, ·) ; a ≤ s < t ≤ b, x ∈ R} is a collection
of probability measures and ν is a probability measure. Does there exist a
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Markov process Xt with transition probabilities given by this collection of
probability measures and having the initial distribution ν?

First of all, note that this collection of probability measures must satisfy
some condition. For any s < u < t, we have

P (Xs ≤ α, Xt ≤ β) = P (Xs ≤ α,−∞ < Xu < ∞, Xt ≤ β).

Therefore, by Equation (10.5.5),∫ α

−∞

∫ β

−∞
Ps,x(t, dy) PXs

(dx) =
∫ α

−∞

∫ ∞

−∞

∫ β

−∞
Pu,z(t, dy) Ps,x(u, dz) PXs

(dx),

which implies the equality

Ps,x(t, A) =
∫ ∞

−∞
Pu,z(t, A) Ps,x(u, dz) (10.5.6)

for all s < u < t, x ∈ R, and A ∈ B(R), the Borel field of R.

Definition 10.5.13. The equality in Equation (10.5.6) is referred to as the
Chapman–Kolmogorov equation.

Now, from the given {Ps,x(t, ·)} and ν, we can use the right-hand side of
Equation (10.5.5) to define a family of probability measures for Kolmogorov’s
extension theorem. Then using the Chapman–Kolmogorov equation, we can
easily check that the consistency condition in Theorem 3.3.2 is satisfied. Hence
by Kolmogorov’s extension theorem, there is a stochastic process Xt such that
for any a ≤ s < t ≤ b,

P (Xt ∈ A |Xs = x) = Ps,x(t, A), ∀x ∈ R, A ∈ B(R).

The resulting stochastic process Xt is in fact a Markov process. This can
be seen as follows. Use conditional probability and Equation (10.5.5) to get

P (Xt ≤ x, Xt1 ≤ c1, Xt2 ≤ c2, . . . , Xtn ≤ cn)

=
∫ c1

−∞
· · ·
∫ cn

−∞
P (Xt ≤ x |Xt1 = x1, . . . , Xtn = xn) PXt1 ,...,Xtn

(dx1 · · · dxn)

=
∫ c1

−∞
· · ·
∫ cn

−∞
P (Xt ≤ x |Xt1 = x1, . . . , Xtn

= xn)

×Ptn−1,xn−1(tn, dxn) · · ·Pt1,x1(t2, dx2) ν(dx1). (10.5.7)

On the other hand, from Equation (10.5.5), we have

P (Xt ≤ x, Xt1 ≤ c1, Xt2 ≤ c2, . . . , Xtn ≤ cn)

=
∫ c1

−∞
· · ·
∫ cn

−∞

∫ x

−∞
Ptn,xn

(t, dy)

×Ptn−1,xn−1(tn, dxn) · · ·Pt1,x1(t2, dx2) ν(dx1). (10.5.8)
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By comparing Equations (10.5.7) and (10.5.8), we immediately see that

P (Xt ≤ x |Xt1 = x1, . . . , Xtn
= xn) =

∫ x

−∞
Ptn,xn

(t, dy).

Obviously, this implies the Markov property of Xt, namely,

P (Xt ≤ x |Xt1 = x1, . . . , Xtn
= xn) = P (Xt ≤ x |Xtn

= xn).

Hence Xt is a Markov process. Thus we have proved the next theorem.

Theorem 10.5.14. If Xt, a ≤ t ≤ b, is a Markov process, then its transition
probabilities

Ps,x(t, ·) = P (Xt ∈ (·) |Xs = x), a ≤ s < t ≤ b, x ∈ R, (10.5.9)

satisfy the Chapman–Kolmogorov equation. Conversely, if ν is a probability
measure on R and {Ps,x(t, · ) ; a ≤ s < t ≤ b, x ∈ R} is a collection of
probability measures on R satisfying the Chapman–Kolmogorov equation, then
there exists a Markov process Xt with initial distribution ν such that Equation
(10.5.9) holds.

From this theorem, we see that a Markov process is determined by its initial
distribution and transition probabilities satisfying the Chapman–Kolmogorov
equation. We give one example to illustrate this point.

Example 10.5.15. Let ν be the probability measure on R given by

ν{1} = ν{−1} =
1
2
.

Define a collection {Ps,x(t, ·); s < t, x ∈ R} of probability measures as follows.
For x = ±1, and s < t, define

Ps,1(t, {1}) =
1
2
(1 + e−λ(t−s)),

Ps,1(t, {−1}) =
1
2
(1− e−λ(t−s)),

Ps,−1(t, {1}) =
1
2
(1− e−λ(t−s)),

Ps,−1(t, {−1}) =
1
2
(1 + e−λ(t−s)),

where λ > 0. For x �= ±1, define Ps,x(t, ·) = δx, the Dirac delta measure
at x. In fact, we can replace δx by any probability measure. It turns out
that this collection {Ps,x(t, ·)} satisfies the Chapman–Kolmogorov equation.
Hence there is a Markov process Xt with initial distribution ν and transition
probabilities {Ps,x(t, ·)}. This Markov process Xt is called a random telegraph
process with parameter λ. It can be easily checked that for any t,

P (Xt = 1) = P (Xt = −1) =
1
2
.
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A Markov process Xt with t ≥ 0 is said to be stationary if its transition
probabilities Ps,x(t, ·) depend only on x and the difference t−s, or equivalently,
Ph,x(t + h, ·) does not depend on h. In that case, we will use the notation

Pt(x, A) = Ph,x(t + h, A), t > 0, x ∈ R, A ∈ B(R).

Then the Chapman–Kolmogorov equation takes the form

Ps+t(x, A) =
∫ ∞

−∞
Pt(z, A) Ps(x, dz) (10.5.10)

for all s, t > 0, x ∈ R, and A ∈ B(R).
For example, a Brownian motion B(t) is a stationary Markov process. The

Ornstein–Uhlenbeck process in Example 7.4.5 is also a stationary Markov
process since the conditional probability in Equation (7.4.7) depends only
on t − s as a function of s and t and the resulting Pt(x, ·) satisfies Equation
(10.5.10). The above random telegraph process is also stationary. On the other
hand, it is easy to check that the stochastic process Xt =

∫ t

0
1

1+s2 dB(s) is a
nonstationary Markov process.

10.6 Solutions of Stochastic Differential Equations

In this section we will study some properties of the solution of the stochastic
differential (or rather integral) equation in Equation (10.3.1), namely,

Xt = ξ +
∫ t

a

σ(s, Xs) dB(s) +
∫ t

a

f(s, Xs) ds, a ≤ t ≤ b,

where σ and f satisfy the Lipschitz and linear growth conditions. We first
prove that the solution Xt is a Markov process.

Let {Ft; a ≤ t ≤ b} be the filtration given by the Brownian motion B(t),
namely, Ft is defined by Ft = σ{B(s); s ≤ t}. Obviously, the solution Xt is
adapted to this filtration.

Let s ∈ [a, b] and x ∈ R be fixed and consider the following SIE:

Xt = x +
∫ t

s

σ(u, Xu) dB(u) +
∫ t

s

f(u, Xu) du, s ≤ t ≤ b. (10.6.1)

To avoid confusion with the solution Xt, we use Xs,x
t to denote the solution

of the SIE in Equation (10.6.1). Since the initial condition x of Equation
(10.6.1) is a constant, we see from the approximation procedure in the proof
of Theorem 10.3.5 that the solution Xs,x

t is independent of the σ-field Fs for
each t ∈ [s, b]. If follows that for any Fs-measurable random variable Z, we
have the equality

P
(
Xs,Z

t ≤ y
∣∣Fs

)
= P

(
Xs,x

t ≤ y
)∣∣

x=Z
, ∀ y ∈ R.
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In particular, put Z = Xs in this equation to get

P
(
Xs,Xs

t ≤ y
∣∣Fs

)
= P

(
Xs,x

t ≤ y
)∣∣

x=Xs
, ∀ y ∈ R. (10.6.2)

Now, since Xt is a solution of the SIE in Equation (10.3.1), we have

Xt = Xs +
∫ t

s

σ(u, Xu) dB(u) +
∫ t

s

f(u, Xu) du, s ≤ t ≤ b.

But Xs,Xs

t is also a solution of this SIE. Hence by the uniqueness of a solution,
we must have Xt = Xs,Xs

t . Thus Equation (10.6.2) can be rewritten as

P
(
Xt ≤ y

∣∣Fs

)
= P

(
Xs,x

t ≤ y
)∣∣

x=Xs
, ∀ y ∈ R,

which is measurable with respect to the σ-field generated by Xs. Therefore,
we can conclude that

P
(
Xt ≤ y

∣∣Xs

)
= E

[
P
(
Xt ≤ y

∣∣Fs

) ∣∣Xs

]
= P

(
Xt ≤ y

∣∣Fs

)
, ∀ s < t, y ∈ R. (10.6.3)

Then by Lemma 10.5.9, the stochastic process Xt is a Markov process. Hence
we have proved the next theorem.

Theorem 10.6.1. Let σ(t, x) and f(t, x) be measurable functions on [a, b]×R

satisfying the Lipschitz and linear growth conditions in x. Suppose ξ is an
Fa-measurable random variable with E(ξ2) < ∞. Then the unique continuous
solution of the stochastic integral equation

Xt = ξ +
∫ t

a

σ(s, Xs) dB(s) +
∫ t

a

f(s, Xs) ds, a ≤ t ≤ b,

is a Markov process.

Observe that the solution Xt satisfies Equation (10.6.3), which is stronger
than the Markov property of Xt in view of Lemma 10.5.9. As a matter of fact,
the solution Xt satisfies even a stronger property than Equation (10.6.3),
which uses the concept of stopping time introduced in Section 5.4. Let τ be
a stopping time with respect to the filtration {Ft; a ≤ t ≤ b} given by the
Brownian motion B(t). The σ-field Fτ associated with τ is defined by

Fτ =
{
A ; A ∩ {τ ≤ t} ∈ Ft, ∀ t ∈ [a, b]

}
.

It can be proved that for any stopping time τ with respect to the filtration
{Ft}, the stochastic process Xt satisfies the following equality:

P
(
Xτ+v ≤ y

∣∣Fτ

)
= P

(
Xτ+v ≤ y

∣∣Xτ

)
, ∀ v ≥ 0, y ∈ R, (10.6.4)
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where it is understood that Xτ(ω)+v(ω) = Xb(ω) if τ(ω) + v ≥ b. Equation
(10.6.4) is called the strong Markov property of Xt. Notice that when τ = s
and v = t−s, Equation (10.6.4) reduces to Equation (10.6.3). Thus the strong
Markov property implies Equation (10.6.3), which in turn implies the Markov
property by Lemma 10.5.9.

Next consider a stochastic integral equation with the functions σ and f
depending only on the variable x. In this case, observe that the Lipschitz
condition |g(x)− g(y)| ≤ K|x− y| implies that

|g(x)| ≤ |g(x)− g(0)|+ |g(0)| ≤ K|x|+ |g(0)| ≤ C(1 + |x|),

where C = max{K, |g(0)|}. Hence the linear growth condition automatically
follows from the Lipschitz condition.

Theorem 10.6.2. Assume that σ(x) and f(x) are functions satisfying the
Lipschitz condition and let x0 ∈ R. Then the unique continuous solution of
the stochastic integral equation

Xt = x0 +
∫ t

0
σ(Xs) dB(s) +

∫ t

0
f(Xs) ds, t ≥ 0, (10.6.5)

is a stationary Markov process.

Proof. Let s ≥ 0 and x ∈ R be fixed and consider the following SIE:

Xt = x +
∫ t

s

σ(Xu) dB(u) +
∫ t

s

f(Xu) du, t ≥ s.

Let Xs,x
t denote the unique continuous solution of this equation. Then

Xs,x
t = x +

∫ t

s

σ(Xs,x
u ) dB(u) +

∫ t

s

f(Xs,x
u ) du.

Make a change of variables u = s + v to get

Xs,x
t = x +

∫ t−s

0
σ(Xs,x

s+v) dB(s + v) +
∫ t−s

0
f(Xs,x

s+v) dv. (10.6.6)

Let B̃s(t) = B(s+t)−B(s). By Proposition 2.2.3, the stochastic process B̃s(t)
is a Brownian motion for each fixed s. Moreover, the increments of B̃s(t) and
B(t) are related by B̃s(t2) − B̃s(t1) = B(s + t2) − B(s + t1). Thus Equation
(10.6.6) can be rewritten as

Xs,x
t = x +

∫ t−s

0
σ(Xs,x

s+v) dB̃s(v) +
∫ t−s

0
f(Xs,x

s+v) dv.

Make a change of variables t = s + w to get
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Xs,x
s+w = x +

∫ w

0
σ(Xs,x

s+v) dB̃s(v) +
∫ w

0
f(Xs,x

s+v) dv.

Then replace the variable w by t:

Xs,x
s+t = x +

∫ t

0
σ(Xs,x

s+v) dB̃s(v) +
∫ t

0
f(Xs,x

s+v) dv, t ≥ 0. (10.6.7)

Now, Equation (10.6.7) means that for any fixed s > 0, the stochastic process
Xs,x

s+t, t ≥ 0, is a solution of the following SIE:

Yt = x +
∫ t

0
σ(Yu) dB̃s(u) +

∫ t

0
f(Yu) du, t ≥ 0.

From the approximation procedure in the proof of Theorem 10.3.5, we see
that the distribution of its solution Xs,x

s+t is independent of s. Therefore,

P
(
Xs,x

s+t ∈ A
)

= P
(
X0,x

t ∈ A
)
, ∀A ∈ B(R). (10.6.8)

Let Ps,x(t, ·) denote the transition probability of the solution Xt of Equation
(10.6.5). Then Equation (10.6.8) can be rewritten as

Ps,x(s + t, A) = P0,x(t, A), ∀ s ≥ 0, A ∈ B(R).

This means that for any t ≥ 0 and x ∈ R, the probability measure Ps,x(s+t, ·)
is independent of s ≥ 0. Thus the stochastic process Xt is stationary. ��
Example 10.6.3. Consider the simple stochastic differential equation

dXt = Xt dB(t) + dt, X0 = x. (10.6.9)

By Theorem 10.6.2, the solution of this SDE is a stationary Markov process.
On the other hand, we can solve Equation 10.6.9 explicitly as follows. Apply
Itô’s formula to check that

d
(
e−B(t)+ 1

2 tXt

)
= e−B(t)+ 1

2 t
(
dXt −Xt dB(t)

)
= e−B(t)+ 1

2 t dt.

Integrate both sides from s to t to get

Xt = e(B(t)−B(s))− 1
2 (t−s)Xs +

∫ t

s

e(B(t)−B(u))− 1
2 (t−u) du. (10.6.10)

In particular, the solution of Equation (10.6.9) is given by

Xt = x eB(t)− 1
2 t +

∫ t

0
e(B(t)−B(u))− 1

2 (t−u) du.

Moreover, by Equation (10.6.10),
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Xs,x
s+t = x eB(s+t)−B(s)− 1

2 t +
∫ s+t

s

e(B(s+t)−B(u))− 1
2 (s+t−u) du,

which, after making a change of variables u = s + v, becomes

Xs,x
s+t = x eB(s+t)−B(s)− 1

2 t +
∫ t

0
e(B(s+t)−B(s+v))− 1

2 (t−v) dv.

Observe that B(s+ t)−B(s) is a Brownian motion for any fixed s ≥ 0. Hence
the distribution of Xs,x

s+t is independent of s. This shows that the stochastic
process Xt is a stationary Markov process.

Next, we consider the dependence of a solution of a stochastic differential
equation on its initial condition. It is given by the next theorem.

Theorem 10.6.4. Let σ and f be functions satisfying the Lipschitz condition
in x, namely, there exists a constant K > 0 such that

|σ(t, x)− σ(t, y)| ≤ K|x− y|, |f(t, x)− f(t, y)| ≤ K|x− y|,
for all t ∈ [a, b] and x, y ∈ R. Let ξ, η ∈ L2(Ω) be Fa-measurable. Assume
that Xξ

t and Xη
t are two solutions of the stochastic differential equation

dXt = σ(t, Xt) dB(t) + f(t, Xt) dt

with initial conditions ξ and η, respectively. Then

E
(|Xξ

t −Xη
t |2
) ≤ 3E

(|ξ − η|2) e3K2(1+b−a)(t−a), ∀ a ≤ t ≤ b.

Remark 10.6.5. There is another part of the Doob submartingale inequality
in Lemma 4.5.1, which states that if Yt, a ≤ t ≤ b, is a right continuous
submartingale, then

E

[(
sup

a≤t≤b
|Yt|
)p ]

≤ qpE
(|Yb|p

)
,

where p > 1 and p−1 + q−1 = 1. Using this inequality with p = 2 and similar
arguments to those in the proof below, we can obtain the following stronger
estimate for any a ≤ t ≤ b:

E

[(
sup

a≤s≤t

∣∣Xξ
s −Xη

s

∣∣)2]
≤ 3E

(|ξ − η|2) e3K2(4+b−a)(t−a).

Proof. By assumption we have

Xξ
t = ξ +

∫ t

a

σ(s, Xξ
s ) dB(s) +

∫ t

a

f(s, Xξ
s ) ds,

Xη
t = η +

∫ t

a

σ(s, Xη
s ) dB(s) +

∫ t

a

f(s, Xη
s ) ds.
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Therefore,

|Xξ
t −Xη

t | ≤ |ξ − η|+
∣∣∣∣ ∫ t

a

(
σ(s, Xξ

s )− σ(s, Xη
s )
)
dB(s)

∣∣∣∣
+
∣∣∣∣ ∫ t

a

(
f(s, Xξ

s )− f(s, Xη
s )
)
ds

∣∣∣∣.
Use the inequality (|a|+ |b|+ |c|)2 ≤ 3(a2 + b2 + c2) to find that

|Xξ
t −Xη

t |2 ≤ 3
{
|ξ − η|2 +

∣∣∣∣ ∫ t

a

(
σ(s, Xξ

s )− σ(s, Xη
s )
)
dB(s)

∣∣∣∣2
+
∣∣∣∣ ∫ t

a

(
f(s, Xξ

s )− f(s, Xη
s )
)
ds

∣∣∣∣2}
≤ 3
{
|ξ − η|2 +

∣∣∣∣ ∫ t

a

(
σ(s, Xξ

s )− σ(s, Xη
s )
)
dB(s)

∣∣∣∣2
+(b− a)

∫ t

a

∣∣f(s, Xξ
s )− f(s, Xη

s )
∣∣2 ds

}
.

Then take the expectation and use the Lipschitz condition to get

E
(|Xξ

t −Xη
t |2
) ≤ 3

{
E
(|ξ − η|2)+ E

∫ t

a

∣∣σ(s, Xξ
s )− σ(s, Xη

s )
∣∣2 ds

+(b− a)E
∫ t

a

∣∣f(s, Xξ
s )− f(s, Xη

s )
∣∣2 ds

}
≤ 3E

(|ξ − η|2)+ 3K2(1 + b− a)
∫ t

a

E
(|Xξ

s −Xη
s |2
)
ds.

This inequality and Lemma 10.2.2 yield the assertion of the theorem. ��
Finally, we mention that for a system of stochastic differential equations

in Section 10.4 we have similar results to those in Theorems 10.6.1, 10.6.2,
and 10.6.4. It requires only straightforward modifications to write down the
statements of the corresponding theorems.

10.7 Some Estimates for the Solutions

In this section we will prove some estimates for Itô integrals and the solutions
of stochastic differential equations. The last estimate will be needed in the
next section.

Lemma 10.7.1. Suppose h(t) is an adapted stochastic process satisfying the
condition that

∫ b

a
E
(|h(s)|4) ds < ∞ and let Yt =

∫ t

a
h(s) dB(s). Then

E
(|Yt|4

) ≤ 2(17 + 4
√

17 )(t− a)
∫ t

a

E
(|h(s)|4) ds, a ≤ t ≤ b.
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Proof. Apply Itô’s formula to get

Y 2
t = 2

∫ t

a

Ysh(s) dB(s) +
∫ t

a

h(s)2 ds.

The assumption on h(t) implies that Yth(t) belongs to L2
ad([a, b]×Ω). By the

inequality (a + b)2 ≤ 2a2 + 2b2,

Y 4
t ≤ 8

(∫ t

a

Ysh(s) dB(s)
)2

+ 2
(∫ t

a

h(s)2 ds

)2

.

Then use Theorem 4.3.5 to show that

E
(
Y 4

t

) ≤ 8
∫ t

a

E
(
Y 2

s h(s)2
)
ds + 2E

(∫ t

a

h(s)2 ds

)2

≤ 8
[ ∫ t

a

E
(
Y 4

s

)
ds

] 1
2
[ ∫ t

a

E
(
h(s)4

)
ds

] 1
2

+ 2(t− a)
∫ t

a

E
(
h(s)4

)
ds. (10.7.1)

Integrate both sides and use the Schwarz inequality to get∫ t

a

E
(
Y 4

s

)
ds ≤ 8

[ ∫ t

a

∫ s

a

E
(
Y 4

u

)
du ds

] 1
2
[ ∫ t

a

∫ s

a

E
(
h(u)4

)
du ds

] 1
2

+ 2
∫ t

a

(s− a)
∫ s

a

E
(
h(u)4

)
du ds. (10.7.2)

Change the order of integration to show that∫ t

a

∫ s

a

E
(
Y 4

u

)
du ds =

∫ t

a

(t− u)E
(
Y 4

u

)
du

≤ (t− a)
∫ t

a

E
(
Y 4

u

)
du. (10.7.3)

Similarly, we have∫ t

a

∫ s

a

E
(
h(u)4

)
du ds ≤ (t− a)

∫ t

a

E
(
h(u)4

)
du (10.7.4)∫ t

a

(s− a)
∫ s

a

E
(
h(u)4

)
du ds ≤ 1

2
(t− a)2

∫ t

a

E
(
h(u)4

)
du. (10.7.5)

Now put Equations (10.7.3), (10.7.4), and (10.7.5) into Equation (10.7.2) and
change the variable u to s to obtain the inequality∫ t

a

E
(
Y 4

s

)
ds ≤ 8(t− a)

[ ∫ t

a

E
(
Y 4

s

)
ds

] 1
2
[ ∫ t

a

E
(
h(s)4

)
ds

] 1
2

+ (t− a)2
∫ t

a

E
(
h(s)4

)
ds. (10.7.6)
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Let x =
∫ t

a
E
(
Y 4

s

)
ds and y =

∫ t

a
E
(
h(s)4

)
ds. We may assume that y �= 0.

Otherwise, we have nothing to prove for the lemma. Let w =
√

x/
√

y. Then
Equation (10.7.6) becomes w2 ≤ 8(t − a)w + (t − a)2, which can be easily
solved to yield w ≤ (4 +

√
17 )(t− a). It follows that∫ t

a

E
(
Y 4

s

)
, ds ≤ (4 +

√
17 )2(t− a)2

∫ t

a

E
(
h(s)4

)
ds. (10.7.7)

Then put Equation (10.7.7) into Equation (10.7.1) to get the lemma. ��
Theorem 10.7.2. Let σ(t, x) and f(t, x) satisfy the Lipschitz condition in x
and the following growth condition:

|σ(t, x)|2 ≤ C(1 + x2), |f(t, x)|2 ≤ C(1 + x2). (10.7.8)

Suppose ξ is an Fa-measurable random variable with E(ξ4) < ∞. Then the
solution Xt of the stochastic integral equation

Xt = ξ +
∫ t

a

σ(s, Xs) dB(s) +
∫ t

a

f(s, Xs) ds, a ≤ t ≤ b,

satisfies the inequalities

E
(|Xt|4

) ≤ {27E(ξ4) + C1(b− a)
}

eC1(t−a), (10.7.9)

E
(|Xt − ξ|4) ≤ C2

{
1 + 27E(ξ4) + C1(b− a)

}
(t− a)2 eC1(t−a), (10.7.10)

where the constants C1 and C2 are given by

C1 = 54
{
2(17 + 4

√
17 ) + (b− a)2

}
(b− a)C2,

C2 = 16
{
2(17 + 4

√
17 ) + (b− a)2

}
C2.

Proof. Use the inequality (a + b + c)4 ≤ 27(a4 + b4 + c4), Lemma 10.7.1, and
the Hölder inequality to get

E
(|Xt|4

) ≤ 27E(ξ4) + 27C̃(t− a)
∫ t

a

E
(
σ(s, Xs)4

)
ds

+ 27(t− a)3
∫ t

a

E
(
f(s, Xs)4

)
ds

≤ 27E(ξ4) + 27C̃(b− a)
∫ t

a

E
(
σ(s, Xs)4

)
ds

+ 27(b− a)3
∫ t

a

E
(
f(s, Xs)4

)
ds, (10.7.11)

where C̃ = 2(17 + 4
√

17 ) is the constant from Lemma 10.7.1. Then use the
growth condition in Equation (10.7.8) and the inequality (1+x2)2 ≤ 2(1+x4)
to show that
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E
(|Xt|4

) ≤ 27E(ξ4) + C1

∫ t

a

[
1 + E

(|Xs|4
)]

ds,

where C1 = 54
{
C̃ + (b− a)2

}
(b− a)C2. Therefore, we have

E
(|Xt|4

) ≤ 27E(ξ4) + C1(b− a) + C1

∫ t

a

E
(|Xs|4

)
ds,

which implies Equation (10.7.9) by the Bellman–Gronwall inequality.
Next, use the inequality (a + b)4 ≤ 8(a4 + b4), Lemma 10.7.1, and the

Hölder inequality to show that

E
(|Xt − ξ|4)
≤ 8C̃(t− a)

∫ t

a

E
(
σ(s, Xs)4

)
ds + 8(t− a)3

∫ t

a

E
(
f(s, Xs)4

)
ds

≤ 8(t− a)
(

C̃

∫ t

a

E
(
σ(s, Xs)4

)
ds + (b− a)2

∫ t

a

E
(
f(s, Xs)4

)
ds

)
.

Then by Equation (10.7.8) and the inequality (1 + x2)2 ≤ 2(1 + x4),

E
(|Xt − ξ|4) ≤ 16

{
C̃ + (b− a)2

}
C2(t− a)

∫ t

a

(
1 + E

(|Xs|4
)
ds. (10.7.12)

Moreover, by Equation (10.7.9) and the inequality ex − 1 ≤ xex for x ≥ 0,∫ t

a

E
(|Xs|4

)
ds ≤ {27E(ξ4) + C1(b− a)

}
(t− a) eC1(t−a). (10.7.13)

Finally, put Equation (10.7.13) into Equation (10.7.12) to get the inequality
in Equation (10.7.10) and the theorem is proved. ��

10.8 Diffusion Processes

Let x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) be two vectors in R
n. The

notation y ≤ x means that yi ≤ xi for all 1 ≤ i ≤ n. By adopting this notation,
we can use the same formulation as in Definition 10.5.4 to define the Markov
property of an R

n-valued stochastic process Xt, a ≤ t ≤ b. Moreover, we can
define the transition probability Ps,x(t, ·) of an R

n-valued Markov process in
the same way as in Definition 10.5.11, namely,

Ps,x(t, A) = P
(
Xt ∈ A |Xs = x

)
, A ∈ B(Rn),

where a ≤ s < t ≤ b and x ∈ R
n. The Chapman–Kolmogorov equation is the

following equality:

Ps,x(t, A) =
∫

Rn

Pu,z(t, A) Ps,x(u, dz) (10.8.1)

for all s < u < t, x ∈ R
n, and A ∈ B(Rn), the Borel field of R

n.
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Example 10.8.1. Let Bi(t), i = 1, 2, . . . , n, be independent Brownian motions.
The stochastic process B(t) = (B1(t), B2(t), . . . , Bn(t)) is called an R

n-valued
Brownian motion. It is a Markov process with transition probabilities

Ps,x(t, A) =
(
2π(t− s)

)−n/2
∫

A

e−|y−x|2/2(t−s) dy,

where s < t, x ∈ R
n, and A ∈ B(Rn). The norm of x = (x1, x2, . . . , xn) is

given by |x| = (x2
1 + x2

2 + · · ·+ x2
n)1/2.

Example 10.8.2. Consider the n-dimensional analogue of Equation 7.4.7 with
α = β = 1, namely, let

Ps,x(t, A) =
{
π(1− e−2(t−s))

}−n/2
∫

A

exp
[
− |y − e−(t−s)x|2

1− e−2(t−s)

]
dy,

In view of the fact that a one-dimensional Ornstein–Uhlenbeck process is
a Markov process, we see that the above collection {Ps,x(t, ·)} satisfies the
Chapman–Kolmogorov equation in Equation (10.8.1). The resulting Markov
process Xt is called an R

n-valued Ornstein–Uhlenbeck process.

A special class of R
n-valued Markov processes, called diffusion processes,

is specified in the next definition.

Definition 10.8.3. An R
n-valued Markov process Xt, a ≤ t ≤ b, is called a

diffusion process if its transition probabilities {Ps,x(t, ·)} satisfy the following
three conditions for any t ∈ [a, b], x ∈ R

n, and c > 0:

(1) lim
ε↓0

1
ε

∫
|y−x|≥c

Pt,x(t + ε, dy) = 0.

(2) lim
ε↓0

1
ε

∫
|y−x|<c

(yi − xi)Pt,x(t + ε, dy) = ρi(t, x) exists.

(3) lim
ε↓0

1
ε

∫
|y−x|<c

(yi − xi)(yj − xj)Pt,x(t + ε, dy) = Qij(t, x) exists.

Remark 10.8.4. Condition (1) implies that the stochastic process Xt cannot
have instantaneous jumps. Moreover, observe that for any c2 > c1 > 0,

1
ε

∫
c1≤|y−x|<c2

|yi − xi|Pt,x(t + ε, dy) ≤ c2
1
ε

∫
|y−x|≥c1

Pt,x(t + ε, dy),

which tends to 0 as ε → 0 by condition (1). It follows that the limit in condition
(2) is independent of the constant c. Similarly, the limit in condition (3) is
also independent of the constant c. Hence ρi(t, x) and Qij(t, x) are given by

ρi(t, x) = lim
ε↓0

1
ε

∫
Rn

(yi − xi)Pt,x(t + ε, dy),

Qij(t, x) = lim
ε↓0

1
ε

∫
Rn

(yi − xi)(yj − xj)Pt,x(t + ε, dy).



10.8 Diffusion Processes 213

Definition 10.8.5. The vector ρ(t, x) = (ρ1(t, x), ρ2(t, x), . . . , ρn(t, x)) and
the matrix Q(t, x) = [Qij(t, x)]ij are called the drift and diffusion coefficient,
respectively, of the diffusion process Xt.

A point x ∈ R
n will be denoted by either one of the notations

x = (x1, . . . , xn), x =

⎡⎢⎣ x1
...

xn

⎤⎥⎦ .

The transpose of x is a row vector xT = [x1, x2, . . . , xn]. Then the drift ρ(t, x)
and diffusion coefficient Q(t, x) are given by

ρ(t, x) = lim
ε↓0

1
ε
E
{
Xt+ε − x

∣∣Xt = x
}
, (10.8.2)

Q(t, x) = lim
ε↓0

1
ε
E
{
(Xt+ε − x)(Xt+ε − x)T

∣∣Xt = x
}
. (10.8.3)

Example 10.8.6. An R
n-valued Brownian motion B(t) is a diffusion process.

To check condition (1), note that for any c > 0,

1
ε
P
(|B(t + ε)− x| ≥ c |B(t) = x

)
=

1
ε
P
(|B(t + ε)−B(t)| ≥ c

)
≤ 1

εc4 E
(|B(ε)|4)

=
1
c4 n(n + 2)ε → 0, as ε → 0.

Here we have used the fact that E
(|B(ε)|4) = n(n + 2)ε2, which can be

checked by direct computation. Hence condition (1) is satisfied. Then we use
Equations (10.8.2) and (10.8.3) to find the diffusion coefficient and drift,

Q(t, x) = I, ρ(t, x) = 0,

where I is the identity matrix of size n× n and 0 is the zero vector in R
n.

Example 10.8.7. The Ornstein–Uhlenbeck process Xt in Example 10.8.2 is a
diffusion process with the diffusion coefficient and drift

Q(t, x) = I, ρ(t, x) = −x,

which can be verified using the transition probabilities Ps,x(t, ·) of Xt given
in Example 10.8.2.

Example 10.8.8. Consider the random telegraph process Xt with parameter
λ > 0 defined in Example 10.5.15. Take x = 1 and c = 1 to check whether
condition (1) in Definition 10.8.3 is satisfied:
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1
ε

∫
|y−1|≥1

Pt,1(t + ε, dy) =
1
ε
Pt,1(t + ε, {−1}) =

1
2ε

(1− e−λε),

which converges to 1
2λ �= 0, as ε → 0. Hence condition (1) is not satisfied.

This shows that the random telegraph process is not a diffusion process.

A special class of diffusion processes is given by the solutions of stochastic
differential equations. In order to avoid complicated notation, we first consider
the one-dimensional stochastic integral equation

Xt = ξ +
∫ t

a

σ(s, Xs) dB(t) +
∫ t

a

f(s, Xs) ds, a ≤ t ≤ b, (10.8.4)

where σ(t, x) and f(t, x) satisfy the Lipschitz and linear growth conditions.
By Theorem 10.6.1, the solution Xt of this equation is a Markov process.

Let {Ps,x(t, ·)} be the transition probabilities of the solution Xt. Then for
any t ∈ [a, b], x ∈ R

n, and c > 0, we have∫
|y−x|≥c

Pt,x(t + ε, dy) = P
(|Xt+ε − x| ≥ c |Xt = x

)
= P

(|Xt,x
t+ε − x| ≥ c

)
= P

(|Xt,x
t+ε − x|4 ≥ c4),

where Xs,x
t is the solution of Equation (10.8.4) with initial condition Xs = x.

First apply the above Chebyshev inequality and then use the estimate in
Equation (10.7.10) to show that for any 0 ≤ t ≤ 1,∫

|y−x|≥c

Pt,x(t + ε, dy) ≤ 1
c4 E

(|Xt,x
t+ε − x|4) ≤ 1

c4 L ε2 eC1ε,

where L = C2(1 + 27x4 + C1) with C1 and C2 being given in Theorem 10.7.2
for a = t and b = t + 1. Obviously, this inequality implies that

lim
ε↓0

1
ε

∫
|y−x|≥c

Pt,x(t + ε, dy) = 0.

Thus the Markov process Xt satisfies condition (1) in Definition 10.8.3. If in
addition σ(t, x) and f(t, x) are continuous functions of t and x, then we will
see from the next theorem that Xt is a diffusion process.

Let B(t) be an R
m-valued Brownian motion. Consider the R

n-valued SDE
in Equation (10.4.2), namely, the SIE

Xt = ξ +
∫ t

a

σ(s, Xs) dB(s) +
∫ t

a

f(s, Xs) ds, a ≤ t ≤ b, (10.8.5)

where the matrix-valued function σ(t, x) and vector-valued function f(t, x)
satisfy the Lipschitz and linear growth conditions in Theorem 10.4.1. As we
remarked at the end of Section 10.6, the solution Xt of Equation (10.8.5) is a
Markov process.
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Theorem 10.8.9. Let σ(t, x) and f(t, x) be functions specified in Theorem
10.4.1. Assume that σ(t, x) and f(t, x) are continuous on [a, b]×R

n. Then the
solution Xt of Equation (10.8.5) is a diffusion process with diffusion coefficient
Q(t, x) and drift ρ(t, x) given by

Q(t, x) = σ(t, x) σ(t, x)T , ρ(t, x) = f(t, x), (10.8.6)

where AT denotes the transpose of a matrix A.

Proof. When n = m = 1, we have already proved in the above discussion that
Xt satisfies condition (1) in Definition 10.8.3. For the multidimensional case,
we have the equality

E

(∣∣∣ ∫ t

a

σ(s, Xs) dB(t)
∣∣∣2) =

∫ t

a

E‖σ(s, Xs)‖2 ds, (10.8.7)

where ‖σ‖ is the Hilbert–Schmidt norm of σ defined by Equation (10.4.3).
Thus in view of Theorem 10.4.1, we can apply the same arguments as those
for the case n = m = 1 to show that multidimensional Xt also satisfies
condition (1) in Definition 10.8.3.

To find the drift of Xt, note that for any ε > 0,

Xt+ε = x +
∫ t+ε

t

σ(s, Xs) dB(s) +
∫ t+ε

t

f(s, Xs) ds.

It follows from the estimates in Theorem 10.7.2 that the stochastic processes
σ(t, Xt) and f(t, Xt), a ≤ t ≤ b, belong to the space L2

ad([a, b]×Ω). Hence we
can take the expectation to get

E
{
Xt+ε − x |Xt = x

}
= E

(
Xt+ε − x

)
=
∫ t+ε

t

E
(
f(s, Xs)

)
ds.

Thus by Equation (10.8.2), the drift is given by

ρ(t, x) = lim
ε↓0

1
ε
E
{
Xt+ε − x

∣∣Xt = x
}

= lim
ε↓0

1
ε

∫ t+ε

t

E
(
f(s, Xs)

)
ds.

Since f(t, x) is continuous by assumption, the expectation E
(
f(t, Xt)

)
is a

continuous function of t. Hence by the fundamental theorem of calculus, we
see that ρ(t, x) = f(t, x).

Next, we will use Equation (10.8.3) to find the diffusion coefficient of Xt.
Apply the Itô product formula to derive

(Xt+ε − x)(Xt+ε − x)T

=
∫ t+ε

t

σ(s, Xs) dB(s) (Xs − x)T +
∫ t+ε

t

f(s, Xs)(Xs − x)T ds

+
∫ t+ε

t

(Xs − x) dB(s)T σ(s, Xs)T +
∫ t+ε

t

(Xs − x)f(s, Xs)T ds

+
∫ t+ε

t

σ(s, Xs) dB(s) dB(s)T σ(s, Xs)T .
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Note that the first and third integrals have expectation 0. Moreover, by the
Itô Table (2) in Section 7.5, we have dB(t) dB(t)T = I dt (I is the n × n
identity matrix). Thus upon taking the expectation, we get

E
(
(Xt+ε − x)(Xt+ε − x)T

)
=
∫ t+ε

t

f(s, Xs)(Xs − x)T ds +
∫ t+ε

t

(Xs − x)f(s, Xs)T ds

+
∫ t+ε

t

σ(s, Xs)σ(s, Xs)T ds.

Under the condition Xt = x, by the fundamental theorem of calculus,

lim
ε↓0

1
ε

∫ t+ε

t

f(s, Xs)(Xs − x)T ds = lim
ε↓0

1
ε

∫ t+ε

t

(Xs − x)f(s, Xs)T ds = 0.

Therefore, by Equation (10.8.3) the diffusion coefficient of Xt is given by

Q(t, x) = lim
ε↓0

1
ε
E
{
(Xt+ε − x)(Xt+ε − x)T

∣∣Xt = x
}

= lim
ε↓0

1
ε

∫ t+ε

t

σ(s, Xs)σ(s, Xs)T ds

= σ(t, x)σ(t, x)T .

Thus we have completed the proof of this theorem. ��
By this theorem, the solutions of the first five examples in Section 10.1

are diffusion processes. Their diffusion coefficients and drifts can be obtained
using Equation (10.8.6). The solution of Example 10.1.7 is also a diffusion
process if h(t) is a continuous function. We give one more example.

Example 10.8.10. The functions σ(x) = sin x and f(x) = cos x satisfy the
conditions of Theorem 10.8.9. Hence the solution Xt of the SDE

dXt = sin Xt dB(t) + cos Xt dt, X0 = 1,

is a diffusion process with the diffusion coefficient and drift given by

Q(x) = sin2 x, ρ(x) = cos x.

Note that by Theorem 10.6.2 the diffusion process Xt is stationary.

10.9 Semigroups and the Kolmogorov Equations

In this section we briefly describe semigroups and the Kolmogorov equations
for diffusion processes without going into the technical details.

Suppose Xt is a diffusion process. Its drift ρ(t, x) and diffusion coefficient
Q(t, x) are given by Equations (10.8.2) and (10.8.3), respectively. Then we
can ask the following question.
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Question 10.9.1. Given a matrix-valued function Q(t, x) and a vector-valued
function ρ(t, x), does there exist a diffusion process Xt that has diffusion
coefficient Q(t, x) and drift ρ(t, x)? If so, how does one find the diffusion
process?

Obviously, we must impose some conditions on the function Q(t, x). For
example, the matrix Q(t, x) must be symmetric in view of Equation (10.8.3).
In fact, Q(t, x) is a positive matrix, namely,

vT Q(t, x) v ≥ 0, ∀ v ∈ R
n,

where vT is the transpose of v. This fact can be seen as follows:

vT Q(t, x) v = lim
ε↓0

1
ε
E
{
vT (Xt+ε − x)(Xt+ε − x)T v

∣∣Xt = x
}

= lim
ε↓0

1
ε
E
{∣∣(Xt+ε − x)T v

∣∣2 ∣∣Xt = x
}

≥ 0,

where | · | is the Euclidean norm on R
n.

There are three approaches to answer this question. We first outline these
approaches for comparison.

1. Semigroup approach (Hille–Yosida theory)

Xt, t ≥ 0 ←→ { Pt(x, ·) } ←→ { Tt } ←→ A
2. Partial differential equation approach (Kolmogorov equations)

Xt, a ≤ t ≤ b ←→ { Ps,x(t, ·) } ←→ A
3. Stochastic differential equation approach (Itô theory)

Xt, a ≤ t ≤ b ←→ A
Here the operator A is to be defined below in terms of Q and ρ. But first

we want to point out that the Itô theory gives the shortest and most direct
way to construct diffusion processes from the operator A. In fact, this was the
original motivation for K. Itô to introduce his theory of stochastic integration.

(1) Semigroup Approach

For simplicity, consider only stationary diffusion processes. Let Xt, t ≥ 0,
be such a diffusion process taking values in R

n. Then its diffusion coefficient
Q(t, x) and drift ρ(t, x) depend only on x and are given by

Q(x) = lim
t↓0

1
t
E
{
(Xt − x)(Xt − x)T

∣∣X0 = x
}
, (10.9.1)

ρ(x) = lim
t↓0

1
t
E
{
Xt − x

∣∣X0 = x
}
. (10.9.2)
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Note that for each x ∈ R
n, Q(x) is an n × n matrix and ρ(x) is a vector in

R
n denoted by either ρ(x) = (ρ1(x), ρ2(x), . . . , ρn(x)) or a column vector.

In order to continue further, we need to introduce the concept of semigroup
and its infinitesimal generator.

Definition 10.9.2. A family {Tt; t ≥ 0} of linear operators on a Banach
space B with norm ‖ · ‖ is called a (C0)-contraction semigroup if it satisfies
the following conditions:

1. limt↓0 Tt h = h for all h ∈ B (strong continuity);

2. ‖Tt h‖ ≤ ‖h‖ for all t ≥ 0 and h ∈ B (contraction);

3. T0 = I and Ts+t = TsTt for all s, t ≥ 0 (semigroup).

Definition 10.9.3. Suppose {Tt; t ≥ 0} is a (C0)-contraction semigroup on a
Banach space B. Its infinitesimal generator is defined to be the operator

Ah = lim
t↓0

1
t
(Tt h− h)

with the domain consisting of all vectors h such that the limit exists in B.

The infinitesimal generator A is a densely defined operator, namely, its
domain is dense in B. For the proof, see page 237 of the book by Yosida [89].
In general, an infinitesimal generator A is not defined on the whole space B

and is an unbounded operator.

Example 10.9.4. Consider the Banach space Cb[0,∞) of bounded uniformly
continuous functions on [0,∞) with the sup-norm ‖f‖∞ = supx∈[0,∞) |f(x)|.
For f ∈ Cb[0,∞), define

(Ttf)(x) = f(x + t) (translation by t).

Then {Tt; t ≥ 0} is a (C0)-contraction semigroup on Cb[0,∞). Its infinitesimal
generator A is given by Af = f ′(x), namely, A = d/dx, the differentiation
operator. The domain of A consists of all functions f in Cb[0,∞) such that
f ′ ∈ Cb[0,∞). Note that A is an unbounded operator.

Now, we go back to the discussion of stationary diffusion processes. Such
a process Xt has diffusion coefficient Q(x) and drift ρ(x) given by Equations
(10.9.1) and (10.9.2), respectively. Assume that the transition probabilities
{Pt(x, ·)} satisfy the following conditions:

(A1) For any t > 0 and c > 0, lim|x|→∞ Pt(x, {y; |y| < c}) = 0;
(A2) For any c > 0, limt↓0 Pt(x, {y; |y − x| ≥ c}) = 0 uniformly on x ∈ R

n;
(A3) For any bounded continuous function f and t > 0, the function

(Ttf)(x) =
∫

Rn

f(y) Pt(x, dy), x ∈ R
n, (10.9.3)

is also continuous.
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Let C0(Rn) denote the space of continuous functions f on R
n vanishing

at infinity, i.e., lim|x|→∞ f(x) = 0. The space C0(Rn) is a Banach space with
the sup-norm ‖f‖∞ = supx∈Rn |f(x)|.

For each t > 0 and f ∈ C0(Rn), define a function Ttf on R
n by Equation

(10.9.3). By assumption (A3), the function Ttf is continuous. We show that
Ttf vanishes at infinity. Given any ε > 0, since f vanishes at infinity, there
exists c > 0 such that |f(y)| < ε/2 for all |y| ≥ c. Therefore,

|(Ttf)(x)| ≤
∫

|y|≥c

|f(y)|Pt(x, dy) +
∫

|y|<c

|f(y)|Pt(x, dy)

≤ ε/2 + ‖f‖∞Pt(x, {y; |y| < c}).
We may assume that ‖f‖∞ > 0. By assumption (A1), there exists K > 0 such
that Pt(x, {y; |y| < c}) < ε/(2‖f‖∞) for all |x| > K. Then

|(Ttf)(x)| ≤ ε/2 + ε/2 = ε, ∀ |x| > K.

This shows that Ttf vanishes at infinity. Thus Ttf ∈ C0(Rn). Hence Tt is a
linear operator from C0(Rn) into itself.

Let T0 = I. We show that the family {Tt; t ≥ 0} is a (C0)-contraction
semigroup on C0(Rn). It is easily verified that the equality Ts+t = TsTt for
all s, t ≥ 0 is equivalent to the Chapman–Kolmogorov equation in Equation
(10.5.10). Hence condition 3 in Definition 10.9.2 holds. Condition 2 can be
easily checked as follows:

‖Ttf‖∞ = sup
x∈Rn

|(Ttf)(x)| ≤ sup
x∈Rn

∫
Rn

|f(y)|Pt(x, dy) ≤ ‖f‖∞.

To check condition 1, we need to point out that every function f in C0(Rn)
is uniformly continuous. Hence for any ε > 0, there exists δ > 0 such that

|x− y| < δ =⇒ |f(x)− f(y)| < ε/2.

Therefore, we have

|Ttf(x)− f(x)|

=
∣∣∣ ∫

Rn

(
f(y)− f(x)

)
Pt(x, dy)

∣∣∣
≤
∫

|y−x|<δ

|f(y)− f(x)|Pt(x, dy) +
∫

|y−x|≥δ

|f(y)− f(x)|Pt(x, dy)

≤ ε/2 + 2‖f‖∞Pt(x, {y; |y − x| ≥ δ}). (10.9.4)

Again we may assume that ‖f‖∞ > 0. Then by assumption (A2), there exists
t0 > 0 such that for any 0 < t < t0,

Pt(x, {y; |y − x| ≥ δ}) ≤ ε/(4‖f‖∞), ∀x ∈ R
n. (10.9.5)
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Equations (10.9.4) and (10.9.5) imply that ‖Ttf − f‖∞ < ε for all 0 < t < t0.
Hence condition 1 in Definition 10.9.2 holds. This finishes the proof that
{Tt; t ≥ 0}, defined by Equation (10.9.3), is a (C0)-contraction semigroup
on the Banach space C0(Rn).

Next, we give an informal derivation for the infinitesimal generator of
{Tt; t ≥ 0}. Let φ be a twice continuously differentiable function on R

n. Then
it has the Taylor expansion

φ(y) = φ(x) + (y − x) · ∇φ(x) +
1
2
tr (y − x)(y − x)T D2φ(x) + · · · ,

where the first “ · ” denotes the dot product on R
n, ∇φ is the gradient of φ,

trA denotes the trace of a matrix A, and D2φ is the second derivative of φ.
Put y = Xt and then take the expectation to get

(Ttφ)(x)− φ(x)

= E[φ(Xt) |X0 = x]− φ(x)

= E(Xt − x) · ∇φ(x) +
1
2
trE
(
(Xt − x)(Xt − x)T

)
D2φ(x) + · · · .

Hence by Equations (10.9.1) and (10.9.2), we have

lim
t↓0

1
t

{
(Ttφ)(x)− φ(x)

}
= ρ(x) · ∇φ(x) +

1
2
trQ(x)D2φ(x),

which is the infinitesimal generator of {Tt; t ≥ 0}. From the above discussion,
we have shown the next theorem.

Theorem 10.9.5. Assume that a diffusion process Xt satisfies the conditions
in (A1), (A2), and (A3). Then the family {Tt; t ≥ 0} of linear operators defined
by Equation (10.9.3) is a (C0)-contraction semigroup on the Banach space
C0(Rn) with infinitesimal generator A given by

(Aφ)(x) =
1
2
trQ(x)D2φ(x) + ρ(x) · ∇φ(x), (10.9.6)

or equivalently, in terms of partial derivatives of φ,

(Aφ)(x) =
1
2

n∑
i,j=1

Qij(x)
∂2φ

∂xi∂xj
+

n∑
i=1

ρi(x)
∂φ

∂xi
,

where Qij(x) are the entries of Q(x) and ρi(x) are the components of ρ(x).

In general, if a stationary diffusion process Xt satisfies certain conditions,
then the associated family {Tt; t ≥ 0} of linear operators is a semigroup on
some space of functions defined on R

n. Moreover, its infinitesimal generator
A is determined by the diffusion coefficient Q(x) and drift ρ(x) of Xt as in
Equation (10.9.6).
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Example 10.9.6. The infinitesimal generator of a Brownian motion B(t) on
R

n is given by

Aφ(x) =
1
2
∆φ(x),

where ∆φ is the Laplacian of φ. On the other hand, the infinitesimal generator
of an Ornstein–Uhlenbeck process on R

n (see Example 10.8.2) is given by

Aφ(x) =
1
2
∆φ(x)− x · ∇φ(x).

Now consider the reverse direction, namely, given an operator A in the
form of Equation (10.9.6), how can we construct {Tt}, {Pt(x, ·)}, and Xt so
that A is the infinitesimal generator of Xt? Recall that this is the question
raised in the beginning of this section.

Observe that we can use the semigroup property to show that

d

dt
Tt = lim

ε→0

Tt+ε − Tt

ε
= Tt lim

ε↓0

Tε − I

ε
= TtA = ATt, t > 0.

Thus it looks like Tt = etA. This is indeed the case when A is a bounded
operator and etA is the bounded operator defined by the power series

etA =
∞∑

n=0

tn

n!
An.

However, when A is an unbounded operator, we cannot use the above series
to define etA. Hence the operator Tt can be thought of as a substitute for etA.
The existence of {Tt} is given by the next theorem.

Theorem 10.9.7. (Hille–Yosida theorem) Let A be a densely defined linear
operator from a Banach space into itself. Then A is the infinitesimal generator
of a (C0)-contraction semigroup if and only if (I − n−1A)−1 exists such that
the operator norm ‖(I − n−1A)−1‖ ≤ 1 for any natural number n.

Suppose we are given a differential operator A of the form

(Aφ)(x) =
1
2
trQ(x)D2φ(x) + ρ(x) · ∇φ(x),

where the matrix Q(x) is symmetric and vT Q(x)v > 0 for any nonzero v ∈ R
n.

We can take a Banach space B to be either Cb(Rn) of bounded uniformly
continuous functions on R

n or C0(Rn) of continuous functions vanishing at
infinity. We need to make sure thatA is densely defined on B. Then we proceed
to find {Tt}, {Pt(x, ·)}, and Xt as follows:

1. Check whether the operator A satisfies the condition in the Hille–Yosida
theorem. If so, then there is a (C0)-contraction semigroup {Tt ; t ≥ 0}
whose infinitesimal generator is A.
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2. Check whether the semigroup {Tt; t ≥ 0} has the properties (i) Tt1 = 1
and (ii) Ttf ≥ 0 for any f ≥ 0 in B. If so, then we can apply the Riesz
representation theorem to obtain a family {Pt(x, ·); t ≥ 0, x ∈ R

n} of
probability measures on R

n such that (Ttf)(x) =
∫

Rn f(y) Pt(x, dy) for
any t ≥ 0, x ∈ R

n, and f ∈ B.

3. The family {Pt(x, ·); t ≥ 0, x ∈ R
n} satisfies the Chapman–Kolmogorov

equation because of the semigroup property of {Tt; t ≥ 0}. Then we can
apply the n-dimensional analogue of Theorem 10.5.14 to obtain a Markov
process Xt. Check that Xt is a diffusion process.

This concludes the first approach via the Hille–Yosida theory of semigroups for
constructing diffusion processes from the infinitesimal generators. For further
information, see volume 1 of Dynkin’s books [12] and the book by Itô [39].

(2) Partial Differential Equation Approach

Suppose Xt, a ≤ t ≤ b, is a diffusion process. We will informally derive
partial differential equations that are satisfied by transition probabilities of
Xt. To avoid complicated notation, we consider the one-dimensional case. Let
{Ps,x(t, ·); a ≤ s < t ≤ b, x ∈ R} be the transition probabilities of a diffusion
process Xt, a ≤ t ≤ b, with diffusion coefficient Q(t, x) and drift ρ(t, x).

Let Fs,x(t, y) denote the distribution function of Xt given Xs = x, i.e.,

Fs,x(t, y) = Ps,x(t, (−∞, y]).

Then the Chapman–Kolmogorov equation takes the form

Fs,x(t, y) =
∫

R

Fu,z(t, y) dFs,x(u, z). (10.9.7)

Let t0 ∈ (a, b] and y0 ∈ R be fixed and consider Fs,x(t0, y0) as a function of
s ∈ [a, t0) and x ∈ R. By Equation (10.9.7) with t = t0, y = y0, and u = s + ε
for small ε > 0, we have

Fs,x(t0, y0) =
∫

R

Fs+ε,z(t0, y0) dFs,x(s + ε, z).

The integrand has the following Taylor expansion:

Fs+ε,z(t0, y0) ≈ Fs+ε,x(t0, y0) +
( ∂

∂x
Fs+ε,x(t0, y0)

)
(z − x)

+
1
2

( ∂2

∂x2 Fs+ε,x(t0, y0)
)
(z − x)2.

Hence we have the approximation

Fs,x(t0, y0) ≈ Fs+ε,x(t0, y0) +
( ∂

∂x
Fs+ε,x(t0, y0)

)
ε ρ(s, x)

+
1
2

( ∂2

∂x2 Fs+ε,x(t0, y0)
)

εQ(s, x).
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Bring the first term in the right-hand side to the left-hand side, then divide
both sides by ε and let ε → 0 to get

− ∂

∂s
Fs,x(t0, y0) = ρ(s, x)

∂

∂x
Fs,x(t0, y0) +

1
2
Q(s, x)

∂2

∂x2 Fs,x(t0, y0). (10.9.8)

The terminal condition for this equation is

lim
s↑t0

Fs,x(t0, y0) =

{
1, if x < y0;

0, if x > y0.
(10.9.9)

Equation (10.9.8) is called the Kolmogorov backward equation. The term
refers to the fact that the time variable s moves backward from t0.

Theorem 10.9.8. Suppose Q(t, x) and ρ(t, x) are continuous functions of t
and x and satisfy the Lipschitz and linear growth conditions in x. In addition,
assume that there exists a constant c > 0 such that

Q(t, x) ≥ c, ∀ a ≤ t ≤ b, x ∈ R. (10.9.10)

Then the Kolmogorov backward equation in Equation (10.9.8) has a unique
solution satisfying the condition in Equation (10.9.9). Moreover, there exists
a continuous Markov process Xt, a ≤ t ≤ b, with transition probabilities given
by Ps,x(t0, dy0) = dFs,x(t0, y0).

Remark 10.9.9. In the multidimensional case, the inequality for Q(t, x) in
Equation (10.9.10) takes the form

vT Q(t, x)v ≥ c|v|2, ∀ v ∈ R
n.

This theorem and Theorem 10.9.10 below can be easily formulated for the
multidimensional case.

When the diffusion process Xt is stationary, Fs,x(s+ t, y) does not depend
on s. Hence we have a well-defined function

Ft(x, y) = Fs,x(s + t, y), t > 0.

Since Fs,x(s + t, y) does not depend on s, d
dsFs,x(s + t, y) = 0. This implies

the second equality below:

∂

∂t
Ft(x, y0) =

∂

∂(s + t)
Fs,x(s + t, y0) =

(
− ∂

∂s
Fs,x(u, y0)

)∣∣∣
u=s+t

.

Then use Equation (10.9.8) to get

∂

∂t
Ft(x, y0) = ρ(x)

∂

∂x
Ft(x, y0) +

1
2
Q(x)

∂2

∂x2 Ft(x, y0), (10.9.11)
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which is the Kolmogorov backward equation for stationary diffusion processes.
The initial condition is given by

lim
t↓0

Ft(x, y0) =

{
1, if x < y0;

0, if x > y0.

For a reasonably regular function f(x) on R, define

u(t, x) =
∫

R

f(y) Pt(x, dy) =
∫

R

f(y) dFt(x, y).

It follows from Equation (10.9.11) that u satisfies the following equation:

∂u

∂t
= Au, u(0, x) = f(x),

where A = ρ(x) d
dx + 1

2Q(x) d2

dx2 is the infinitesimal generator of Xt.
Next, we derive another partial differential equation for Markov processes.

This time we assume that the transition probabilities of a Markov process Xt

have density functions

Ps,x(t, dy) = ps,x(t, y) dy.

Then the Chapman–Kolmogorov equation takes the form

ps,x(t, y) =
∫

R

pu,z(t, y)ps,x(u, z) dz. (10.9.12)

Let s0 ∈ [a, b) and x0 ∈ R be fixed and consider ps0,x0(t, y) as a function
of t ∈ (s0, b] and x ∈ R. For a reasonably good function ξ, define

θ(t) =
∫

R

ξ(y)ps0,x0(t, y) dy. (10.9.13)

Let ε > 0 be a small number. By Equation (10.9.12),

ps0,x0(t + ε, y) =
∫

R

pt,z(t + ε, y)ps0,x0(t, z) dz.

Use this equation for θ(t+ε), change the order of integration, and then expand
ξ to derive the estimate

θ(t + ε) =
∫

R

ξ(y)
[ ∫

R

pt,z(t + ε, y)ps0,x0(t, z) dz

]
dy

=
∫

R

[ ∫
R

ξ(y)pt,z(t + ε, y) dy

]
ps0,x0(t, z) dz

≈
∫

R

[ ∫
R

{
ξ(z) + ξ′(z)(y − z) +

1
2
ξ′′(z)(y − z)2

}
× pt,z(t + ε, y) dy

]
ps0,x0(t, z) dz.
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Note that the integral with respect to the variable y produces the drift and
diffusion coefficient. Hence we have

θ(t + ε) ≈
∫

R

(
ξ(z) + ξ′(z) ε ρ(t, z) +

1
2
ξ′′(z) εQ(t, z)

)
ps0,x0(t, z) dz

= θ(t) + ε

∫
R

(
ξ′(z)ρ(t, z) +

1
2
ξ′′(z)Q(t, z)

)
ps0,x0(t, z) dz.

Therefore,

θ′(t) =
∫

R

(
ξ′(y)ρ(t, y) +

1
2
ξ′′(y)Q(t, y)

)
ps0,x0(t, y) dy.

Then use the integration by parts formula to get

θ′(t) =
∫

R

ξ(y)
{
− ∂

∂y

(
ρ(t, y)ps0,x0(t, y)

)
+

1
2

∂2

∂y2

(
Q(t, y)ps0,x0(t, y)

)}
dy.

On the other hand, we can find θ′(t) from Equation (10.9.13) by bringing the
differentiation inside the integral,

θ′(t) =
∫

R

ξ(y)
( ∂

∂t
ps0,x0(t, y)

)
dy.

Hence the last two integrals are equal for all reasonably good functions ξ. This
can happen only when the other factors in the integrands are equal, i.e.,

∂

∂t
ps0,x0(t, y) = − ∂

∂y

(
ρ(t, y)ps0,x0(t, y)

)
+

1
2

∂2

∂y2

(
Q(t, y)ps0,x0(t, y)

)
.

(10.9.14)
The initial condition for this equation is

lim
t↓s0

ps0,x0(t, y) = δx0(y), (10.9.15)

where δx0 is the Dirac delta function at x0.
Equation (10.9.14) is called the Kolmogorov forward equation. The term

refers to the fact that the time variable t moves forward from s0. The equation
is also called the Fokker–Planck equation.

Theorem 10.9.10. Let Q(t, x) and ρ(t, x) satisfy the conditions in Theorem
10.9.8. In addition, assume that the partial derivatives ∂ρ/∂x, ∂Q/∂x, and
∂2Q/∂x2 satisfy the Lipschitz and linear growth conditions in x. Then the
Kolmogorov forward equation in Equation (10.9.14) has a unique solution sat-
isfying the condition in Equation (10.9.15).

The solution ps0,x0(t, y) is often referred to as the fundamental solution
of the Kolmogorov forward equation. Observe that the backward equation
is for the transition distribution functions, while the forward equation is for
the transition density functions. Thus naturally the assumption in Theorem
10.9.10 is stronger than that of Theorem 10.9.8.
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(3) Stochastic Differential Equation Approach

Suppose the given diffusion coefficient Q(t, x) and the drift ρ(t, x) satisfy
the conditions in Theorem 10.9.8. Define

σ(t, x) =
√

Q(t, x).

The function σ(t, x) satisfies the Lipschitz condition because

|σ(t, x)− σ(t, y)| = |Q(t, x)−Q(t, y)|√
Q(t, x) +

√
Q(t, y)

≤ 1
2
√

c
|Q(t, x)−Q(t, y)|.

Moreover, it is obvious that σ(t, x) satisfies the linear growth conditions.

Theorem 10.9.11. Assume that Q(t, x) and ρ(t, x) satisfy the conditions in
Theorem 10.9.8. Let σ(t, x) =

√
Q(t, x). Then the unique continuous solution

Xt of the stochastic integral equation

Xt = ξ +
∫ t

a

σ(s, Xs) dB(s) +
∫ t

a

ρ(s, Xx) ds (10.9.16)

is a diffusion process with diffusion coefficient Q(t, x) and drift ρ(t, x). The
transition distribution function Fs,x(t, y) of Xt, with fixed t and y, is the
unique solution of the Kolmogorov backward equation. Furthermore, if the
additional condition in Theorem 10.9.10 is also assumed, then the transition
probabilities of Xt have density functions ps,x(t, y) and, with fixed s and x,
ps,x(t, y) is the unique solution of the Kolmogorov forward equation.

Remark 10.9.12. In the multidimensional case, σ(t, x) is taken to be a matrix
such that

σ(t, x)σ(t, x)T = Q(t, x).

Note that if σ(t, x) is such a matrix, then σ(t, x)U is also such a matrix for
any matrix U such that UUT = I. Thus the choice of σ(t, x) to be used in
the multidimensional case of Equation (10.9.16) is not unique. However, since
UB(t) is also a Brownian motion, the transition probabilities of Xt do not
depend on the choice of σ(t, x).

We give below a simple example to compare the above three different
approaches for constructing diffusion processes.

Example 10.9.13. Consider the problem of constructing a diffusion process Xt

having the infinitesimal generator

(Aφ)(x) = φ′′(x)− xφ′(x).

The corresponding diffusion coefficient Q(x) and drift ρ(x) are given by

Q(x) = 2, ρ(x) = −x.
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If we want to use the semigroup approach, then by Theorem 10.9.7 we need
to check that the inverse (I − n−1A)−1 exists such that ‖(I − n−1A)−1‖ ≤ 1
for any natural number n. The verification of this fact is not so easy.

If we want to use the partial differential equation approach, then we can use
either Theorem 10.9.8 or 10.9.10. Suppose we decide to use Theorem 10.9.10.
Then we need to solve the Kolmogorov forward equation

∂

∂t
pt(x0, y) =

∂

∂y

[
ypt(x0, y)

]
+

∂2

∂y2

[
pt(x0, y)

]
(10.9.17)

with the initial condition

lim
t↓0

pt(x0, y) = δx0(y). (10.9.18)

It is reasonable to expect that the limit p(y) = limt→∞ pt(x0, y) exists
and is independent of the initial position x0. The function p(y) is the density
function of the so-called invariant measure of the diffusion process Xt. Since
∂
∂tp(y) = 0, Equation (10.9.17) for p(y) becomes

p(y) + yp′(y) + p′′(y) = 0,

which can be easily solved to be

p(y) =
1√
2π

e−y2/2, −∞ < y < ∞.

Now we can use p(y) to solve Equation (10.9.17). Again it is reasonable to
expect that pt(x0, y) is of the form

pt(x0, y) =
1√

2πθ(t)
e−(y−λ(t)x0)2/2θ(t), (10.9.19)

where the functions θ(t) and λ(t) are to be determined. It is straightforward
to check that

∂

∂t
pt(x0, y) = pt(x0, y)

{
− θ′(t)

2θ(t)
+

θ′(t)(y − λ(t)x0)2

2θ(t)2

+
λ′(t)x0(y − λ(t)x0)

θ(t)

}
. (10.9.20)

On the other hand, we can easily find that

∂

∂y

[
ypt(x0, y)

]
+

∂2

∂y2

[
pt(x0, y)

]
= pt(x0, y)

{
1− y(y − λ(t)x0)

θ(t)
+

(y − λ(t)x0)2

θ(t)2
− 1

θ(t)

}
. (10.9.21)
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Put Equations (10.9.20) and (10.9.21) into Equation (10.9.17) to get

− θ′(t)
2θ(t)

+
θ′(t)(y − λ(t)x0)2

2θ(t)2
+

λ′(t)x0(y − λ(t)x0)
θ(t)

= 1− y(y − λ(t)x0)
θ(t)

+
(y − λ(t)x0)2

θ(t)2
− 1

θ(t)
.

By comparing the coefficients of y2 and y and the constant terms in both sides
of the equation, we see that this equation holds if and only if θ(t) and λ(t)
satisfy the equations

θ′(t) = −2θ(t) + 2, −θ′(t)λ(t) + 2θ(t)λ′(t) = −2λ(t).

The initial condition in Equation (10.9.18) yields the initial conditions

θ(0) = 0, λ(0) = 1.

Then it is easy to derive the solutions

θ(t) = 1− e−2t, λ(t) = e−t.

Put θ(t) and λ(t) into Equation (10.9.19) to get the solution

pt(x0, y) =
1√

2π(1− e−2t)
exp
[
− (y − e−tx0)2

2(1− e−2t)

]
(10.9.22)

for the Kolmogorov forward equation in Equation (10.9.17). Note that pt(x0, y)
coincides with the density function given by Equation (7.4.7) with s = 0 and
x = x0. Thus the resulting stochastic process Xt is an Ornstein–Uhlenbeck
process given in Example 7.4.5.

Finally, we use the stochastic differential equation approach to construct a
diffusion process Xt having diffusion coefficient Q(x) = 2 and drift ρ(x) = −x.
By Theorem 10.9.11, σ(x) =

√
2 and we need to solve the following stochastic

integral equation:

Xt = x0 +
∫ t

0

√
2 dB(s)−

∫ t

0
Xs ds.

This equation can be written as a stochastic differential equation,

dXt =
√

2 dB(t)−Xt dt, X0 = x0,

which we solved in Example 7.4.5 using Itô’s formula. From Equation (7.4.6),
we have the solution

Xt = e−tx0 +
√

2
∫ t

0
e−(t−u) dB(u).
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Thus for each t > 0, Xt is Gaussian with mean e−tx0 and variance

2
∫ t

0
e−2(t−u) du = 1− e−2t.

Hence the density function of Xt is the same as the one in Equation (10.9.22).
From this example, it is clear that the Itô theory provides a very powerful

tool to construct diffusion processes.

Exercises

1. Let Xn+1(t) be defined as in the proof of Theorem 10.3.5. Prove that

E
(|X(n+1)

t |2) ≤ C1e
C2(t−a) +

Cn
2 (t− a)n

n!
E(ξ2),

where C1 = 3E(ξ2) + 3C(1 + b− a)(b− a) and C2 = 3C(1 + b− a).
2. Show that the pinned Brownian motion

Xt = (t− 1)
∫ t

0

1
s− 1

dB(s), 0 ≤ t < 1,

is the solution of the stochastic differential equation

dXt = dB(t) +
1

t− 1
Xt dt, X0 = 0.

3. Prove that Equation (10.5.1) is equivalent to the equality

E(X eiλ1Y1+···+iλnYn) = E(θ(Y1, . . . , Yn) eiλ1Y1+···+iλnYn)

for all λ1, . . . , λn ∈ R. Hence this equality also characterizes the function
θ(y1, . . . , yn).

4. Suppose X and G are independent and Y1, Y2, . . . , Yn are G-measurable.
Let ψ(X, Y1, Y2, . . . , Yn) have expectation. Prove that

E
{
ψ(X, Y1, Y2, . . . , Yn) | G}
= E

(
ψ(X, y1, y2, . . . , yn)

)∣∣
y1=Y1,y2=Y2,...,yn=Yn

.

In particular, let X be independent of the random variables Y1, Y2, . . . , Yn.
Suppose ψ(X, Y1, Y2, . . . , Yn) has expectation. Then

E
{
ψ(X, Y1, Y2, . . . , Yn) |Y1, Y2, . . . , Yn

}
= E

(
ψ(X, y1, y2, . . . , yn)

)∣∣
y1=Y1,y2=Y2,...,yn=Yn

.
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5. Let B(t) be a Brownian motion. Check whether the stochastic process
Xt = B(t)2 is a Markov process.

6. Let N(t) be a Poisson process and Ñ(t) the compensated Poisson process.
Check whether N(t) and Ñ(t) are Markov processes.

7. Let B(t) be a Brownian motion. Derive the following conditional density
function of B(1) given B(2):

fB(1) | B(2)(x | y) =
1√
π

e−x2+xy− 1
4 y2

;

and show that E{B(1) |B(2)} = 1
2B(2).

8. Let Z be a random variable independent of Y1, Y2, . . . , Yn. Show that

P (Yn + Z ≤ x |Y1, Y2, . . . , Yn) = P (Yn + Z ≤ x |Yn).

9. Let f ∈ L2[a, b] and Xt =
∫ t

a
f(s) dB(s), a ≤ t ≤ b. For s < t, define

Ps,x(t, A) = P (Xt ∈ A |Xs = x).

Show that the collection {Ps,x(t, ·); a ≤ s < t ≤ b, x ∈ R} satisfies the
Chapman–Kolmogorov equation. Hence Xt is a Markov process.

10. Suppose Xt is a Markov process. Show that the Chapman–Kolmogorov
equation can be stated in terms of conditional expectation as

E
{
1{Xt∈A}

∣∣Xs = x
}

= E
[
E
{
1{Xt∈A}

∣∣Xu

} ∣∣Xs = x
]

for any s < u < t.
11. Prove that the collection {Ps,x(t, ·)} of probability measures in Example

10.5.15 satisfies the Chapman–Kolmogorov equation.
12. Find the expectation and variance of Xt in Equation (10.6.10) for fixed t.
13. Let Xt be the Ornstein–Uhlenbeck process in Example 10.8.2. Show that

Xt is a diffusion process with the diffusion coefficient ρ(t, x) = I and the
drift f(t, x) = −x.

14. Let B(t) be an n-dimensional Brownian motion. Prove that E
(|B(t)|4) =

n(n + 2)t2.
15. Prove the equality in Equation (10.8.7).
16. Check that the differentiation operator d/dx is an unbounded operator on

the Banach space Cb[0,∞) defined in Example 10.9.4.
17. Let B(t) be a Brownian motion on R

n and let U be an n×n matrix such
that UUT = I. Show that UB(t) is also a Brownian motion on R

n.
18. Solve the stochastic differential equation dXt = Xt dB(t) + λXt dt with

the initial condition X0 = x for any real number λ. Find the transition
density of the diffusion process Xt.
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Some Applications and Additional Topics

In this last chapter we will give several concrete examples to show just a few
applications of stochastic integration in applied fields. We will also discuss
some additional topics related to applications.

11.1 Linear Stochastic Differential Equations

In this section we will derive explicit solutions of linear stochastic differential
equations to be used in Sections 11.2 and 11.3.

Consider a first-order linear ordinary differential equation

dxt

dt
= f(t)xt + g(t), a ≤ t ≤ b, xa = x, (11.1.1)

where f(t) is a continuous function. To solve this differential equation, bring
the term f(t)xt to the left-hand side and then multiply both sides by the
integrating factor

h(t) = e
−
∫ t

a
f(s) ds (11.1.2)

to obtain the following equation:

h(t)
(dxt

dt
− f(t)xt

)
= h(t)g(t). (11.1.3)

Now note that
d

dt

(
h(t)xt

)
= h(t)

(dxt

dt
− f(t)xt

)
. (11.1.4)

From Equations (11.1.3) and (11.1.4) we see that

d

dt

(
h(t)xt

)
= h(t)g(t),

which has the solution
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h(t)xt = x +
∫ t

a

h(s)g(s) ds.

Therefore, the solution xt of Equation (11.1.1) is given by

xt = xh(t)−1 +
∫ t

a

h(t)−1h(s)g(s) ds

= xe

∫ t

a
f(s) ds +

∫ t

a

g(s) e

∫ t

s
f(u) du

ds.

Now, by a linear stochastic differential equation, we mean a stochastic
differential equation of the form

dXt =
{
φ(t)Xt + θ(t)

}
dB(t) +

{
f(t)Xt + g(t)

}
dt, Xa = x, (11.1.5)

which is the symbolic expression of the linear stochastic integral equation

Xt = x +
∫ t

a

{
φ(s)Xs + θ(s)

}
dB(s) +

∫ t

a

{
f(s)Xs + g(s)

}
ds

for a ≤ t ≤ b. Several special cases of this equation have already appeared in
Examples 10.1.1, 10.1.5, and 10.1.7.

In view of the integrating factor in Equation (11.1.2) and the exponential
processes in Section 8.7, we can guess that an integrating factor for Equation
(11.1.5) is given by Ht as follows:

Ht = e−Yt , Yt =
∫ t

a

f(s) ds +
∫ t

a

φ(s) dB(s)− 1
2

∫ t

a

φ(s)2 ds.

We need to find d(HtXt) just as in the ordinary differential equation case. By
the Itô product formula, we have

d(HtXt) = Ht dXt + Xt dHt + (dHt)(dXt). (11.1.6)

Apply Itô’s formula to find dHt as follows:

dHt = −Ht dYt +
1
2
Ht (dYt)2

= Ht

(
− f(t) dt− φ(t) dB(t) +

1
2
φ(t)2 dt

)
+

1
2
Htφ(t)2 dt

= Ht

{− f(t) dt− φ(t) dB(t) + φ(t)2 dt
}
. (11.1.7)

It follows from Equations (11.1.5) and (11.1.7) that

(dHt)(dXt) = −Htφ(t)
{
φ(t)Xt + θ(t)

}
dt. (11.1.8)

Put Equations (11.1.7) and (11.1.8) into Equation (11.1.6) to get
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d(HtXt) = Ht

{
dXt − f(t)Xt dt− φ(t)Xt dB(t)− θ(t)φ(t) dt

}
. (11.1.9)

Observe that the quantity inside {· · ·} is not quite what we would obtain by
moving the terms involving Xt in Equation (11.1.5) to the left-hand side. It
has the extra term −θ(t)φ(t) dt. But we can take care of this extra term rather
easily, namely, Equations (11.1.5) and (11.1.9) imply that

d(HtXt) = Ht

{
θ(t) dB(t) + g(t) dt− θ(t)φ(t) dt

}
,

which yields that

HtXt = x +
∫ t

a

Hsθ(s) dB(s) +
∫ t

a

Hs

{
g(s)− θ(s)φ(s)

}
ds.

Upon dividing both sides by Ht we get the solution Xt of Equation (11.1.5).
We state this result as the next theorem.

Theorem 11.1.1. The solution of the linear stochastic differential equation

dXt =
{
φ(t)Xt + θ(t)

}
dB(t) +

{
f(t)Xt + g(t)

}
dt, Xa = x,

is given by

Xt = xeYt +
∫ t

a

eYt−Ys θ(s) dB(s) +
∫ t

a

eYt−Ys
{
g(s)− θ(s)φ(s)

}
ds,

where Yt =
∫ t

a
φ(s) dB(s) +

∫ t

a

{
f(s)− 1

2φ(s)2
}

ds.

In general, suppose Zt is an Itô process and consider a linear stochastic
differential equation

dXt =
{
φ(t)Xt + θ(t)

}
dZt +

{
f(t)Xt + g(t)

}
dt, Xa = x. (11.1.10)

To solve this equation, we can of course rewrite this equation in the form
stated in the above theorem and apply the formula in Theorem 11.1.1 to
get the solution, which is expressed in terms of the Brownian motion B(t).
However, in applied problems, it is often desirable to express the solution in
terms of the Itô process Zt.

To find a formula for the solution of Equation (11.1.10) in terms of Zt,
we can simply go through each step in the above derivation to modify the
computation. The solution Xt is given by

Xt = xeYt +
∫ t

a

eYt−Ysθ(s)dZs +
∫ t

a

eYt−Ysg(s) ds−
∫ t

a

eYt−Ysθ(s)φ(s)(dZs)2,

(11.1.11)
where Yt =

∫ t

a
φ(s) dZs +

∫ t

a
f(s) ds− 1

2

∫ t

a
φ(s)2(dZs)2 and (dZs)2 is computed

according to the Itô Table (1) in Section 7.4.



234 11 Some Applications and Additional Topics

Example 11.1.2. Let dZt = α dB(t)−βZt dt be an Ornstein–Uhlenbeck process
and consider the stochastic differential equation

dXt = (Xt + 1) dZt + Xt dt, X0 = x.

We can apply the formula in Equation (11.1.11) to find the solution

Xt = xeZt+(1− α2
2 )t +

∫ t

0
eZt−Zs+(1− 1

2 α2)(t−s) dZs

−α2
∫ t

0
eZt−Zs+(1− 1

2 α2)(t−s) ds.

11.2 Application to Finance

In this section we will follow the book by Øksendal [66] to briefly explain the
Black–Scholes model [2] for option pricing.

Let B1(t), B2(t), . . . , Bm(t) be m independent Brownian motions defined
on a probability space (Ω,F , P ). Let {Ft; t ≥ 0} be the filtration given by
Ft = σ{Bj(s); 1 ≤ j ≤ m, s ≤ t}.
(1) Nonexistence of an Arbitrage

A market is an R
n+1-valued Itô process Xt = (X(0)

t , X
(1)
t , . . . , X

(n)
t ) for

0 ≤ t ≤ T and the components are specified by

dX
(0)
t = γ(t)X(0)

t dt, X
(0)
0 = 1; (11.2.1)

dX
(i)
t =

m∑
j=1

σij(t) dBj(t) + fi(t) dt, 1 ≤ i ≤ n, (11.2.2)

with adapted stochastic processes γ(t), σij(t), and fi(t) satisfying conditions
to be specified later. Here X

(0)
t refers to the unit price of the safe investment

and X
(i)
t , 1 ≤ i ≤ n, refers to the unit price of the ith risky investment. In

practical problems, the stochastic processes X
(i)
t , 1 ≤ i ≤ n, are solutions of

stochastic differential equations. Since the solutions are Itô processes, they can
be written in the form of Equation (11.2.2). By Theorem 11.1.1, the solution
of Equation (11.2.1) is given by

X
(0)
t = e

∫ t

0
γ(s) ds

, t ≥ 0. (11.2.3)

Recall that a vector in R
n can be written as either (x1, x2, . . . , xn) or an

n× 1 column vector with the corresponding components. Define

X̂t = (X(1)
t , X

(2)
t , . . . , X

(n)
t ), (11.2.4)
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which is the risky part of the investment. Let σ(t) be the n×m matrix with
entries σij(t) and let f(t) be the column vector with components fi(t). Then
Equation (11.2.2) can be rewritten as a matrix equation

dX̂t = σ(t) dB(t) + f(t) dt, (11.2.5)

where B(t) = (B1(t), B2(t), . . . , Bm(t)). In view of Equations (11.2.3) and
(11.2.5), a market Xt is specified by the stochastic processes γ(t), σ(t), f(t),
which we indicate by the relationship

Xt ←→ {
γ(t), σ(t), f(t)

}
.

A portfolio in the market Xt is an {Ft}-adapted stochastic process

p(t) = (p0(t), p1(t), . . . , pn(t)),

where pi(t) represents the number of units of the ith investment at time t.
The value of a portfolio p(t) is given by

Vp(t) =
n∑

i=0

pi(t)X
(i)
t = p(t) ·Xt,

where “ · ” is the dot product on R
n+1.

A portfolio p(t) is said to be self-financing if its value Vp(t) satisfies the
following equality

Vp(t) = Vp(0) +
∫ t

0
p(s) · dXs,

which can be written in a stochastic differential form as

dVp(t) = p(t) · dXt. (11.2.6)

This equation means that no money is brought in or taken out from the system
at any time, a fact suggesting the term self-financing for the portfolio.

Note that if we single out p0(t), then Equation (11.2.6) can be written as

d
(
p0(t)X

(0)
t

)
+

n∑
i=1

d
(
pi(t)X

(i)
t

)
= p0(t) dX

(0)
t +

n∑
i=1

pi(t) dX
(i)
t .

This shows that if pi(t), i = 1, 2, . . . , n, are given, then we can always find
p0(t) such that p(t) = (p0(t), p1(t), . . . , pn(t)) is self-financing.

A self-financing portfolio p(t) is called admissible if its value Vp(t) is lower
bounded for almost all (t, ω) in [0, T ]×Ω, i.e., there exists a constant C ≥ 0
such that

Vp(t, ω) ≥ −C, for almost all (t, ω) ∈ [0, T ]×Ω.

The lower boundedness of a portfolio indicates the fact that there is a debt
limit that the creditors can tolerate. Mathematically, it is a condition to ensure
that a local martingale is a supermartingale.
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Definition 11.2.1. An admissible portfolio p(t) is called an arbitrage in a
market Xt, 0 ≤ t ≤ T, if its value Vp(t) satisfies the conditions

Vp(0) = 0, Vp(T ) ≥ 0, P{Vp(T ) > 0} > 0.

The next theorem gives a sufficient condition for the nonexistence of an
arbitrage in a market. We will sketch the proof below.

Theorem 11.2.2. Assume that there exists an m × 1 column-vector-valued
{Ft}-adapted stochastic process h(t) satisfying the following conditions:

(a) σ(t, ω)h(t, ω) = γ(t, ω)X̂t(ω)− f(t, ω) for almost all (t, ω) ∈ [0, T ]×Ω;

(b) E exp
(

1
2

∫ T

0 |h(t)|2 dt
)

< ∞.

Then the market Xt, 0 ≤ t ≤ T , has no arbitrage.

Remark 11.2.3. The matrix σ(t, ω) defines a linear transformation from R
m

into R
n by the multiplication x �→ σ(t, ω)x. Hence condition (a) means that

the vector γ(t, ω)X̂t(ω) − f(t, ω) belongs to the range of σ(t, ω) for almost
all (t, ω) ∈ [0, T ] × Ω. As for condition (b), it can be replaced by the weaker
condition that

E exp
[ ∫ t

0
h(s) · dB(s)− 1

2

∫ t

0
|h(s)|2 ds

]
= 1, ∀ t ∈ [0, T ], (11.2.7)

where “·” is the dot product in R
m (cf. Lemma 8.7.3 and the remark following

the lemma). On the other hand, it has been proved by Karatzas [48] that if
a market has no arbitrage, then there exists an m × 1 column-vector-valued
{Ft}-adapted stochastic process h(t) such that condition (a) holds.

Here is the main idea in the proof of the above theorem. First of all, it is
easy to check that a portfolio p(t) is an arbitrage for a market Xt if and only
if it is an arbitrage for the normalized market

X̃t = (X(0)
t )−1Xt, 0 ≤ t ≤ T, (11.2.8)

where X
(0)
t is the first component of Xt and is given by Equation (11.2.3).

Hence without loss of generality we may assume that X
(0)
t ≡ 1, or equivalently,

γ ≡ 0. Next, use the given h(t) to define a stochastic process

Bh(t) = B(t)−
∫ t

0
h(s) ds, 0 ≤ t ≤ T.

Then by condition (b) or even the weaker condition in Equation (11.2.7), we
can apply the Girsanov theorem to see that Bh(t) is a Brownian motion with
respect to the probability measure

dQ = e

∫ T

0
h(t)·dB(t)− 1

2

∫ T

0
|h(t)|2 dt

dP. (11.2.9)
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In fact, the Girsanov theorem we have just used above is the multidimensional
version of Theorem 8.9.4. Then by Equation (11.2.5) and condition (a),

dX̂t = σ(t)
{
dBh(t) + h(t) dt

}
+ f(t) dt

= σ(t) dBh(t) +
{
σ(t)h(t) + f(t)

}
dt

= σ(t) dBh(t) + γ(t)X̂t dt

= σ(t) dBh(t). (11.2.10)

Now, suppose p(t) is an arbitrage in the normalized market Xt. Then its
value Vp is given by

Vp(t) =
∫ t

0
p(s) · dXs =

∫ t

0
p̂(s) · dX̂s =

∫ t

0
p̂(s) · (σ(s) dBh(s)

)
,

where p̂(s) = (p1(s), p2(s), . . . , pn(s)). The first equality is due to the fact that
Vp(0) = 0 and the self-financing property, the second equality holds because
X

(0)
t ≡ 1, while the third equality follows from Equation (11.2.10). Thus by

the multidimensional version of Theorem 5.5.2, the stochastic process Vp(t) is
a local martingale with respect to Q. On the other hand, by the admissibility
of p(t), Vp(t) is lower bounded for almost all t ∈ [0, T ] and ω ∈ Ω. It follows
that Vp(t) is a supermartingale. Therefore, we have

EQ

(
Vp(T )

)
= EQ

(
EQ

{
Vp(T ) | F0

}) ≤ EQ

(
Vp(0)

)
= 0. (11.2.11)

Note that the probability measure Q defined by Equation (11.2.9) is equivalent
to P . Hence the conditions for p(t) being an arbitrage are equivalent to

Vp(0) = 0, Vp(T ) ≥ 0, Q−a.s., and Q{Vp(T ) > 0} > 0,

which imply that EQ

(
Vp(T )

)
> 0. Obviously, this is a contradiction with

Equation (11.2.11). Therefore, there is no arbitrage in the market Xt.

(2) Completeness of a Market

A lower-bounded FT -measurable random variable Φ is called a T -claim.
A T -claim Φ is said to be attainable in a market Xt, 0 ≤ t ≤ T , if there exist
a real number r and an admissible portfolio p(t) such that

Φ = Vp(T ) = r +
∫ T

0
p(t) · dXt. (11.2.12)

Such a portfolio p(t) is called a hedging portfolio for the T -claim Φ. Let Ṽp(t)
be the value of the portfolio p(t) in the normalized market X̃t defined by
Equation (11.2.8). By the self-financing property,

Ṽp(t) = r +
∫ t

0
p(s) · dX̃s = r +

∫ t

0
(X(0)

s )−1p̂(s) · dX̂s. (11.2.13)
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Suppose the market Xt satisfies the conditions in Theorem 11.2.2. Then
we can put Equation (11.2.10) into Equation (11.2.13) to obtain

Ṽp(t) = r +
∫ t

0
(X(0)

s )−1p̂(s) · (σ(s) dBh(s)
)
. (11.2.14)

Obviously, this equality shows that Ṽp(t) is a local martingale with respect to
Q defined by Equation (11.2.9). For reasons of integrability, the portfolio p(t)
in Equation (11.2.12) is often assumed to have the property that the associated
stochastic process Ṽp(t) in Equation (11.2.14) is actually a martingale with
respect to Q.

Definition 11.2.4. A market is said to be complete if every bounded T -claim
is attainable.

Theorem 11.2.5. Let Xt, 0 ≤ t ≤ T, be a market satisfying the assumption
in Theorem 11.2.2. In addition, assume that

σ
{
Bh(s) ; 0 ≤ s ≤ t

}
= σ
{
B(s) ; 0 ≤ s ≤ t

}
, ∀ 0 ≤ t ≤ T. (11.2.15)

Then the market Xt, 0 ≤ t ≤ T, is complete if and only if the matrix σ(t, ω)
has a left inverse for almost all (t, ω) in [0, T ] × Ω, namely, there exists an
{Ft}-adapted m× n matrix-valued stochastic process L(t, ω) such that

L(t, ω)σ(t, ω) = Im, for almost all (t, ω) ∈ [0, T ]×Ω,

where Im is the m×m identity matrix.

We will sketch the proof of the sufficiency part of the theorem. At the
same time, we will show how to find a hedging portfolio for a T -claim.

Let Φ be a bounded T -claim. We need to find r ∈ R and an admissible
portfolio p(t) such that Equation (11.2.12) holds. By Equation (11.2.14), we
can easily see that the p̂(t) part of Equation (11.2.12) is equivalent to(

X
(0)
T

)−1
Φ =

(
X

(0)
T

)−1
Vp(T ) = Ṽp(T )

= r +
∫ T

0

(
X

(0)
t

)−1
p̂(t) · (σ(t) dBh(t)

)
. (11.2.16)

Hence we will first find r and p̂(t) such that Equation (11.2.16) holds. Then
we find p0(t) to get an admissible portfolio p(t) satisfying Equation (11.2.12).

Notice that the random variable
(
X

(0)
T

)−1
Φ is bounded. Moreover, it is

FBh

T -measurable since the filtration given by Bh(t) is assumed to be the same
as the underlined filtration {Ft} given by B(t). Hence

(
X

(0)
T

)−1
Φ belongs to

L2
Bh

(Ω). Apply Theorem 9.8.1 to
(
X

(0)
T

)−1
Φ − E

{(
X

(0)
T

)−1
Φ
}

to obtain a
stochastic process θ(t) in L2

ad([0, T ]×Ω) such that
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(
X

(0)
T

)−1
Φ = E

{(
X

(0)
T

)−1
Φ
}

+
∫ T

0
θ(t) · dBh(t). (11.2.17)

By comparing Equations (11.2.16) and (11.2.17), we see that

r = E
{(

X
(0)
T

)−1
Φ
}

and p̂(t) is a solution of the following equation:(
X

(0)
t

)−1
p̂(t) · (σ(t)v

)
= θ(t) · v, ∀ v ∈ R

m. (11.2.18)

Note that u · v = u∗v for u, v ∈ R
m. Here we use A∗, rather than AT as in

Chapter 10, to denote the transpose of a matrix A in order to avoid confusion
with the terminal time T in this section. Then Equation (11.2.18) is equivalent
to the matrix equation

(
X

(0)
t

)−1
p̂(t)∗ σ(t) = θ(t)∗, or equivalently,

σ(t)∗ p̂(t) = X
(0)
t θ(t). (11.2.19)

By assumption, L(t)σ(t) = I. Hence σ(t)∗L(t)∗ = I. Thus if we put

p̂(t) = X
(0)
t L(t)∗ θ(t), (11.2.20)

then we have

σ(t)∗ p̂(t) = σ(t)∗(X(0)
t L(t)∗ θ(t)

)
= X

(0)
t θ(t).

This proves that p̂(t) given by Equation (11.2.20) is a solution of Equation
(11.2.19). Finally, we need to find p0(t) such that p(t) = (p0(t), p̂(t)) is a
hedging portfolio for the given T -claim Φ. Since p(t) is self-financing, its value
Vp(t) must satisfy the equation

dVp(t) = p(t) · dXt,

which is the same as the following equation:

d
(
p0(t)X

(0)
t

)
+ d
(
p̂(t) · X̂t

)
= γ(t) p0(t)X

(0)
t dt + p̂(t) · dX̂t.

Put Yt = p0(t)X
(0)
t . Then the above equation can be written as

dYt = γ(t) Yt dt + p̂(t) · dX̂t − d
(
p̂(t) · X̂t

)
. (11.2.21)

Notice that we have already derived p̂(t) in Equation (11.2.20) and X̂t is
the given market. Hence Equation (11.2.21) is a linear stochastic differential
equation for Yt. Then we can use Theorem 11.1.1 to find the explicit formula
for the solution Yt. Thus we get the solution

p0(t) =
(
X

(0)
t

)−1
Yt = e

−
∫ t

0
γ(s) ds

Yt.

The portfolio we have derived can be shown to be a hedging portfolio for the
given T -claim Φ. Hence the market Xt is complete.

Obviously, the above discussion also gives a procedure on how to find a
hedging portfolio for a given T -claim Φ.
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(3) Option Pricing

Let Φ be a T -claim. An option on Φ is a guarantee to be paid the amount
Φ(ω) at time t = T . From the viewpoint of a buyer, the maximal price for
purchasing such an option at time t = 0 is

℘b(Φ) = sup
{

x ; ∃ p(t) such that − x +
∫ T

0
p(t) · dXt + Φ ≥ 0 a.s.

}
.

Since Φ is a T -claim, it is lower bounded. Suppose −C is a lower bound for Φ,
i.e., Φ ≥ −C almost surely. Then the number x = −C belongs to the above set
{x; · · ·} by taking p(t) = 0. It follows that the above set {x; · · ·} is nonempty
and essinf Φ ≤ ℘b(Φ).

On the other hand, from the viewpoint of a seller, the minimum price for
selling such an option at time t = 0 is

℘s(Φ) = inf
{

y ; ∃ p(t) such that y +
∫ T

0
p(t) · dXt ≥ Φ a.s.

}
,

if the set {y; · · ·} is not empty. Otherwise, define ℘s(Φ) =∞.
Suppose the market Xt, 0 ≤ t ≤ T, satisfies the assumption in Theorem

11.2.2, i.e., there exists an m×1 column-vector-valued {Ft}-adapted stochastic
process h(t) satisfying conditions (a) and (b) in the theorem. Then we have
the following inequalities for any T -claim Φ:

℘b(Φ) ≤ EQ

[(
X

(0)
T

)−1
Φ
] ≤ ℘s(Φ), (11.2.22)

where EQ is the expectation with respect to the probability measure Q defined
by Equation (11.2.9). We only prove the second inequality since the first one
can be proved by similar arguments. If ℘s(Φ) = ∞, then we have nothing
to prove. So assume that ℘s(Φ) < ∞. In that case, the above set {y; · · ·} is
not empty. Let y be an element in this set. Then there exists an admissible
portfolio p(t) such that

Vp(T ) = y +
∫ T

0
p(t) · dXt ≥ Φ, almost surely.

Multiply both sides by
(
X

(0)
T

)−1 and use Equation (11.2.14) to show that

(
X

(0)
T

)−1
Vp(T ) = y +

∫ T

0
(X(0)

s )−1p̂(s) · (σ(s) dBh(s)
) ≥ (X(0)

T

)−1
Φ.

Then take the expectation with respect to the probability measure Q to get

y ≥ EQ

[(
X

(0)
T

)−1
Φ
]
,

which is true for any y in the set {y; · · ·}. This implies the second inequality
in Equation (11.2.22).
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In general, strict inequalities in Equation (11.2.22) can occur. Obviously,
the price of a T -claim can be well-defined only when ℘b(Φ) = ℘s(Φ). This is
the rationale for the next definition.

Definition 11.2.6. The price of a T -claim Φ is said to exist if ℘b(Φ) = ℘s(Φ).
The common value, denoted by ℘(Φ), is called the price of Φ at time t = 0.

Theorem 11.2.7. Let Xt, 0≤ t≤T, be a complete market and suppose there
exists an m × 1 column-vector-valued {Ft}-adapted stochastic process h(t)
satisfying conditions (a) and (b) in Theorem 11.2.2. Then for any T -claim
Φ with EQ

{(
X

(0)
T

)−1
Φ
}

< ∞, the price of Φ at time t = 0 is given by

℘(Φ) = EQ

{(
X

(0)
T

)−1
Φ
}
, (11.2.23)

where Q is the probability measure dQ = e

∫ T

0
h(t)·dB(t)− 1

2

∫ T

0
|h(t)|2 dt

dP .

Equation (11.2.23) follows from Equation (11.2.22) and the inequalities

℘s(Φ) ≤ EQ

[(
X

(0)
T

)−1
Φ
] ≤ ℘b(Φ). (11.2.24)

To prove the first inequality, let Φ be a T -claim. For each n ≥ 1, define

Φn(ω) =

{
Φ(ω), if Φ(ω) ≤ n;

n, if Φ(ω) > n.

Since Φ is a T -claim, it is lower bounded. Hence for each n, Φn is a bounded
T -claim. Then by the completeness of the market, there exist yn ∈ R and a
portfolio pn(t) such that

yn +
∫ T

0
pn(t) · dXt = Φn, (11.2.25)

which, by Equation (11.2.14), is equivalent to

yn +
∫ T

0
(X(0)

s )−1p̂(s) · (σ(s) dBh(s)
)

=
(
X

(0)
T

)−1
Φn.

Take the expectation with respect to Q to get

yn = EQ

[(
X

(0)
T

)−1
Φn

]
. (11.2.26)

On the other hand, by the definition of ℘s, Equation (11.2.25) implies that

℘s(Φn) ≤ yn. (11.2.27)

Now observe that the definition of ℘s implies that ℘s(Φ) ≤ ℘s(Θ) for any
T -claims Θ ≤ Φ almost surely. Since Φn ≤ Φ, we have
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℘s(Φ) ≤ ℘s(Φn). (11.2.28)

It follows from Equations (11.2.26), (11.2.27), and (11.2.28) that

℘s(Φ) ≤ EQ

[(
X

(0)
T

)−1
Φn

]
.

Let n →∞ and use the monotone convergence theorem to conclude that

℘s(Φ) ≤ EQ

[(
X

(0)
T

)−1
Φ
]
,

which proves the first inequality in Equation (11.2.24). The second inequality
in this equation can be proved by similar arguments.

(4) Black–Scholes Model

We now explain a simplified version of the Black–Scholes model due to
Black and Scholes [2] and Merton [60]. Suppose a market Xt = (X(0)

t , X
(1)
t )

is given by {
dX

(0)
t = γ(t)X(0)

t dt, X
(0)
0 = 1,

dX
(1)
t = α(t)X(1)

t dB(t) + J(t)X(1)
t dt.

(11.2.29)

By Theorem 11.1.1, the solutions are given by

X
(0)
t = e

∫ t

0
γ(s) ds

, (11.2.30)

X
(1)
t = x1 exp

[ ∫ t

0
α(s) dB(s) +

∫ t

0

(
J(s)− 1

2
α(s)2

)
ds

]
. (11.2.31)

Hence the market Xt, 0 ≤ t ≤ T , in Equation (11.2.29) is specified by

γ(t), σ(t) = α(t)X(1)
t , f(t) = J(t)X(1)

t ,

with X
(1)
t being given by Equation (11.2.31). The equation in condition (a)

of Theorem 11.2.2 becomes

α(t)X(1)
t h(t) = γ(t)X(1)

t − J(t)X(1)
t ,

which has the obvious solution for h(t)

h(t) =
γ(t)− J(t)

α(t)
. (11.2.32)

Thus we need to assume the following condition in order for condition (b) of
Theorem 11.2.2 to hold:

E exp
[
1
2

∫ T

0

(γ(t)− J(t)
α(t)

)2
dt

]
< ∞. (11.2.33)
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Under this assumption, we can apply Theorem 11.2.2 to assert that the market
has no arbitrage.

For the completeness of the market, we need to assume the condition in
Equation (11.2.15). On the other hand, the condition in Equation (11.2.33)
implies implicitly that α(t) �= 0. Hence σ(t)−1 exists. Then by Theorem 11.2.5,
the market is complete.

Assuming the conditions in Equations (11.2.15) and (11.2.33), we can use
Theorem 11.2.7 to compute the price ℘(Φ) of a T -claim Φ. In order to obtain
an explicit formula for computing ℘(Φ), we need to impose conditions on
{γ(t), α(t), J(t)}, which specifies the market, and the form of Φ.

So, we impose the condition that γ(t) and α(t) are deterministic functions.
Moreover, we consider a T -claim Φ of the form

Φ = F (X(1)
T ).

Use Theorem 11.2.7 and Equation (11.2.30) to find the price ℘(Φ),

℘(Φ) = EQ

{(
X

(0)
T

)−1
Φ
}

= e
−
∫ T

0
γ(t) dt

EQ

{
F
(
X

(1)
T

)}
. (11.2.34)

By Equation (11.2.31), we have

EQ

{
F
(
X

(1)
T

)}
= EQ

{
F
(
x1 e

∫ T

0
α(t) dB(t)+

∫ T

0

(
J(t)− 1

2 α(t)2
)

dt
)}

. (11.2.35)

Now we use Bh(t) with h being given by Equation (11.2.32) to rewrite the
exponent in the above equation as∫ T

0
α(t) dB(t) +

∫ T

0

(
J(t)− 1

2α(t)2
)
dt

=
∫ T

0
α(t)

(
dBh(t) + h(t) dt

)
+
∫ T

0

(
J(t)− 1

2α(t)2
)
dt

=
∫ T

0
α(t) dBh(t) +

∫ T

0

[
γ(t)− 1

2α(t)2
]
dt. (11.2.36)

Observe that the stochastic process J(t) disappears from the last equation.
Moreover, the last integral yields a constant since the functions γ(t) and α(t)
are assumed to be deterministic functions.

From Equations (11.2.34), (11.2.35), and (11.2.36) we get

℘(Φ) = e
−
∫ T

0
γ(t) dt

EQ

{
F
(
x1 e

∫ T

0
α(t) dBh(t)+

∫ T

0
[γ(t)− 1

2 α(t)2] dt
)}

.

Note that Bh(t) is a Brownian motion with respect to Q, and α(t) is assumed
to be a deterministic function. Hence

∫ T

0 α(t) dBh(t) is a Wiener integral and
so it has a normal distribution with mean 0 and variance ‖α‖2 =

∫ T

0 α(t)2 dt
with respect to Q. From the last equation, we immediately obtain the formula
for ℘(Φ) given in the next theorem.
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Theorem 11.2.8. Let Xt, 0 ≤ t ≤ T , be a market specified by Equation
(11.2.29) with γ(t) and α(t) being deterministic functions in L1[0, T ] and
L2[0, T ], respectively. Assume that the condition in Equation (11.2.33) holds.
Then the price ℘(Φ) of a T -claim Φ = F (X(1)

T ) at time t = 0 is given by

℘(Φ) = e
−
∫ T

0
γ(t) dt 1√

2πc

∫
R

F
(
x1 e

y+
∫ T

0
[γ(t)− 1

2 α(t)2] dt
)

e− 1
2c y2

dy,

where c is the constant c =
∫ T

0 α(t)2 dt.

It is worthwhile to point out that the price ℘(Φ) does not depend on the
randomness part J(t) of the market.

Next, we will derive a hedging portfolio for the T -claim Φ = F (X(1)
T ).

Assume that the functions γ(t) = γ and α(t) = α are constants. Then the
market is given by

X
(0)
t = eγt, X

(1)
t = x1e

αBh(t)+(γ− 1
2 α2)t. (11.2.37)

By Equation (11.2.19), p1(t) of a hedging portfolio p(t) = (p0(t), p1(t)) is a
solution of the equation

e−γtp1(t) αX
(1)
t = θ(t), (11.2.38)

where θ(t) is a stochastic process satisfying Equation (11.2.17), i.e.,

e−γT F (X(1)
T ) = E

{
e−γT F (X(1)

T )
}

+
∫ T

0
θ(t) dBh(t).

By Theorem 9.8.1, θ(t) is given by

θ(t) = EQ

{ δ

δt

(
e−γT F (X(1)

T )
) ∣∣∣FBh

t

}
, (11.2.39)

where δ/δt is the variational derivative defined by Equation (9.7.3).
Assume that F is a C1-function. Then we can use the explicit form of X

(1)
T

from Equation (11.2.37) to find that

δ

δt
F (X(1)

T ) = αF ′(x1e
αBh(T )+(γ− 1

2 α2)T )x1e
αBh(T )+(γ− 1

2 α2)T .

Write the exponent as α{Bh(T ) − Bh(t)} + αBh(t) + (γ − 1
2α2)T and then

use Exercise 4 in Chapter 10 with X = α{Bh(T )−Bh(t)}, Y1 = αBh(t), and
G = FBh

t to derive the following equality:

EQ

{ δ

δt
F (X(1)

T )
∣∣∣FBh

t

}
=

α√
2π(T − t)

×
∫

R

F ′(x1e
αy+αBh(t)+(γ− 1

2 α2)T )x1e
αy+αBh(t)+(γ− 1

2 α2)T e− 1
2(T −t) y2

dy,
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which can be simplified using X
(1)
t from Equation (11.2.37),

EQ

{ δ

δt
F (X(1)

T )
∣∣∣FBh

t

}
=

α√
2π(T − t)

X
(1)
t

×
∫

R

F ′(X(1)
t eαy+(γ− 1

2 α2)(T−t)) eαy+(γ− 1
2 α2)(T−t) e− 1

2(T −t) y2

dy.

Put this equality into Equation (11.2.39) to find θ(t):

θ(t) = e−γT X
(1)
t e(γ− 1

2 α2)(T−t) α√
2π(T − t)

×
∫

R

F ′(X(1)
t eαy+(γ− 1

2 α2)(T−t)) eαy− 1
2(T −t) y2

dy. (11.2.40)

From Equations (11.2.38) and (11.2.40), we get the value of p1(t). Once we
have p1(t), then we can derive p0(t) for a portfolio p(t) = (p0(t), p1(t)) using
Equation (11.2.6), which in the present case reduces to

dp0(t) = −e−γtX
(1)
t dp1(t)− α e−γtX

(1)
t

(
dp1(t)

)(
dB(t)

)
.

We summarize the above discussion as the next theorem.

Theorem 11.2.9. Let Xt, 0 ≤ t ≤ T , be a market specified by Equation
(11.2.29) with γ(t) = γ and α(t) = α being constant functions. Assume that
the condition in Equation (11.2.33) holds. Then for a C1-function F , a hedging
portfolio p(t) = (p0(t), p1(t)) for the T -claim Φ = F (X(1)

T ) is given by

p1(t) = C

∫
R

F ′(X(1)
t eαy+(γ− 1

2 α2)(T−t)) eαy− 1
2(T −t) y2

dy,

p0(t) = −
∫ t

0
X(1)

s e−γs dp1(s)− α

∫ t

0
X(1)

s e−γs
(
dp1(s)

)(
dB(s)

)
,

where C = e− 1
2 α2(T−t) 1√

2π(T−t)
.

Example 11.2.10. Take a simple Black–Scholes model specified by constant
functions γ(t) = γ, α(t) = α, and an adapted stochastic process J(t). Then
the market Xt = (X(0)

t , X
(1)
t ) is given by

X
(0)
t = eγt, X

(1)
t = x1 e

αB(t)+
∫ t

0
J(s) ds− 1

2 α2t
.

Let F (x) = xn, n even, and consider the corresponding T -claim Φ =
(
X

(1)
T

)n.
We can use Theorem 11.2.8 to derive the price of Φ at time t = 0,

℘(Φ) = xn
1 e(n−1)γT+ 1

2 n(n−1)α2T .

Note that when (n− 1)γ + 1
2n(n− 1)α2 > 0, ℘(Φ) increases to ∞ as T →∞.

This reflects the fact that as time passes, predictions become less reliable.
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We can use Theorem 11.2.9 to find a hedging portfolio p(t) = (p0(t), p1(t))
for the T -claim Φ =

(
X

(1)
T

)n,

p0(t) = −n(n− 1)αxn
1

∫ t

0
enαBh(s)− 1

2 nα2s+(n−1)γs dBh(s),

p1(t) = nxn
1 e(n−1)αBh(t)+(n−1)γT+ 1

2 n(n−1)α2T 1
2 (n2−1)α2t,

where h(t) = γ−J(t)
α .

11.3 Application to Filtering Theory

In this section we explain very briefly the Kalman–Bucy linear filtering. For
more information, see the books by Kallianpur [45] and by Øksendal [66].

The state ξt of a system (input process) at time t is specified by a linear
stochastic differential equation

dξt = α(t) dB(t) + β(t)ξt dt, t ≥ 0, ξ0 at t = 0, (11.3.1)

where α(t) and β(t) are deterministic functions, B(t) is a Brownian motion,
and the initial distribution ξ0 is assumed to be independent of the Brownian
motion B(t).

On the other hand, the observation Zt (output process) of the system at
time t is given by the stochastic process

dZt = f(t) dW (t) + g(t) ξt dt, t ≥ 0, Z0 = 0, (11.3.2)

where f(t) and g(t) are deterministic functions and W (t) is a Brownian motion
assumed to be independent of B(t) and ξ0. Note that the input ξt appears in
Equation (11.3.2) and is being filtered out by the observable output Zt.

Here is the filtering problem: Based on the observed values Zs, 0 ≤ s ≤ t,
what is the best estimator ξ̂t of the state ξt of the system at time t?

There are several ways to define the meaning of being the best estimator.
The one that is the easiest to handle mathematically is the least mean square
error, namely, we seek ξ̂t to minimize the mean square error

Rt ≡ E
{
(ξt − ξ̂t)2

} ≤ E
{
(ξt − Y )2

}
for any square integrable random variable Y that is measurable with respect
to the σ-field

FZ
t ≡ σ{Zs ; s ≤ t}.

Note that such an estimator ξ̂t is the orthogonal projection of ξt onto the
Hilbert space L2(FZ

t ) consisting of square integrable random variables that
are FZ

t -measurable. This estimator turns out to coincide with the conditional
expectation of ξt given the σ-field FZ

t , namely,
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ξ̂t = E
{
ξt

∣∣FZ
t

}
. (11.3.3)

Therefore, in the sense of the least mean square error, the conditional
expectation in Equation (11.3.3) is the best estimator for the state ξt based
on the observation Zs, 0 ≤ s ≤ t.

Next comes the real question: How to compute E
{
ξt

∣∣FZ
t

}
.

Consider a very simple example with the following functions specifying
Equations (11.3.1) and (11.3.2):

α(t) = β(t) = 0, f(t) = g(t) = 1, ξ0 ∼ N(0, 1),

where N(0, 1) denotes the standard normal distribution. In this case, ξt = ξ0
is a constant stochastic process and Zt = W (t) + t ξ0. By assumption W (t)
and ξ0 are independent. One can carry out a rather lengthy computation to
find the conditional expectation

E
{
ξt

∣∣Zt

}
=

1
1 + t

Zt.

On the other hand, using the next theorem, it is rather easy to derive the
equality E

{
ξt

∣∣FZ
t

}
= 1

1+tZt, which implies the above equality.

Theorem 11.3.1. (Kalman–Bucy [46]) Let the state ξt of a system be given
by Equation (11.3.1) with deterministic functions α(t) and β(t). Assume that
the initial distribution ξ0 is independent of the Brownian motion B(t) and has
mean µ0 and variance σ2

0.
Suppose the observation Zt of the system is given by Equation (11.3.2) with

deterministic functions f(t) and g(t), and a Brownian motion W (t). Assume
that W (t) is independent of B(t) and ξ0.

Then the conditional expectation ξ̂t = E
{
ξt

∣∣FZ
t

}
is the solution of the

linear stochastic differential equation

dξ̂t =
g(t)Rt

f(t)2
dZt +

(
β(t)− g(t)2Rt

f(t)2
)

ξ̂t dt, ξ̂0 = µ0, (11.3.4)

where Rt is the solution of the Riccati equation

dRt

dt
= α(t)2 + 2β(t)Rt − g(t)2

f(t)2
R2

t , R0 = σ2
0 . (11.3.5)

Moreover, Rt equals the mean square error, i.e., Rt = E
{
(ξt − ξ̂t)2

}
.

For a rather nice proof of this theorem and some examples, see the book
by Øksendal [66]. Here we give two simple examples.

Example 11.3.2. Consider a linear filtering problem with the state ξt of the
system and the observation Zt specified by
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dξt = 0, Eξ0 = µ0, Var(ξ0) = σ2
0 ,

dZt = c dW (t) + ξt dt, Z0 = 0,

where c �= 0. Hence we have the corresponding functions

α(t) ≡ 0, β(t) ≡ 0, f(t) ≡ c, g(t) ≡ 1.

Note that ξt = ξ0 for all t, so that ξt is a constant stochastic process. First
we need to solve the Riccati equation

dRt

dt
= − 1

c2 R2
t , R0 = σ2

0 .

The solution is easily found to be given by

Rt =
c2σ2

0

c2 + σ2
0 t

.

Put Rt into Equation (11.3.4) to get the following linear equation:

dξ̂t =
σ2

0

c2 + σ2
0 t

dZt − σ2
0

c2 + σ2
0 t

ξt dt, ξ̂0 = µ0.

Then we use the formula in Equation (11.1.11) to get the solution

ξ̂t =
µ0

c2 + σ2
0 t

+
σ2

0

c2 + σ2
0 t

Zt.

Example 11.3.3. Let the state ξt of a system and the observation Zt in a linear
filtering problem be specified by

dξt = dB(t)− 1 + t

2
ξt dt, µ0 = 0, σ0 = 1,

dZt =
1

1 + t
dW (t) +

1
1 + t

ξt dt, Z0 = 0.

Hence we have the corresponding functions

α(t) ≡ 1, β(t) = −1 + t

2
, f(t) = g(t) =

1
1 + t

.

Put these functions into Equation (11.3.5) to get the Riccati equation

dRt

dt
= 1− (1 + t)Rt −R2

t , R0 = 1.

The solution of this equation is given by

Rt =
1

1 + t
.
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Then put this function Rt, together with the above β(t), f(t), and g(t), into
Equation (11.3.4) to get the linear stochastic differential equation

dξ̂t = dZt −
(1 + t

2
+

1
1 + t

)
ξ̂t dt, ξ̂0 = 0.

Finally we use the formula in Equation (11.1.11) to obtain the solution

ξ̂t =
1

1 + t
e− 1

2 (t+ 1
2 t2)
∫ t

0
(1 + s) e

1
2 (s+ 1

2 s2) dZs.

11.4 Feynman–Kac Formula

Consider a nonrelativistic particle of mass m moving in R under the influence
of a conservative force given by a potential V . In quantum mechanics, the
state of the particle at time t is specified as a function u(t, x), t ≥ 0, x ∈ R,
satisfying the Schrödinger equation

ih̄
∂u

∂t
= − h̄2

2m
∆u + V (x)u, u(0, x) = ψ(x), (11.4.1)

where h̄ is the Planck constant and
∫

R
|ψ(x)|2 dx = 1. In 1948, Feynman [16]

gave an informal expression for the solution u(t, x) as follows:

u(t, x) = N
∫

Cx

exp
[ i

h̄

∫ t

0

(m

2
ẏ(s)2 − V (y(s))

)
ds
]
ψ(y(t))D∞

t [y],

where N is a symbolic renormalization constant, Cx is the space of continuous
functions y(t) on [0,∞) with y(0) = x, and D∞

t [y] is a symbolic expression
for the nonexistent infinite-dimensional Lebesgue measure. Since then, this
informal expression has been called a Feynman integral. However, it is not
really an integral, namely, there exists no measure that gives this integral.
Consequently, there has been a vast number of research papers in the literature
with the aim to give a mathematical meaning to the Feynman integral. Among
the many approaches, white noise theory has been quite successful; see the
books [27] and [56].

On the other hand, suppose we adopt the imaginary time, i.e., replace t
in Equation (11.4.1) with −it. Moreover, put h̄ = m = 1 for simplicity. Then
the Schrödinger equation becomes

∂u

∂t
=

1
2

∆u− V (x)u, u(0, x) = ψ(x).

The corresponding u(t, x) was shown by Kac [44] in 1949 to take the form

u(t, x) = Ex
{

ψ(B(t)) e
−
∫ t

0
V (B(s)) ds

}
, (11.4.2)
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where Ex is the conditional expectation given that the Brownian motion starts
at x, or equivalently, the expectation when we use B(t) + x for a Brownian
motion B(t) with B(0) = 0. The representation u(t, x) in Equation (11.4.2) is
known as the Feynman–Kac formula. Below we sketch a heuristic derivation
of this formula for Itô processes.

Let B(t) be an R
n-valued Brownian motion. Consider an R

n-valued
stochastic differential equation

dXt = σ(Xt) dB(t) + f(Xt) dt, (11.4.3)

where the matrix-valued function σ(x) and the column-vector-valued function
f(x) satisfy the Lipschitz condition. Then by the multidimensional version of
Theorem 10.6.2, the unique continuous solution Xt is a stationary Markov
process. Moreover, by Theorems 10.8.9 and 10.9.5, Xt is a diffusion process
with infinitesimal generator given by

(Aφ)(x) =
1
2
trσ(x)σ(x)T D2φ(x) + f(x) · ∇φ(x). (11.4.4)

Now, let ψ(x) be a C2-function on R
n with compact support, namely,

it vanishes outside a bounded set. Let V (x) be a lower-bounded continuous
function on R

n. Define a function u(t, x) by

u(t, x) = Ex
{

ψ(Xt) e
−
∫ t

0
V (Xs) ds

}
, (11.4.5)

where Ex is the conditional expectation given that X0 = x.
It follows from the assumptions on ψ and V that u(t, x) is a real-valued

function on [0,∞) × R
n. Moreover, both ψ(Xt) and exp[− ∫ t

0 V (Xs) ds] are
Itô processes. Hence the product ψ(Xt) exp[− ∫ t

0 V (Xs) ds] is an Itô process.
This implies that u(t, x) is differentiable in the t variable.

Let t ≥ 0 be fixed and consider the function g(x) = u(t, x). The function
Ag is defined to be the limit

(Ag)(x) = lim
ε↓0

Ex
[
g(Xε)

]− g(x)
ε

. (11.4.6)

In order to find out the limit, first note that

Ex
[
g(Xε)

]
= Ex

[
EXε

{
ψ(Xt) e

−
∫ t

0
V (Xs) ds

}]
.

Then we use a crucial argument, i.e., the one we used in the proof of Theorem
10.6.2, to show that

EXε

{
ψ(Xt) e

−
∫ t

0
V (Xs) ds

}
= Ex

{
ψ(Xt+ε) e

−
∫ t

0
V (Xs+ε) ds

∣∣∣Fε

}
.

Therefore,
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Ex
[
g(Xε)

]
= Ex

{
ψ(Xt+ε) e

−
∫ t

0
V (Xs+ε) ds

}
= Ex

{
ψ(Xt+ε) e

−
∫ t+ε

0
V (Xs) ds

e

∫ ε

0
V (Xs) ds

}
= u(t + ε, x) + Ex

{
ψ(Xt+ε) e

−
∫ t+ε

0
V (Xs) ds

(
e

∫ ε

0
V (Xs) ds − 1

)}
.

Recall that g(x) = u(t, x) with t fixed. Thus we have

Ex
[
g(Xε)

]− g(x) = u(t + ε, x)− u(t, x)

+ Ex
{

ψ(Xt+ε) e
−
∫ t+ε

0
V (Xs) ds

(
e

∫ ε

0
V (Xs) ds − 1

)}
. (11.4.7)

But as remarked above, the function u(t, x) is differentiable in t. Hence

lim
ε↓0

1
ε

(
u(t + ε, x)− u(t, x)

)
=

∂u

∂t
(t, x). (11.4.8)

On the other hand, by the continuity of V ,

lim
ε↓0

1
ε

(
e

∫ ε

0
V (Xs) ds − 1

)
= V (x),

which, together with the continuity of ψ, implies that

lim
ε↓0

1
ε
Ex
{

ψ(Xt+ε) e
−
∫ t+ε

0
V (Xs) ds

(
e

∫ ε

0
V (Xs) ds − 1

)}
= V (x)Ex

{
ψ(Xt) e

−
∫ t

0
V (Xs) ds

}
= V (x)u(t, x). (11.4.9)

Putting Equations from (11.4.6) to (11.4.9) together, we get

Au(t, x) = (Ag)(x) =
∂u

∂t
(t, x) + V (x)u(t, x).

Moreover, it is obvious that u(0, x) = ψ(x).
We summarize the above heuristic derivation as the next theorem.

Theorem 11.4.1. (Feynman–Kac formula) Let Xt be the continuous solution
of the stochastic differential equation in Equation (11.4.3) and let A be its
infinitesimal generator. Suppose ψ(x) is a C2-function on R

n with compact
support and V (x) is a lower-bounded continuous function on R

n. Then

u(t, x) = Ex
{

ψ(Xt) e
−
∫ t

0
V (Xs) ds

}
, t ≥ 0, x ∈ R

n,

is a solution of the partial differential equation

∂u

∂t
= Au− V u, t ≥ 0, u(0) = ψ. (11.4.10)
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Remark 11.4.2. A solution of Equation (11.4.10) is unique in the space of
C1,2-functions v(t, x) such that v is bounded on K ×R

n for any compact set
K ⊂ [0,∞). For the proof of this fact, see the books [49] and [66].

A good application of this theorem is the derivation of a formula, known
as the arc-sine law of Lévy, that answers the following question.

Question 11.4.3. Let L+
t be the amount of time that a Brownian motion is

positive during [0, t]. What is the distribution function of L+
t ?

Let sgn+ denote the positive part of the signum function, namely,

sgn+(x) =

{
1, if x > 0;

0, if x ≤ 0.

Then the random variable L+
t can be expressed as the following integral:

L+
t =

∫ t

0
sgn+(B(s)) ds. (11.4.11)

In order to find out the distribution function of L+
t , consider the case of

one-dimensional Brownian motion in the Feynman–Kac formula with ψ ≡ 1
and V = a sgn+, a ≥ 0. Then A = d2

dx2 and we have the function

u(t, x) = Ex
{

e
−a
∫ t

0
sgn+(B(s)) ds

}
. (11.4.12)

By Theorem 11.4.1 and its remark, u(t, x) is the solution of the following
partial differential equation:

∂u

∂t
=

1
2
u′′ − (a sgn+) u, u(0, x) = 1, (11.4.13)

where u′′ denotes the second derivative of u with respect to x.
Let U(ζ, x) be the Laplace transform of u(t, x) in the t variable, i.e.,

U(ζ, x) = (Lu(·, x))(ζ) =
∫ ∞

0
e−ζt u(t, x) dt, ζ > 0. (11.4.14)

Use the property (L∂u
∂t )(ζ) = ζU −u(0) and the condition u(0) = 1 to get the

Laplace transform of Equation (11.4.13),

ζU − 1 =
1
2
U ′′ − (a sgn+)U,

which, for each fixed ζ, is a second-order differential equation in the x variable
and can be rewritten as follows:{

U ′′ − 2(a + ζ)U = −2, if x > 0;

U ′′ − 2ζU = −2, if x < 0.
(11.4.15)
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These two equations have particular solutions 1
a+ζ and 1

ζ , respectively. The
first equation has characteristic equation r2 − 2(a + ζ) = 0, which has two
roots r = ±√2(a + ζ). The positive one should be discarded because the
corresponding exponential function goes to ∞ as x→∞. On the other hand,
the characteristic equation of the second equation has two roots r = ±√2ζ
and the negative one should be discarded. Hence the solution of Equation
(11.4.15) is given by

U(ζ, x) =

⎧⎪⎪⎨⎪⎪⎩
Ae−x

√
2(a+ζ) +

1
a + ζ

, if x > 0;

Bex
√

2ζ +
1
ζ
, if x < 0.

The continuity of U and U ′ at x = 0 implies that

A =
√

a + ζ −√ζ√
ζ (a + ζ)

, B =
√

ζ −√a + ζ

ζ
√

a + ζ
.

Hence we have the value of U(ζ, x) at x = 0,

U(ζ, 0) =
1√

ζ(a + ζ)
, ζ > 0.

Now we have the following facts for the Laplace transform:

1√
t
�−→ √

π
1√
ζ
, e−at 1√

t
�−→ √

π
1√

a + ζ
, f ∗ g �−→ (Lf)(Lg),

where f ∗ g is the convolution of f and g defined by

f ∗ g(t) =
∫ t

0
f(t− τ)g(τ) dτ, t > 0.

Hence the inverse Laplace transform of U(ζ, 0) is given by the convolution

(L−1U(·, 0)
)
(t) =

1
π

∫ t

0

1√
t− τ

e−aτ 1√
τ

dτ.

On the other hand, recall that U(ζ, x) is the Laplace transform of u(t, x).
Therefore, we conclude that

u(t, 0) =
1
π

∫ t

0
e−aτ 1√

τ(t− τ)
dτ. (11.4.16)

It follows from Equations (11.4.11), (11.4.12), and (11.4.16) that

E0{e−aL+
t
}

=
1
π

∫ t

0
e−aτ 1√

τ(t− τ)
dτ, ∀ a ≥ 0, 0 < τ < t.
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This equality implies that the random variable L+
t has a density function

f(τ) =

⎧⎪⎨⎪⎩
1
π

1√
τ(t− τ)

, 0 < τ < t;

0, elsewhere.

Hence for 0 < τ < t, we have

P
(
L+

t ≤ τ
)

=
∫ τ

0

1
π

1√
x(t− x)

dx.

Make a change of variables x = ty2 to get

P
(
L+

t ≤ τ
)

=
2
π

∫ √τ/t

0

1√
1− y2

dy =
2
π

sin−1
√

τ

t
.

Thus we have proved the following theorem.

Theorem 11.4.4. (Arc-sine law of Lévy) Let L+
t =

∫ t

0 sgn+(B(s)) ds be the
amount of time that a Brownian motion is positive during [0, t]. Then

P
(
L+

t ≤ τ
)

=
2
π

sin−1
√

τ

t
, 0 ≤ τ ≤ t.

11.5 Approximation of Stochastic Integrals

In this section we will describe a relationship between the Leibniz–Newton
calculus and the Itô calculus due to Wong and Zakai [87] [88].

Let B(t) be a Brownian motion. Suppose h(t, x) is a continuous function
on [a, b] × R. Then the stochastic integral

∫ b

a
h(t, B(t)) dB(t) is defined in

Chapter 5. For the numerical analysis of this integral, we need to replace the
Brownian motion B(t) by a sequence {Φn(t)} of stochastic processes that are
reasonably smooth so that we can use the ordinary calculus. For simplicity,
we fix an approximating sequence {Φn(t)} satisfying the following conditions:

(a) For each n and almost all ω, Φn(·, ω) is a continuous function of bounded
variation on [a, b];

(b) For each t ∈ [a, b], Φn(t) → B(t) almost surely as n →∞;
(c) For almost all ω, the sequence {Φn(·, ω)} is uniformly bounded, i.e.,

sup
n≥1

sup
a≤t≤b

|Φn(t, ω)| < ∞.

For example, let {∆n} be an increasing sequence of partitions of [a, b]
such that ‖∆n‖ → 0 as n → ∞ and let Φn(t, ω) be the polygonal curve with
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consecutive vertices the points on B(t, ω) given by the partition points of ∆n.
Then the sequence {Φn(t)} satisfies the above conditions.

When we replace B(t) by Φn(t), then the Itô integral
∫ b

a
h(t, B(t)) dB(t)

becomes
∫ b

a
h(t, Φn(t)) dΦn(t) which, by condition (a), is a Riemann–Stieltjes

integral. Obviously, it is natural to ask the following question.

Question 11.5.1. Does the sequence
∫ b

a
h(t, Φn(t)) dΦn(t), n ≥ 1, converge to

the Itô integral
∫ b

a
h(t, B(t)) dB(t) almost surely as n →∞?

Example 11.5.2. Take the function h(t, x) = x. Then we have∫ b

a

Φn(t) dΦn(t) =
1
2
(
Φn(b)2 − Φn(a)2

) → 1
2
(
B(b)2 −B(a)2

)
.

On the other hand, we have the Itô and Stratonovich integrals∫ b

a

B(t) dB(t) =
1
2
(
B(b)2 −B(a)2 − (b− a)

)
,∫ b

a

B(t) ◦ dB(t) =
1
2
(
B(b)2 −B(a)2

)
.

Hence we see that the Riemann–Stieltjes integrals
∫ b

a
Φn(t) dΦn(t) converge

to the Stratonovich integral
∫ b

a
B(t) ◦ dB(t) rather than the Itô integral∫ b

a
B(t) dB(t).

Now we will try to get an answer to the above question. Let h(t, x) be a
continuously differentiable function in both variables t and x. Then we have
a Riemann–Stieltjes integral

∫ b

a
h(t, Φn(t)) dΦn(t). Define a function

F (t, x) =
∫ x

0
h(t, y) dy, t ∈ [a, b], x ∈ R.

By the chain rule in the Leibniz–Newton calculus, we have

dF (t, Φn(t)) =
∂F

∂t
(t, Φn(t)) dt + h(t, Φn(t)) dΦn(t).

Therefore,∫ b

a

h(t, Φn(t)) dΦn(t)

= F (b, Φn(b))− F (a, Φn(a))−
∫ b

a

∂F

∂t
(t, Φn(t)) dt

−→ F (b, B(b))− F (a, B(a))−
∫ b

a

∂F

∂t
(t, B(t)) dt. (11.5.1)
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On the other hand, by Itô’s formula, we have

dF (t, B(t)) =
∂F

∂t
(t, B(t)) dt + h(t, B(t)) dB(t) +

1
2

∂h

∂x
(t, B(t)) dt,

which yields the following equality:

F (b, B(b))− F (a, B(a))−
∫ b

a

∂F

∂t
(t, B(t)) dt

=
∫ b

a

h(t, B(t)) dB(t) +
1
2

∫ b

a

∂h

∂x
(t, B(t)) dt. (11.5.2)

Notice that the right-hand side of this equation equals the Stratonovich
integral

∫ b

a
h(t, B(t)) ◦ dB(t). From Equations (11.5.1) and (11.5.2), we have

the next theorem.

Theorem 11.5.3. Let {Φn(t)} be an approximating sequence of a Brownian
motion B(t) satisfying conditions (a), (b), and (c). Let h(t, x) be a continuous
function having continuous partial derivative ∂h

∂x . Then

lim
n→∞

∫ b

a

h(t, Φn(t)) dΦn(t) =
∫ b

a

h(t, B(t)) dB(t) +
1
2

∫ b

a

∂h

∂x
(t, B(t)) dt

=
∫ b

a

h(t, B(t)) ◦ dB(t).

Next, consider the approximation of a stochastic differential equation. Let
σ(t, x) and f(t, x) be two functions satisfying the Lipschitz and linear growth
conditions. On the one hand, the stochastic differential equation

dXt = σ(t, Xt) dB(t) + f(t, Xt) dt, Xa = ξ, (11.5.3)

has a unique continuous solution Xt. On the other hand, for each n and ω,
let X

(n)
t (ω) be the unique solution of the ordinary differential equation

dYt = σ(t, Yt) dΦn(t, ω) + f(t, Yt) dt, Ya = ξ(ω). (11.5.4)

Question 11.5.4. Does the solution X
(n)
t of Equation (11.5.4) converge to the

solution Xt of Equation (11.5.3)?

Example 11.5.5. The ordinary differential equation

dYt = Yt dΦn(t), Y0 = 1,

has the solution X
(n)
t = eΦn(t), which converges to Xt = eB(t). In view of

Example 10.1.5, X
(n)
t converges to the solution of dXt = Xt ◦ dB(t), X0 = 1,

rather than that of dXt = Xt dB(t), X0 = 1.
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Now we will find an answer to the above question. Assume that σ(t, x)
does not vanish and is continuously differentiable. Define a function

G(t, x) =
∫ x

0

1
σ(t, y)

dy, t ∈ [a, b], x ∈ R.

Then by the chain rule in the Leibniz–Newton calculus, we have

dG(t, X(n)
t ) =

∂G

∂t
(t, X(n)

t ) dt + dΦn(t) +
f(t, X(n)

t )

σ(t, X(n)
t )

dt.

Therefore,

G(t, X(n)
t ) = G(a, X(n)

a ) + Φn(t)− Φn(a)

+
∫ t

a

[
∂G

∂t
(s, X(n)

s ) +
f(s, X(n)

s )

σ(s, X(n)
s )

]
ds.

It is reasonable to expect that for each t, the sequence X
(n)
t converges almost

surely to, say, Xt as n →∞. Hence Xt satisfies the equation

G(t, Xt) = G(a, Xa) + B(t)−B(a)

+
∫ t

a

[
∂G

∂t
(s, Xs) +

f(s, Xs)
σ(s, Xs)

]
ds. (11.5.5)

On the other hand, since Xt is an Itô process, it must be of the form

Xt = Xa +
∫ t

a

θ(s) dB(s) +
∫ t

a

g(s) ds, (11.5.6)

where θ and g are to be determined. By Itô’s formula,

dG(t, Xt) =
∂G

∂t
(t, Xt) dt +

1
σ(t, Xt)

θ(t) dB(t)

+
1

σ(t, Xt)
g(t) dt− 1

2
1

σ(t, Xt)2
∂σ

∂x
(t, Xt) ξ(t)2 dt.

Hence we have the equality

G(t, Xt) = G(a, Xa) +
∫ t

a

1
σ(s, Xs)

θ(s) dB(s) +
∫ t

a

[
∂G

∂t
(s, Xs)

+
1

σ(s, Xs)
g(s)− 1

2
1

σ(s, Xs)2
∂σ

∂x
(t, Xt) θ(s)2

]
ds. (11.5.7)

By comparing Equations (11.5.5) and (11.5.7), we see that

θ(s) = σ(s, Xs), g(s) = f(s, Xs) +
1
2
σ(s, Xs)

∂σ

∂x
(s, Xs).
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Therefore, Equation (11.5.6) becomes

Xt = Xa +
∫ t

a

σ(s, Xs) dB(s) +
∫ t

a

[
f(s, Xs) +

1
2
σ(s, Xs)

∂σ

∂x
(s, Xs)

]
ds,

which can be written in the Stratonovich form as

Xt = Xa +
∫ t

a

σ(s, Xs) ◦ dB(s) +
∫ t

a

f(s, Xs) ds.

Thus we have derived the next theorem.

Theorem 11.5.6. Let {Φn(t)} be an approximating sequence of a Brownian
motion B(t) satisfying conditions (a), (b), and (c). Assume that

(1) σ(t, x) and f(t, x) satisfy the Lipschitz and linear growth conditions;
(2) ∂σ

∂x exists and σ ∂σ
∂x satisfies the Lipschitz and linear growth conditions.

Let X
(n)
t be the solution of the ordinary differential equation

dX
(n)
t = σ(t, X(n)

t ) dΦn(t) + f(t, X(n)
t ) dt, X(n)

a = ξ.

Then X
(n)
t → Xt almost surely as n → ∞ for each t ∈ [a, b] and Xt is the

unique continuous solution of the stochastic differential equation

dXt = σ(t, Xt) dB(t) +
(
f(t, Xt) +

1
2
σ(t, Xt)

∂σ

∂x
(t, Xt)

)
dt, Xa = ξ,

or equivalently,

dXt = σ(t, Xt) ◦ dB(t) + f(t, Xt) dt, Xa = ξ,

11.6 White Noise and Electric Circuits

A wide-sense stationary Gaussian process Xt is a Gaussian process determined
by a constant m, the mean, and a function C(t), the covariance function, as
follows:

(1) EXt = m for all t ∈ R;
(2) E(Xt −m)(Xs −m) = C(t− s) for all s, t ∈ R.

We will assume that C(t) is a continuous function on R. Note that for any
z1, z2, . . . , zn ∈ C and t1, t2, . . . , tn ∈ R,

n∑
j,k=1

zjC(tj − tk)zk = E

{∣∣∣ n∑
j=1

(Xtj
−m)

∣∣∣2} ≥ 0,

which shows that the function C(t) is positive definite. Hence by the Bochner
theorem [5], there exists a unique measure µ on R such that
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C(t) =
∫

R

eitλ dµ(λ), t ∈ R.

Note that µ(R) = C(0) ≥ 0. If µ has a density function f , then

C(t) =
∫

R

eitλf(λ) dλ, t ∈ R.

The function f(λ) is called the spectral density function of Xt. If C(t) is an
integrable function, then f(λ) is given by

f(λ) =
∫

R

e−2πiλtC(t) dt, λ ∈ R. (11.6.1)

Note that f(0) =
∫

R
C(t) dt.

Example 11.6.1. Let B1(t) and B2(t) be two independent Brownian motions
with t ≥ 0. Define a stochastic process B(t) by

B(t) =

{
B1(t), if t ≥ 0;

B2(−t), if t < 0.

Then B(t), t ∈ R, is a Brownian motion. Since E[B(t)B(s)] = t∧s for t, s ≥ 0,
B(t) is not a wide-sense stationary Gaussian process. However, for each fixed
ε > 0, the stochastic process

X
(ε)
t =

1
ε

(
B(t + ε)−B(t)

)
, t ∈ R,

is a wide-sense stationary Gaussian process. To see this fact, first note that
X

(ε)
t is a Gaussian process and EX

(ε)
t = 0 for all t ∈ R. For 0 ≤ s ≤ t, it is

easy to check that

E
(
X(ε)

s X
(ε)
t

)
=

1
ε2

(
s + ε−min

{
t, s + ε

})
. (11.6.2)

Observe that

min{t, s + ε} = s + min{t− s, ε} = s + ε min
{ t− s

ε
, 1
}

= s + ε
(
1−max

{
1− t− s

ε
, 0
})

= s + ε− ε max
{

1− t− s

ε
, 0
}

. (11.6.3)

Put Equation (11.6.3) into Equation (11.6.2) to get

E
(
X(ε)

s X
(ε)
t

)
=

1
ε

max
{

1− t− s

ε
, 0
}

, ∀ 0 ≤ s ≤ t.
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Obviously, this equality also holds for any s ≤ t ≤ 0. For the case s ≤ 0 ≤ t, it
is a little bit tedious to derive E

(
X

(ε)
s X

(ε)
t

)
, but we have the following equality

for the covariance function of X
(ε)
t :

Cε(t− s) = E
(
X(ε)

s X
(ε)
t

)
=

1
ε

max
{

1− |t− s|
ε

, 0
}

, ∀ s, t ∈ R.

This shows that X
(ε)
t is a wide-sense stationary Gaussian process. Then we

can use Equation (11.6.1) to find the spectral density function of X
(ε)
t ,

fε(λ) =
( sin πλε

πλε

)2
, λ ∈ R, (11.6.4)

where it is understood that fε(0) = 1.

The above example leads to the following question.

Question 11.6.2. What is the limiting process of Xε(t) = 1
ε

(
B(t + ε)− B(t)

)
as ε ↓ 0?

Symbolically, we have limε↓0 Xε(t) = Ḃ(t). But Ḃ(t) is not an ordinary
stochastic process because Brownian paths are nowhere differentiable. Let us
observe more closely the density function fε(λ) in Equation (11.6.4). For a
very small number ε, the graph of fε(λ) is very close to 1 for a large range of
λ and oscillates to 0 outside this range. Moreover, we have

lim
ε↓0

fε(λ) = 1, ∀λ ∈ R. (11.6.5)

The limiting function, being identically equal to 1, is not the spectral density
function of an ordinary wide-sense stationary Gaussian process. This is the
motivation for the concept of white noise in the next definition.

Definition 11.6.3. A white noise is defined to be a generalized wide-sense
stationary Gaussian process Zt with mean EZt = 0 and covariance function
E(ZtZs) = δ0(t− s). Here δ0 is the Dirac delta function at 0.

The white noise Zt is termed a “generalized” stochastic process because
its covariance function δ0(t) is a generalized function. By Equation (11.6.1),
the spectral density function of Zt is given by

f(λ) =
∫

R

e−2πiλtδ0(t) dt = 1, ∀λ ∈ R,

which means that Zt represents a sound with equal intensity at all frequencies.
This is the reason why the noise is called “white,” in analogy to full-spectrum
light being referred to as white in color. From Example 11.6.1, we see that
the derivative Ḃ(t) is a white noise. In fact, white noise is often defined as the
informal derivative of a Brownian motion.
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A white noise Zt has the properties that Zt is independent at different
times t and has identical distribution with EZt = 0 and var(Zt) = ∞. Because
of its distinct properties, white noise is often used as an idealization of a
random noise that is independent at different times and has a very large
fluctuation at any time.

A deterministic system under the influence of such a random noise gives
rise to the following random equation:

dXt

dt
= f(t, Xt) + σ(t, Xt)Zt, Xa = ξ. (11.6.6)

This equation is just an informal expression. In order to make sense out of
this equation, let us rewrite it in the stochastic differential form

dXt = f(t, Xt) dt + σ(t, Xt)Zt dt,

which means the following stochastic integral equation:

Xt = ξ +
∫ t

a

f(s, Xs) ds +
∫ t

a

σ(s, Xs)Zs ds.

How do we interpret the second integral? Take Zt to be Ḃ(t) and write Zs ds
as dB(s). But then there are two ways to interpret the integral with respect
to dB(s), namely, as an Itô integral and as a Stratonovich integral. Thus the
random equation in Equation (11.6.6) has two interpretations as follows:

dXt = σ(t, Xt) dB(t) + f(t, Xt) dt, (11.6.7)

dXt = σ(t, Xt) ◦ dB(t) + f(t, Xt) dt. (11.6.8)

Note that Equation (11.6.8) can be rewritten as

dXt = σ(t, Xt) dB(t) +
{

f(t, Xt) +
1
2
σ(t, Xt)

∂σ

∂x
(t, Xt)

}
dt.

Hence if σ(t, x) does not depend on x, then Equations (11.6.7) and (11.6.8)
coincide and the two interpretations of Equation (11.6.6) are the same.

Consider an electric circuit, in which the charge Qt at time t at a fixed
point satisfies the equation

I
d2

dt2
Qt + R

d

dt
Qt +

1
C

Qt = f(t) + g(t) Zt, (11.6.9)

where I is the inductance, R is the resistance, C is the capacitance, f(t) is
a deterministic function representing the potential source, g(t) is an adapted
stochastic process, and Zt is a white noise. In fact, a harmonic oscillator with
external force f(t) under the white noise influence also takes the form of
Equation (11.6.9).
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We can convert Equation (11.6.9) into a first-order matrix differential
equation. Let Xt = (X(1)

t , X
(2)
t ) with X

(1)
t = Qt and X

(2)
t = d

dtQt. Then
Equation (11.6.9) can be rewritten as a linear matrix stochastic differential
equation, which can be solved by the two-dimensional version of Theorem
11.1.1. From the solution Xt, we automatically obtain the solution Qt of
Equation (11.6.9).

On the other hand, we can leave Equation (11.6.9) as it is with Zt being
replaced by the informal derivative Ḃ(t) of a Brownian motion B(t). First
find the fundamental solutions of the associated homogeneous equation, which
does not involve the white noise. Then we use the method of the variation of
parameter as in ordinary differential equations to derive a particular solution
of Equation (11.6.9). Finally, we can obtain the general solution of Equation
(11.6.9) from the fundamental solutions and the particular solution. Below we
give several simple examples to illustrate this technique.

Example 11.6.4. Consider the second-order differential equation

d2

dt2
Qt + 3

d

dt
Qt + 2Qt = Ḃ(t). (11.6.10)

Since the characteristic equation r2 +3r+2 = 0 has two roots r = −1,−2, we
obtain the fundamental solutions {e−t, e−2t}. To find a particular solution of
Equation (11.6.10), let

Qt = u1e
−t + u2e

−2t, (11.6.11)

where u1 and u2 are to be determined. Then we have

d

dt
Qt = u′

1e
−t − u1e

−t + u′
2e

−2t − 2u2e
−2t.

Impose the condition on u1 and u2 such that

u′
1e

−t + u′
2e

−2t = 0. (11.6.12)

Then d
dtQt is given by

d

dt
Qt = −u1e

−t − 2u2e
−2t. (11.6.13)

Differentiate both sides to get

d2

dt2
Qt = −u′

1e
−t + u1e

−t − 2u′
2e

−2t + 4u2e
−2t. (11.6.14)

Put Equations (11.6.11), (11.6.13), and (11.6.14) into Equation (11.6.10) to
obtain the following equation:

u′
1e

−t + 2u′
2e

−2t = −Ḃ(t). (11.6.15)
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Now we can solve Equations (11.6.12) and (11.6.15) to get u′
1 = et Ḃ(t) and

u′
2 = −e2t Ḃ(t). Therefore,

u1 =
∫ t

0
es dB(s), u2 = −

∫ t

0
e2s dB(s).

Put u1 and u2 into Equation (11.6.11) to get a particular solution and then
we have the general solution of Equation (11.6.10),

Qt = c1 e−t + c2 e−2t +
∫ t

0

(
e−(t−s) − e−2(t−s)) dB(s),

where the integral is a Wiener integral.

Example 11.6.5. Consider the second-order differential equation

d2

dt2
Qt + 3

d

dt
Qt + 2Qt = B(t)Ḃ(t). (11.6.16)

We will interpret this white noise equation in the Itô sense. This equation has
the same fundamental solutions {e−t, e−2t} as those in Example 11.6.4. To
find a particular solution, let

Qt = u1e
−t + u2e

−2t. (11.6.17)

By the same computation as that in Example 11.6.4, we have the following
equations for u′

1 and u′
2:{
u′

1e
−t + u′

2e
−2t = 0,

u′
1e

−t + 2u′
2e

−2t = −B(t)Ḃ(t).

Hence u1 and u2 are given by

u1 =
∫ t

0
esB(s)Ḃ(s) ds =

∫ t

0
esB(s) dB(s),

u2 = −
∫ t

0
e2sB(s)Ḃ(s) ds = −

∫ t

0
e2sB(s) dB(s),

where the integrals are Itô integrals. Put u1 and u2 into Equation (11.6.17)
to get a particular solution. Then we have the general solution

Qt = c1 e−t + c2 e−2t +
∫ t

0

(
e−(t−s) − e−2(t−s))B(s) dB(s).

Example 11.6.6. Consider the second-order differential equation

d2

dt2
Qt + 3

d

dt
Qt + 2Qt = B̈(t), (11.6.18)
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where the informal second derivative B̈(t) of a Brownian motion B(t) can
be regarded as a higher-order white noise. Since this equation has the same
fundamental solutions {e−t, e−2t} as those in Example 11.6.4, we will just
find a particular solution of this equation. As before, let

Qt = u1e
−t + u2e

−2t. (11.6.19)

By the same computation as that in Example 11.6.4, we have{
u′

1e
−t + u′

2e
−2t = 0,

u′
1e

−t + 2u′
2e

−2t = −B̈(t).

Now, the situation to find u1 and u2 is very different from Examples 11.6.4
and 11.6.5 because we cannot get rid of Ḃ(t) and Ḃ(0). However, we can apply
integration by parts formula to obtain

u1 = etḂ(t)− Ḃ(0)−
∫ t

0
es dB(s),

u2 = −e2tḂ(t) + Ḃ(0) + 2
∫ t

0
e2s dB(s).

Therefore, we have the particular solution

Qt = e−t
{

etḂ(t)− Ḃ(0)−
∫ t

0
es dB(s)

}
+ e−2t

{
− e2tḂ(t) + Ḃ(0) + 2

∫ t

0
e2s dB(s)

}
= (e−2t − e−t)Ḃ(0) +

∫ t

0

(
2e−2(t−s) − e−(t−s)) dB(s).

Notice the cancellation of the Ḃ(t) terms in the first equality. Although Ḃ(0)
remains, this term can be dropped because e−t and e−2t are the fundamental
solutions. Hence a particular solution of Equation (11.6.18) is given by

Qt =
∫ t

0

(
2e−2(t−s) − e−(t−s)) dB(s).

In the above examples, we have used the white noise in an informal manner
to derive particular solutions. The white noise Ḃ(t) is combined with dt to
form dB(t) for the Itô theory of stochastic integration. In Example 11.6.6 we
are very lucky to have the cancellation of the Ḃ(t) terms and even luckier to
be able to drop the Ḃ(0) term (in Qt rather than in u1 and u2). So, this brings
up the following question:

Can we justify the above informal manipulation of white noise?
The answer is affirmative. For the mathematical theory of white noise, see the
books [27], [28], [56], and [65].
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Exercises

1. Let f(t), g(t), and h(t) be continuous functions on [a, b]. Show that the
solution of the stochastic differential equation

dXt = f(t) dB(t) +
(
g(t)Xt + h(t)

)
dt, Xa = x,

is a Gaussian process, i.e.,
∑n

i=1 ciXti is a Gaussian random variable for
any ci ∈ R, ti ∈ [a, b], i = 1, 2, . . . , n. Find the mean function m(t) = EXt

and the covariance function C(s, t) = E{[Xs −m(s)][Xt −m(t)]}.
2. Let a market be given by Xt = (1, B(t), B(t)2). Find a stochastic process

p0(t) such that the portfolio p(t) = (p0(t), B(t), t) is self-financing in the
market Xt.

3. Suppose a market is given by Xt = (1, t). Show that the portfolio p(t) =
(−tB(t) +

∫ t

0 B(s) ds, B(t)) is self-financing, but not admissible.
4. Suppose a market is given by Xt = (1, B(t)). Show that the portfolio

p(t) = (− 1
2B(t)2 − 1

2 t, B(t)) is admissible, but not an arbitrage.
5. Suppose a market is given by Xt = (1, t). Show that the portfolio p(t) =

(−tB(t)2 +
∫ t

0 B(s)2 ds, B(t)2) is an arbitrage.
6. Suppose Xt is a local martingale on [0, T ] and is lower bounded for almost

all t ∈ [0, T ] and ω ∈ Ω. Show that Xt is a supermartingale.
7. Let B1(t) and B2(t) be independent Brownian motions. Check whether a

market has an arbitrage for each one of the following markets:
(a) Xt = (1, 2 + B1(t),−t + B1(t) + B2(t)).
(b) Xt = (1, 2 + B1(t) + B2(t),−t−B1(t)−B2(t)).
(c) Xt = (et, B1(t), B2(t)).

8. Let B(t) be a Brownian motion. Find the conditional expectation:
(a) E[B(s) |B(t)] for s < t.

(b) E[
∫ t

0 B(s) ds |B(t)].

(c) E[
∫ t

0 s dB(s) |B(t)].
9. Let ξ and X be independent Gaussian random variables with mean 0

and variances σ2
1 and σ2

2 , respectively. Find the conditional expectation
E[ξ |X + ξ].

10. Let the state ξt and the observation Zt in a Kalman–Bucy linear filtering
be given by dξt = dB(t) with ξ0 being normally distributed with mean 1
and variance 2 and dZt = 2 dW (t)+ ξt dt with Z0 = 0. Find the estimator
ξ̂t for ξt.

11. Let Φn(t) be the polygonal approximation of a Brownian motion B(t).
Show that {Φn(t)} satisfies conditions (a), (b), and (c) in Section 11.5.
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12. Let {Φn(t)} be an approximating sequence of a Brownian motion B(t)
satisfying conditions (a), (b), and (c) in Section 11.5. Find the explicit
expression of the solution X

(n)
t of the ordinary differential equation

d

dt
Yt = Yt dΦn(t) + 3t, Y0 = 1.

Find the limit limn→∞ X
(n)
t .

13. Let f(t, x) be a continuous function with continuous partial derivative ∂f
∂x .

Use Theorem 11.5.3 to show that∫ b

a

f(t, B(t)) dB(t) = lim
n→∞

[ ∫ b

a

f(t, Φn(t)) dΦn(t)− 1
2

∫ b

a

∂f

∂x
(t, Φn(t)) dt

]
.

14. Let X
(n)
t be the solution of the ordinary differential equation

dX
(n)
t = σ(t, X(n)

t ) dΦn(t) +
(
f(t, X(n)

t )− 1
2
σ(t, X(n)

t )σ′(t, X(n)
t )
)

dt

with initial condition X
(n)
a = ξ. Let Xt is the solution of the stochastic

differential equation

dXt = σ(t, Xt) dB(t) + f(t, Xt) dt, Xa = ξ.

Use Theorem 11.5.6 to show that X
(n)
t converges to Xt almost surely as

n →∞ for each t ∈ [a, b].
15. Let Xt be the Ornstein–Uhlenbeck process given in Theorem 7.4.7. Show

that Xt is a wide-sense stationary Gaussian process. Find its spectral
density function.

16. Find a particular solution for each of the following white noise equations:

(a) d2

dt2 Xt + Xt = Ḃ(t).

(b) d2

dt2 Xt + Xt = B(t)Ḃ(t).

(c) d2

dt2 Xt + Xt = B̈(t).

17. Find a particular solution of Equation (11.6.16) when the equation is
interpreted in the Stratonovich sense.
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34. Itô, K.: Multiple Wiener integral; J. Math. Soc. Japan 3 (1951) 157–169.
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Glossary of Notation

1A, characteristic function of A, 197
AT , transpose of a matrix A, 215
A∗, transpose of A, 239
B(t), Brownian motion, 7
C, Wiener space, 24
C0(Rn), continuous functions vanishing

at infinity, 219
Cb[0, ∞), bounded uniformly continuous

functions on [0, ∞), 218
D, “diagonal set” of T n, 169
Dx, differentiation operator, 157
E[X | Y1, Y2, . . . , Yn], conditional expec-

tation of X given Y1, Y2, . . . , Yn,
197

E[X | Y1 = y1, Y2 = y2, . . . , Yn = yn],
conditional expectation, 197

E[X|G], E(X|G), E{X|G}, conditional
expectation, 15

EP [X|Ft], conditional expectation
given Ft under P , 125

EQ, expectation with respect to Q, 139
Hn(x; ρ), Hermite polynomial of degree

n with parameter ρ, 157
I(f), Itô integral, 48
I(f), Wiener integral, 11
Im, identity matrix of size m, 238
In(f), multiple Wiener–Itô integral, 172
Jn, closure of polynomial chaos of

degree ≤ n, 161
Kn, homogeneous chaos of order n, 162
Lp(Ω), pth integrable random variables,

14
L2[a, b], square integrable functions, 10

L2
B(Ω), L2-space of Brownian functions,

160
La(t)(ω), local time, 135
L+

t , amount of time a Brownian motion
is positive during [0, t], 252

L2
ad([a, b] × Ω), a class of integrands, 43

L2
pred([a, b]〈M〉 ×Ω), a class of integrands

for M(t), 84
L2

sym(T n), symmetric L2-functions, 176
Ln−1(t), Bessel process, 132, 186
P (A | G), conditional probability, 197
PX , distribution of X, 200
Pt(x, A), transition probability of a

stationary Markov process, 203
PX,Y , joint distribution of X and Y ,

200
Ps,x(t, dy), transition probability of a

Markov process, 200
Q(t, x), diffusion coefficient, 213
Vp(t), value of a portfolio p(t), 235
[M ]t, quadratic variation process of

M(t), 82
[M ]ct , continuous part of [M ]t, 110
[[n/2]], integer part of n/2, 157
∆Ms, jump of a stochastic process Ms,

110
∆ϕ(t), jump of a function ϕ(t), 91
∆f , Laplacian of f , 129
∆n, partition, 1
Γ (α), gamma function, 131
A, infinitesimal generator, 218
B(V ), the Borel σ-field of V , 23
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Eh(t), exponential process given by h,
136

FB , Brownian σ-field, 160
Fτ , σ-field of a stopping time τ , 204
Hn1,n2,..., multidimensional Hermite

polynomial, 165
Lad(Ω, L1[a, b]), adapted processes with

sample paths in L1[a, b], 102
Lad(Ω, L2[a, b]), a larger class of

integrands, 61
Lpred(Ω, L2[a, b]〈M〉), a larger class of

integrands for M(t), 89
P, σ-field generated by L, 79
δa, Dirac delta function at a, 136
δa(B(s)), Donsker delta function, 136
B̈(t), informal second derivative of B(t),

264
‖ · ‖, L2-norm, 11
‖σ‖, Hilbert–Schmidt norm of a matrix

σ, 196
‖ · ‖p, Lp-norm, 14
‖ · ‖∞, supremum norm, 23
Ḃ(t), white noise, 260
δ
δt

φ, variational derivative of φ, 178
h̄, Planck constant, 249∫ b

a
Xt ◦ dYt, Stratonovich integral, 120

〈M〉t, compensator of M(t)2, 81
〈X, Y 〉t, cross variation process, 113
∇φ, gradient of φ, 220
|v|, Euclidean norm of v ∈ R, 196
ρ(t, x), drift, 213
σ(Sn−1), surface measure of the unit

sphere in R
n, 131

σ{Xs ; s ≤ t}, σ-field generated by
Xs, s ≤ t, 17

σ{Y1, Y2, . . . , Yn}, σ-field generated by
Y1, Y2, . . . , Yn, 197

C, complex numbers, 258
L, adapted and left continuous

stochastic processes, 79
R, real numbers, 4
f̂ , symmetrization of f , 151
℘(Φ), price of an option Φ, 241
℘b(Φ), buyer’s maximal price, 240
℘s(Φ), seller’s minimum price, 240
f̃ , Wiener integral of f , 165
{An i.o.}, An infinitely often, 25
{Tt; t ≥ 0}, a semigroup, 218
eA, exponential of a bounded operator

A, 221
f ∗ g, convolution of f and g, 253
f �k g, contraction of the kth variable,

184
g1 ⊗ · · · ⊗ gn, tensor product, 173
p(t), portfolio, 235
u · v, dot product, 220
xT , transpose of a column vector x, 213
y ≤ x, partial order defined by yi ≤ xi

for all 1 ≤ i ≤ n, 211
sgn, signum function, 58
sgn+, positive part of the signum

function, 252
trA, trace of A, 220

a.s., almost surely, 17

i.o., infinitely often, 25

SDE, stochastic differential equation,
190

SIE, stochastic integral equation, 190
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absolutely continuous, 14
abstract Wiener space, 24
adapted, 17
admissible portfolio, 235, 240
approximating sequence, 254, 256, 258
approximation lemma, 45, 63, 65, 153,

171
arbitrage, 234, 236, 243

nonexistence of an, 234
arc-sine law of Lévy, 252, 254
associated homogeneous equation, 262
attainable, 237

Banach space, 14, 23, 159, 218, 220, 221
Bellman–Gronwall inequality, 188, 192,

211
Bessel process, 132, 186
best estimator, 246
Black–Scholes model, 242–246
Bochner theorem, 258
Borel σ-field, 23, 24, 160
Borel measurable function, 197
Borel–Cantelli lemma, 26, 56, 195
bounded operator, 221
bounded variation, 254
Brownian σ-field, 160
Brownian differential, 185
Brownian function, 160
Brownian martingale, 180
Brownian motion, 5, 7, 132, 143, 159,

213, 221, 230, 236, 243, 246, 254,
258

constructions of, 23–35

Lévy’s characterization theorem of,
115, 124–129, 141, 144

multidimensional, 129
pinned, 229
quadratic variation of, 38, 78, 93, 95,

119, 149
transience of, 129
with respect to a filtration, 42

Brownian path, 5, 260

(C0)-contraction semigroup, 218–221
C1-function, 245
C2-function, 94, 130, 251
Cameron and Martin formula, 144
capacitance, 261
chain rule, 93, 255, 257
change of random variables, 139
Chapman–Kolmogorov equation,

201–203, 211, 219, 222, 224, 230
characteristic equation, 253, 262
characteristic function, 4, 197
charge, 261
choosing k pairs from n objects, 156
column vector, 108, 234
column-vector-valued, 236
compact support, 250, 251
compensated Poisson process, 78, 91,

109, 111, 126, 230
quadratic variation of the, 78

compensator, 81–83, 86, 89, 117, 126
complete σ-field, 17, 79
complete market, 238, 243
computing expectation by conditioning,

16
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conditional density function, 22, 230
conditional expectation, 14–17, 22, 125,

141, 142, 197, 246, 247, 250
conditional Fatou’s lemma, 16
conditional Jensen’s inequality, 17, 51,

117, 135, 160
conditional Lebesgue dominated

convergence theorem, 17
conditional monotone convergence

theorem, 16
conditional probability, 105, 197, 200
conservative force, 249
consistency condition, 28, 199, 201
continuity property, 55
continuous martingale, 126, 128, 132,

180, 183
continuous part, 110–111
continuous realization, 8, 31, 72, 90
continuous stochastic process, 143
continuous version, 182
continuously differentiable function, 255
contraction, 184, 218
convolution, 253
covariance function, 258, 260, 265
cross variation process, 113

debt limit, 235
dense, 30, 161, 165
densely defined operator, 218, 221
density function, 226, 259

conditional, 230
spectral, 259

deterministic function, 9, 144, 147, 243,
244, 246

deterministic system, 261
diagonal set, 169
diagonal square, 149
differential operator, 221
differential space, 24
differentiation operator, 157, 218
diffusion coefficient, 213, 215, 226
diffusion process, 211, 212, 215, 222,

226
stationary, 217, 223, 224

Dirac delta function, 136, 225, 260
Dirac delta measure, 202
distribution, 200
distribution function, 222, 252

transition, 226

Donsker delta function, 136
Doob decomposition, 80
Doob submartingale inequality, 51–52,

56, 98, 194, 207
Doob–Meyer decomposition, 83, 115,

117, 135, 144
Doob–Meyer decomposition theorem,

76, 80–84
dot product, 220, 235, 236
double integral, 147
double Wiener integral, 148
double Wiener–Itô integral, 148,

150–155, 162, 163, 169
drift, 213, 215, 226

eigenfunction, 159
electric circuit, 258, 261
equal intensity, 260
equivalent probability measures, 125
estimator, 246
Euclidean norm, 196
evaluation point, 1, 38, 40, 119
explode, 186
exponential distribution, 77
exponential process, 136–138, 141, 146,

186, 232

Feynman integral, 249
Feynman–Kac formula, 249–252
filtering problem, 246
filtering theory, 246–249
filtration, 17

right continuous, 69
first exit time, 69
Fokker–Planck equation, 225
frequency, 260
Fubini theorem, 62
fundamental solution, 225
fundamental solutions, 262

gamma density function, 77
gamma function, 131, 133
Gaussian measure, 155, 158
Gaussian process, 258, 260, 265

generalized wide-sense stationary, 260
wide-sense stationary, 258–260

Gaussian random variable, 34
generalized function, 135, 260
generalized stochastic process, 260
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generalized wide-sense stationary
Gaussian process, 260

generating function, 59, 159, 164
moment, 78

generator
infinitesimal, 218, 220, 221, 224, 250

Girsanov theorem, 115, 138, 141–145,
236

globally defined solution, 187
gradient, 220
Gram–Schmidt orthogonalization

procedure, 155

Hölder inequality, 210, 211
harmonic oscillator, 261
hedging portfolio, 237, 239, 244–246
helix Brownian curve, 108
Hermite polynomial, 59, 114, 155–159,

176, 183
higher-order white noise, 264
Hilbert space, 10, 11, 14, 20, 61, 159,

160, 162, 246
Hilbert–Schmidt norm, 196, 215
Hille–Yosida theorem, 221
homogeneous chaos, 147, 155, 159–164,

166, 169, 176
homogeneous chaos expansion, 162, 164
hyperplane, 171

identity matrix, 238
imaginary time, 249
independent increments, 7
inductance, 261
infinitesimal generator, 218, 220, 221,

224, 250
initial condition, 225
initial distribution, 200
input process, 246
instantaneous jump, 212
integrating factor, 231, 232
interarrival times, 77
invariant measure, 105, 227
inverse Laplace transform, 253
isometry, 12, 48, 147, 167, 176
Itô calculus, 94, 185, 254
Itô integral, 48, 154, 181, 190, 193, 208,

255, 261, 263
Itô process, 102, 233, 234, 250, 257
Itô product formula, 107, 143, 215, 232

Itô Table, 103, 107, 233
Itô’s formula, 93, 100, 103, 115, 121,

127, 143, 163, 174, 187, 228, 256,
257

multidimensional, 106, 113
proof of, 96

Itô’s formula for martingales, 109
iterated Itô integral, 154, 172
iteration procedure, 192

joint density function, 197
joint distribution, 200

Kalman–Bucy linear filtering, 246, 265
key lemma, 64
Kolmogorov backward equation, 223,

226
Kolmogorov forward equation, 225, 226
Kolmogorov’s continuity theorem, 31
Kolmogorov’s extension theorem, 28,

36, 199

Lévy equivalence theorem, 20
Lévy’s characterization theorem of

Brownian motion, 115, 124–129,
141, 144

Lévy’s interpolation method, 34
Langevin equation, 104, 185
Laplace transform, 252, 253

inverse, 253
Laplacian, 129, 221
least mean square error, 246
Lebesgue dominated convergence

theorem, 45, 47, 134
Lebesgue integral, 55, 193
Lebesgue measure, 135, 169, 171
left inverse, 238
Leibniz–Newton calculus, 93, 185, 254,

255, 257
limiting process, 260
linear filtering

Kalman–Bucy, 246
linear growth condition, 191, 192, 196,

204, 223, 225, 256, 258
linear operator, 218–220
linear ordinary differential equation,

231
linear stochastic differential equation,

232, 233, 247
linear transformation, 236
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linearization, 4
Lipschitz condition, 190, 192, 196, 204,

223, 225, 250, 256, 258
local P -martingale, 143
local martingale, 71, 90, 126, 130, 235,

237, 238, 265
local time, 133–136, 145
lower bounded, 235, 240, 250, 251, 265

marginal density function, 22, 197
marginal distribution, 27, 199, 200
market, 234, 244, 245

complete, 238, 243
Markov process, 198, 199, 201, 204, 222,

230
stationary, 203, 205, 250

Markov property, 197–204, 211
martingale, 17–18, 88, 126, 137, 238

local, 71
right continuous with left-hand limits,

75
sub-, 17
super-, 17

martingale convergence theorem, 160
martingale property, 53
martingale representation theorem, 147,

182
martingales as integrators, 84
mathematical induction, 174
matrix, 235
matrix SDE, 196
maximal price, 240
mean, 258
mean function, 265
mean square error, 246

least, 246
minimum price, 240
moment generating function, 78
monomial, 155, 159
monotone convergence theorem, 242
multidimensional Brownian motion, 129
multidimensional Itô’s formula, 106, 113
multiple Wiener–Itô integral, 147, 150,

168–176
multiplicative renormalization, 123,

136, 156

Newton potential function, 130
nonanticipating, 37

nonexistence of an arbitrage, 234
nonexplosive solution, 190
nonrelativistic particle, 249
normal distribution, 7
normalized market, 236
Novikov condition, 137, 146
nowhere differentiable, 5, 260

observation of a system, 246, 247
off-diagonal step function, 148, 150, 169
operator, 218

bounded, 221
densely defined, 218, 221
differential, 221
differentiation, 218
linear, 218–220
unbounded, 218, 221

opposite diagonal square, 183
option, 240
option pricing, 240–242
ordinary differential equation, 187, 256,

258
linear, 231

Ornstein–Uhlenbeck process, 105, 185,
203, 213, 221, 228, 234, 266

orthogonal complement, 158, 162
orthogonal direct sum, 162, 176, 178
orthogonal functions, 163, 173
orthogonal polynomials, 155
orthogonal projection, 163, 166, 246
orthogonal subspaces, 162
orthonormal basis, 20, 158, 161, 164,

166, 168, 176
orthonormal system, 158
output process, 246

P -integrable, 142
P -martingale, 142
partial differential equation, 222, 251,

252
partial differential equation approach,

222–225
particular solution, 253, 262
permutation, 169
pinned Brownian motion, 229
Planck constant, 249
Poisson process, 76, 83, 91, 230

compensated, 78
with respect to a filtration, 77
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polar coordinates, 131, 133
polygonal curve, 254
polynomial chaos, 147, 161
portfolio, 235

admissible, 235, 240
hedging, 237, 239, 244–246
self-financing, 235, 237
value of a, 235

positive definite, 258
potential, 249
potential function

Newton, 130
potential source, 261
predictable stochastic processes, 79–80
price, 241, 243–245
product formula

Itô, 107, 143, 215, 232

Q-integrable, 142
Q-martingale, 141
quadratic variation, 2, 95
quadratic variation of Brownian motion,

38, 78, 93, 95, 119, 149
quadratic variation of the compensated

Poisson process, 78
quadratic variation process, 82–83, 110
quantum mechanics, 249

R
n-valued Brownian motion, 212

R
n-valued Ornstein–Uhlenbeck process,

212
Radon–Nikodym theorem, 14
random telegraph process, 202, 203, 213
random walk, 4
randomness part, 244
range, 236
realization, 30

continuous, 8, 31, 72
rectangle, 150, 153, 169
recurrent, 133
recursion formula, 159
renormalization constant, 249
resistance, 261
Riccati equation, 247, 248
Riemann integrable, 1
Riemann integral, 1, 147
Riemann sum, 57
Riemann–Stieltjes integrable, 1, 79
Riemann–Stieltjes integral, 1, 80

Riesz representation theorem, 222
right continuous filtration, 69
right continuous with left-hand limits

martingale, 75
risky investment, 234

safe investment, 234
sample path, 7
scaling invariance, 9
Schrödinger equation, 249
Schwarz inequality, 46, 56, 120, 209
self-financing portfolio, 235, 237
semigroup, 218, 220, 221

(C0)-contraction, 218, 220, 221
semigroup approach, 217–222
separable stochastic process, 30
separating set, 30
series expansion, 159
signed measure, 14
signum function, 58, 252
solution of a stochastic differential

equation, 190
spectral density function, 259, 260
standard Gaussian measure, 161
standard normal distribution, 161, 247
standard normal random variable, 139
state of a system, 246, 247
stationary diffusion process, 217, 223,

224
stationary Markov process, 203, 205,

250
stationary process, 105
stochastic differential, 75, 102
stochastic differential equation, 104,

185, 228, 250, 256, 258
linear, 232, 233, 247

stochastic differential equation
approach, 226

stochastic differential form, 235, 261
stochastic integral, 43, 86, 147, 254
stochastic integral equation, 104, 185,

226, 228
stopping time, 68, 204
Stratonovich integral, 115, 119–124,

145, 186, 255, 256, 261
strong continuity, 218
strong Markov property, 205
submartingale, 17, 117
supermartingale, 17, 235, 237, 265
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surface measure, 131
total, 131

symmetrization, 151, 154, 169, 172
system

observation of a, 246, 247
state of a, 246, 247

system of stochastic differential
equations, 196

T -claim, 237, 244
Tanaka’s formula, 115, 133–136
Taylor approximation, 109
Taylor expansion, 94, 220, 222
tensor product, 173, 184
terminal condition, 223
the future, 198
the past, 198
the present time, 198
total jumps, 111
total surface measure, 131
trace, 220
transformation of probability measures,

138, 141
transience of Brownian motion, 129
transition distribution function, 226
transition probability, 200, 211, 214,

223, 226
translation, 218

translation invariance, 8
translation of Wiener measure, 144
transpose, 213, 215, 239

unbounded operator, 218, 221
uniformly bounded, 254
unique continuous solution, 192, 196

value of a portfolio, 235
vanishing at infinity, 219
variation of parameter, 262
variational derivative, 178, 179, 244
version, 30, 182

waiting time, 77
white noise, 6, 258, 260, 261, 264

higher-order, 264
white noise equation, 266
wide-sense stationary Gaussian process,

258–260
Wiener integral, 9–13, 136, 147, 160,

161, 176, 243, 263
Wiener measure, 24, 159

translation of, 144
Wiener space, 23–25, 52, 159
Wiener’s theorem, 24
Wiener–Itô expansion, 179
Wiener–Itô theorem, 147, 176–178



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice




